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Abstract

Thermal transport characteristics of Casson nanofluid through a porous microtube is analyzed under the effect of streaming potential and
constant pressure gradient with electrokinetic effect associated with applied magnetic field. An analytical solution of the velocity and
temperature distribution of Casson-nano fluid through the porous microtube related to combining effects of electromagnetohydrodynamics
forces under the effect of streaming potential have been obtained. The significant influences of various non-dimensional parameters on
velocity and temperature profiles are discussed in this study. Also, it is revealed the impact of nano particles on flow transport and heat
transfer phenomenon. Furthermore, the Nusselt number is calculated analytically. The variations of pertinent parameters such as Hartmann
number, Darcy number,Casson parameter, volume friction parameter of nanoparticles, joule heating parameter are delineated graphically
and discussed in details.
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1. Introduction

To improve more advance microfluidic devices, microfluidic technology has been undertaken in so many fields such as bio chemical
analysis instruments, micro-heat exchanger, biomedical systems, lab-on-chip devices, micropumps, micro-turbines etc [1,2]. There are
number of researchers who have investigated the hydrodynamic and thermo-fluidic transport of the electroosmotic flow through a micro-
channel. Further, the measurements of streaming potential is also investigated by so many researchers. Heat transfer of a nano-fluid flow
through a microchannel with trigular/rectangular ribs is studied by Behnampour et al [3]. Based on the new KKL (Koo-Kleinstreuer-Li)
model Li and Kleinstreuer [4] investigated the thermal performance of nanofluid flow through a trapezoidal microchannel which is induced
by the Brownian micro-mixing motion. Yang et al [5] represented the electroosmotic flow and streaming potential through a heterogeneous
microtube with nonuniform zeta potentials the discussed about the streaming potential and the flow phenomenon due to electroosmosis.
An analytical solution of streaming potential and the periodical electro viscous effects in a pressure driven flow through a uniform micro-
channel is done by Gong et al [6]. An experimental investigation is provided by Lu et al [7] on the flow field effect on the EDL of the
microchannel with the streaming potential.

The previous studies are focused only on the electroosmotic flow. Recently there are so many analytical and experimental investigations
are going on the electromagnetohydrodynamic (EMHD) flows to developed EMHD micropumps. The flow control phenomenon in a
microchannel with the combined influence of electromagnetohydrodynamic effects is studied by Chakraborty and Paul [8]. Further thermal
characteristics of a EMHD flow through microchannel under constant wall heat flux conditions is analysed by Chakraborty et al. [9]. Reza
and Rana [10] investigated an analytical exact solution of EMHD flow and heat transfer of Casson fluid through microchannel with viscous
dissipation and joule heating effect. Buren et al [11] studied EMHD flow through a micro parallel channel with corrugated wall by Pertur-
bation technique. Very recently EMHD effects on porous microchannel with corrugated wall of a non-Newtonian second grade fluid in-
vestigated by Rashid et al [12] by applying the perturbation technique. An comprehensive analysis of heat transfer of nano-fluid through a
microtube under the streaming potential effects is done by Zhao et al [13].

Sodium alginate is one kind of natural polymers which is the sodium salt of alginic acid. It is extracted from the cell walls of brown algae.
It is used widely in various industries including food manufacturing, textile printing, cosmetics and pharmaceuticals. The applications of
sodium alginate involves inventional embolization [14-15], drug delivery system [16-19], encapsulation of cells [20-23] and cellular ther-
apeutics [24] etc. Recently, researchers are very much interested in Sodium alginate based Casson nanofluids flows. A comprehensive
study on the MHD flow of sodium alginate based Casson nanofluid flow through a porous medium with Newtonian heating is done by
Khan et al [25]. Alwawi et al [26] studied the MHD natural convection flow of sodium alginate based Casson nanofluid over a solid sphere
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by Killer box method. They analysed the impact of Casson parameter, magnetic parameter, nano particle volume friction parameter on the
velocity, temperature and skin friction coefficient. The effects of variable viscosity and thermal conductivity on the Casson nanofluid flow
with velocity slip and convective heating is investigated by Gbadeyan et al [27]. A numerical investigation of conjugate heat transfer of
water nanofluid flow inside the axisymmetric microchannel is studied by Shahrestani et al [28].

From the motivation of the above study, we want to analyse the nanofluid flow through a porous microchannel under streaming potential
effects. The main objective of this investigation is to study the velocity and heat transport for Casson-nano fluid flow in porous microtube
under the effect of streaming potential with electrokinetic force associated with constant pressure gradient and applied magnetic field. The
analytical solutions of velocity and temperature distribution for the Casson-nano fluid flow are derived using the various dimensionless
parameters. The transport phenomenon of this fluid flow has been examined under the combined effect of the electric double layer and
applied magnetic field as well as streaming potential effect. The velocity and temperature expression are obtained. Furthermore, the stream-
ing potential and Nusselt number are obtained analytically and investigated the variations of Nusselt number and streaming potential with
various non-dimensional parameters graphically.

2. Mathematical modeling and problem description

The EMHD flow of a sodium alginate based Casson-nano fluid in a porous microtube under the effect of streaming potential is considered
along axial direction of the microtube. The physical sketch of this flow problem is depicted in Fig 1. This circular microtube is replete by
a porous medium where R and L denote the radius of the microtube and length of the microtube respectively. The radius of the microtube
is much smaller than its length, i.e. (2R « L). The electrolyte solution generates a EDL near to the boundary wall and the induced electric
field in opposite axial direction creates a electroosmotic flow. In the radial direction, the electromagnetic field is induced by the applied
magnetic field and electric field. The polar, cylindrical coordinate ( r, 6, z) is considered to describe the governing equations of this flow
problem. A constant heat flux q, is imposed on the impermeable wall of the microtube. Streaming potential E; is generated due to the
EDL near the microtube wall which is directed opposite to the fluid motion. The total system is subjected to a applied magnetic field B,
perpendicular to the fluid flow direction and E; is imposed as an external transverse electric field from outside to inside.

]

Fig. 1: Schematic Diagram of Circular Microtube with Porous Medium.

2.1. Governing equations and velocity distribution analysis

In this flow problem Casson nanofluid is considered where the base fluid is the non-Newtonian Casson fluid. The Casson fluid sample
plays Newtonian and non-Newtonian both fluid behavior. The constitutive equation for Casson fluid model can be followed by

(uc + \/%) 2ej, > T,

Ps
(uc + «/?"o) 2ejj, T < T

Where the yield stress of the fluid is Ps = ej;e;; and e;; indicates the deformation rate at (i, j) th component. T is the product of the compo-
nent of deformation rate with itself, m, is a critical value of this product based on the non-Newtonian fluid model, . represents the plastic
dynamic viscosity of the non-Newtonian fluid. Then from (1) it is obtained that (for T < )

Tij =

)

Tij = K¢ (1 + %) 2ej5 2

where B = pe+/21,/Ps is the casson parameter.
In the present study, Sodium alginate (C¢HoNaO-) is considered as a base fluid. Aluminium oxide (Al,03) is the nano-particle which is
suspended in the base fluid. Then the thermofluidic properties of the nanofluid is as follows:

Table 1: Thermophysical Properties of Nanofluids

p(kgm~?) Cp(kg'k™) k(Wm~'k™")
CoH,Na0,) 989 4175 0.613
ALO, 3970 765 40

The expressions for effective viscosity and effective density of the nano fluid are given by
Meff = ujﬁ »Per = (1 = d)ps + dpp ©)

Where the g is the viscosity of the base fluid, psand pp represent the densities of the base fluid and the nano particles respectively, ¢ is
called the volume friction of the nanoparticles. The flow problem is considered as thermally fully developed, steady, symmetrical in azi-
muthal direction flow under cylindrical co-ordinate system. Therefore, the velocity component is only in z-direction, which depends onr.
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The simplified form of the momentum conservation equation along the z-direction, assuming a hydrodynamically fully developed flow of
a Casson nanofluid is written as:

d?u | 1d
__+ Heff (1 + 3) (drz + ;d_lrl) - lleffﬁ"' PeEs + 0eBoE; — GeBgu =0 4

Where {3 is Casson parameter, K denoted the permeability of the porous medium andE, is the axial component and E, is the lateral trans-
verse component of applied electrical force. Due to small ratio of the diameter and length of the microtube, although the body force may
exist in the radial or angular direction and the velocity in these directions is much smaller than the axial direction. Therefore only one
momentum equation is considered in the axial direction. The boundary conditions are derived as follows:

u(r=R)=Oand%(r=0)=0 ®)
The net charge density p, in the EDL depends on the EDL potential {r and it is given by [29]:

pe = —ex’ (6)

The EDL potential s is well constructed by the Poisson-Boltzmann equation with the assumptions (i) the permittivity of the fluid is not
influenced by the field strength and it is constant; (ii) the ions are considered as point charges. Then under the Debye- Hiickle approximation
the EDL potential distribution is obtained as:

U = Yyl (kr) /1o (xR) ]

1
Where H is the half height of the channel, ¢ be the constant zeta potential and 1/k be the thickness of the EDL where k = ez( o ) is
B

called Dybye- Hiickle parameter where n, is the ion density (in molar unit) of the liquid, z is the valance of ions of the solution, kg is the
Boltzmann constant, and T, is the absolute temperature, € is permittivity of the fluid and w = xR is called the normalized reciprocal thick-
ness of the EDL which representing the ratio of half height of microchannel to Debye length (i.e. 1/x).

Let us introduce the following dimensionless variables and parameters:

u = u_HS ,Tr = % ,G = (_f_uzls 1;[) lrb (kBT) l'[}W l'bw (kBT)

E. K o, —&EgkgT EiR |o
E;===,Da== ,Ha=BR [ uys = —>2- ,§ =2 |-=
Eqy R ur ezus UHs | Hf

Where uys be the reference velocity,G be the non-dimentional pressure gradient. Ha is the Hartmann number which is indicating the
strength of the applied magnetic field By and Da is the Darcy number. S represents the strength of the transverse electric E; field. The non-
dimensional form of the equation (13) is reduced by:

(1+l) 2.,% *
B du 1ldu . " _ _
a-)zs (dr*z T dr*) + byt - (Ha + Das ¢)25) wtHaS =G =0 ®
Boundary condition (5) is reduced as follows:
r*=0)=0 )

Equation (8) is analytically solved analytically based the boundary conditions (9) to obtain the exact solutions which is written as

R Iy(Mr*) AEIM AES
u*(r*) = 010(1\/:) {MZ 10( )+B}—B— Io(a)r ) (10)
A=) wiy, (G-Has)(1-¢)** {(1/Pa)+Ha*(1-¢)**}
where 4 = ,B = M =
(1+1/B) Ip(w) (1+1/B) 1+1/B)

The above expression of velocity function depends on different physical parameters like Hartmann number Ha, Casson parameter 3, Darcy
number Da, volume fraction parameter ¢ etc.

2.2. Streaming potential

The streaming potential is obtained from the following expression:

Inet = Ise +1co =0 11)
Which tells that the net ionic current through the tube section equal to zero. Where I, is Streaming current and I, is the Conduction

current. It is assumed that the ions are moved within the EDL in the electrolyte solution. Then the streaming current and Conduction current
are written as:

Ig = 21 foR ze (ny —n_)urdr
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Ico = 21'rf ze(ng +n_ )(eZES)r dr (12)

Here f = 2nye?z2/ay is called the ionic friction factor where oy, is the bulk ionic conductivity and ny = ngexp (¥ %) is the ionic
- Blav

number concentration of positively and negatively charge species. By substituting all the dimensionless variables, the following dimen-
sionless form is obtained:

f Yurtrdrt—a E*f r*dr* =0 (13)

Where a* = uay, /2nyekgT,, represents the non-dimensional conductivity parameter. And finally the non-dimensional streaming potential
is given by

EX = _2u (14)

a*-2T15

Here 77 and 73 is obtained from the following expressions:

s _ lywAly(wr”) o Io(w)lo(Mr™) M2Iy (w1, 4
Ll S wom w G v, Sl ey L

« _ (1YwBIlo(wr”) Io(M1™)
%=y Io(w) {ID(M)

— 1}r*dr* (15)

2.3. Temperature distribution and heat transfer analysis

The governing equations of energy equation for thermally fully developed flow is expressed as

PCRersu o = kepr (P2 (r ) + 20 + a4 5, (16)

ror

where (pCp).sy is the effective heat capacitance of the nano-fluid and which is calculated by the following expression:

(pCpesr = P (PCp)p + (1 — P)(pCr)f (17

Where (pCp)p and (pCp)f are called the heat capacities per unit volume of the solid nano particles and base fluid respectively. Here O =

2
ueff{(l + ) (‘;—:) + u?} , S5 = 0.(E? + B2u? — 2E, Byu). Q indicates the combination of viscous dissipation and the dissipation due to

the Darcy term, S; is the volumetric heat generation due to joule heating respectively. Where, T is the local temperature of the liquid. and
ke is the thermal conductivity of the nano-fluid which is calculated by the following expression:

- M)
kerr = ky (k,,+2kf+z(kf—kp)¢> (18)

Where k,, is thermal conductivity of the nano particles and k is the thermal conductivity of the base fluid. Introducing the non-dimensional

kf( Tw)

temperature T* = where T,, is the channel wall temperature and g,, is the constant wall heat flux. Further, for thermally fully

developed flow under |mposed constant wall heat flux, one may write

oT arT, darT,
Pl d—zw = d—b = constant and — = 0 in which T, is the bulk mean temperature. The overall energy balance of an elementary control

volume of the fluid with the Iength of duct dx gives the following expression:
(PCo)err R Uy 52 = 2Ry, + 21 f Qrdr + o, {EZnR? + [ (B3u? — 2E, Bou)rdr} (19)

Then the bulk mean temperature gradient can be obtained as

dTy — Y1
dz  (pCpless

= constant. (20)

where y; = {2qw + 0 EZR + 2L {(1 4 )/32 By "e‘i:’gl} — 0,E,BoR ,

drd6 . . . . . . . .
= fo ulrdr, B, = fo (‘;—1:) rdr and u,, = f"f‘)# , which is called axial mainstream velocity. The following dimensionless pa-

rameters are introduced to make dimensionless the equation (16)

_ (viumsR __ Mupgs _ 0cEZR
y_( qw )'B - hqw 'S]_ qw ’

where y is the ratio of the heat generated by the interaction of the electric and magnetic fields to heat conduction, Br is the Brinkman
number which describes the ratio of heat produced by viscous dissipation and heat transport by molecular conduction, S, is the joule heating

due to heat conduction. Then by using (18) the non-dimensional form of the equation (16) is obtained as



42 International Journal of Engineering & Technology

P = [ ) ()t e @

The corresponding non-dimensional boundary conditions are expressed as

* _ 4T°O _
T'(-1)=0,7==0 (22)
Since the temperature equation (21) is a non-linear differential equation, thus it is solved numerically with the corresponding boundary
conditions (22). By applying the fourth order Runge-Kutta method one can solve the equations numerically using the shooting technique
in MATLAB.
According to the obtained temperature distribution and velocity distribution, the non-dimensional bulk temperature can be written by the
following expression:

'97 _ f;:g‘)l:t*r*r*dr*de _ kegr(Tw—Tm) (23)
Iy Jy wrrdrede Rqw

In thermal transport phenomenon an important heat transfer parameter can be expressed as Nusselt number Nu, which illustrates the rate

of heat transfer and can be defined as:

2R kf 2
Nu = —2Rw  _ _ _fz* (24)
ke r(Tw=Tm) kerr 6

3. Results and discussion

In this case study, microfluidic transport of Sodium alginate based Casson nanofluid is considered. It is well known that sodium alginate
is a natural Casson fluid ; also it is hydrophilic, highly viscous gum. For Casson nanofluid, Aluminium oxide (Al,03) is taken as nano-
particles with sodium alginate. This section deals with the investigation of the influences of various pertinent parameters on the fluid flow,
heat transfer. The obtained results of the velocity and temperature distribution are discussed in this section. Further, the geometrical inter-
pretation of streaming potential and rate of heat transfer are also illustrated. The values ([9],[10] and [13]) of the parameters (w = 4,Ha =
0.5,Da =0.02,G6 = 0.5,¢y, = —1,a” = 0.1,¢p = 0.05, = 0.5,5 = 50, Br = 0.01,5; = 0.6) are kept unchanged throughout the study
unless otherwise states.

(A (B)
Ha=0.25 '
150 5
- - il Da=0.01
Da=0.05
Ha=0.75 i
al- S A Hach Da=0.1
k P a= - Da=0.2
/ N
0.6 / N
/ 1" 2 %
= / A
. \ / \
Bl / X 25 / \
04r 7 = \
/ \ / \
- / \ \\
03/ \ 0.5f X
0.2f | T \1 \
01t/ - ~\ = —
| /,/ <\ / \
% \) £ ~\
0 L I L 0 i L L i:
El 0.5 0 05 A 05 0 05 1
y v
© (D)
1.4 : 0.35 —
—¢=0 <
v $=0.1 > S
12F / 1 0.3 p N
$=015 L NN\
/ $=0.2 A \
3 / % | 0.25 i3 b
/ \ i
//’ 4
0.8f / = 0.2
“ 5 e E ¥ ——$=035
fi g » ——3=05
0.6 / / 0.15
/’ 7 % \ 7=0.6
11/ \
04r / / N\ 0.1
// AN
/ AN / \
< \ y \
02r AN 0.05f \
)/ N\
I'4 \

0
y.

0.5

-1

-0.5

0
y.

0.5

1

Fig. 2: Velocity Distribution Plots with Variation of (A) Hartmann Number (B) Darcy Number (C) Nano-Particle VVolume Friction (D) Casson Parameter.

The velocity and temperature profiles are represented in figure 2 and 3. It can be seen that the velocity distribution have the parabolic
velocity profile and the velocity is maximum in the middle layers of the flow in the channel. When § = 50, the velocity profile have the
increasing trend with the increases of the applied magnetic field and the increases of the Darcy number which are illustrated in figure 2(a)
and 2(b) respectively. It can be observed that from equation (8) the electromagnetic force is a combination of the linear variation of trans-
verse electric field (E4) and the suare of the magnetic field (By). Thus, there subsist two adding forces acting on the fluid flow motion,
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the component of pressure gradient and the component of electromagnetic force (6,BoE) and (o, B%u) acting as a retardind force. Hence
due to the presence of the transverse electric field i.e. for the flow adding force the fluid velocity is enhanced. The velocity is slower for
low Darcy number. But in the presence of transverse electric field the velocity profile is depreciated with the increase values of the nano
particle volume friction which is shown in figure 2(c). It can be demonstrated from the figure 2(c) that when ¢ = 0, then the velocity is
maximum and the velocity becomes slow for large value of nano particle volume friction parameter. The reason behind this phenomenon
is that the effective viscosity is increases with the enhancement of the volume friction parameter in response to shear rate which depreciated
the fluid flow motion. Also it can be observed from figure 2(d) that the velocity has increasing trend with the increases of Casson parameter.
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Fig. 3: Temperature Distribution Plots with Variation of (A) Hartmann Number (B) Darcy Number (C) Nano-Particle VVolume Friction (D) Casson Parameter
(E) Brinkmann Number (F) Joule Heating Parameter.

The geometrical approach of the temperature distribution is delineated in figure 3. It is demonstrated in figure 3(a) that the temperature
profile decreases with the increasing trend of the applied magnetic field. Also, when the Darcy number is increasing then the temperature
is decreasing which is displayed in the figure 3(b). Figure 3(c) delineated that the temperature profile is decreased with increases of the
nano particle volume friction. It is failed to trigger any apprehensible change in the associated temperature profile with the increasing trend
of the Casson parameter which is represented in figure 3(d). The temperature is maximum at the middle layers of the flow. The increment
of Brinkmann number depreciated the temperature profile which is shown in figure 3(e). The temperature becomes low for large value of
Brinkmann number. Form figure 3(f), it is depicted that the temperature profile has an enhancement with the increment of the joule heating
parameter.
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The variation of dimensionless streaming potential with the non-dimensional EDL thickness are ilustrated in figure 4(a) and 4(b) for
different dimensionless wall zeta potential and nano-particle volume friction parameter respectively. It can be observed that the dimen-
sionless streaming potential exhibits the abatement with the increment of the dimensionless EDL thickness parameter and the magnitude
of the streaming potential ultimately tending to zero.

The variation of Nusselt number with other pertinent parameters are displayed in figure 5. The Nusselt number is decreased gradually with
the enhancement of the applied magnetic field and increases slowly for the higher value of the volume friction parameter of the nano-
particles which is depicted in figure 5(a). From the figure 5(b), it is depicted that the Nusselt number is decreased swiftly for lower Darcy
number but after a certain limit it is increased gradually with the increases of the Darcy number. However, for the higher value of the nano-
particle parameter, the rate of heat transfer increases slowly. It may note from the figure 5(c) that the Nusselt number is decreased gradually
with the enhancement of the transverse electric field and increases slowly for the higher value of the volume friction parameter of the nano-
particles. The Nusselt number increases rapidly for an increasing trend of the joule heating parameter within the low range and the impact
of the nano particle volume friction parameter on the Nusselt number are not very comprehensive with joule heating parameter which is
illustrated in figure 5(d).
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Fig. 5: Effects of Nano Particle Volume Friction on Nusselt Number with (A) Hartmann Number, (B) Darcy Number, (C)Varying Magnitude of Transverse
Electric Field, (D) Joule Heating Parameter.

4. Conclusions

In this present study, the velocity and temperature distribution is analysed numerically for the EMHD flow of Casson-nanofluid through a
porous microchannel under the streaming potential effects. The following observations can be drawn from this numerical study:

e The velocity is proportional to the nano particle volume friction but the temperature profile is inversely proportional to the nano
particle volume friction.

e  The velocity and temperature both are always maximum in the middle layers of the flow.
e  The streaming potential is inversely proportional to the dimensionless EDL thickness parameter.
e The Nusselt number has an improvement with the increases of the volume friction parameter with the other pertinent parameter.
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