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Abstract 
 

Concrete is a quasi-brittle material and shows different behavior in compression and tension. It shows elastic behavior at initial stage and 

damage-plasticity behavior beyond elastic limit. Therefore, development of material behavior model of concrete is a complex phenome-

non. In this study, concrete damage plasticity theory has been described under experiment on concrete cylinder considering uni-axial 

compression loading and interpreted with analytical data calculated using CEB-FIP model code equation. The code has divided the 

stress-strain curve for concrete compression into three sections according to concrete’s elastic and non-elastic behaviors. Those three 

sections have been considered to calculate analytical data. In experiment, concrete behavior has been observed in two phases. The dam-

age value for different stresses at the various points on the stress strain curve has been calculated. According to analytical data, the con-

crete shows elastic behavior up to 8.3MPa stress point and no damage occur in the concrete within the limit. However, in experimental 

data, concrete shows elastic behavior up to only 2.28MPa and damage occurred beyond the stress. Finally, the percentage of damage of 

concrete due to compression obtained from analysis and experiment has been assessed and compared. Above 32 percent of concrete 

damage is found for 22.5 MPa in both cases. 
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1. Introduction 

Concrete, mixture of stones, sand, cement and water, is one of the most widely used materials in civil engineering structures as it can be 

given proper shape according to the design by casting in situ and suitable for almost all weathers. This usefulness increases the demand 

of concrete day by day and the researchers have been conducting research to understand the behavior of it and to produce better qualified 

concrete. However, the concrete shows complex behavior under different loadings such as compression and tension and loading patterns 

such as uniaxial, biaxial and triaxial. The previous concrete researches can be divided into three broad categories-plasticity theory, con-

tinuum damage theory and damage plasticity theory. 

A significant number of researchers [11; 15-18; 20; 25; 31; 33; 37; 41-42] described concrete plasticity theory alone considering pressure 

and path sensitivities and work or strain hardening. Although this portion may be the widely discussed research section but the researches 

failed to introduce degradation of material stiffness due to cracking/damage in the concrete. 

The second group of researchers [26; 28-29; 34-35; 38-39] worked over the continuum damage theory alone to model the concrete non-

linear behavior. The theory presented effect of micro-cracking with the elastic limit or microscopic level but failed to describe defor-

mation for damage, inelastic volumetric expansion under compression and crack opening effects etc. 

Damage plasticity theory of concrete is complex for internal and external variables. Isotropic and anisotropic damage are considered to 

model of concrete plasticity and damage [13; 19; 21; 23; 27; 36]. Of them, Isotropic damage model is widely used for its simplicity and 

lucid to understand. Various combinations of stress-based plasticity model such as effective stress model [23-24] and nominal stress 

model [1; 22; 29] are proposed in literature. 

However, among the other equations and literatures of elastic-damage model of concrete, the most suitable equation is found in CEB-FIP 

model code [14] published in a technical report for construction materials in London. Same equation is found in the research papers of 

some researchers Polling and Mark from University of Bochum for its simplicity and may be accuracy. In this paper, the equations have 

been used to find the analytical data of concrete damage considering elastic and plastic stage. In the experimental test, stress has been 

applied on concrete cylinders to assess concrete damage behavior. 

2. Nomenclature 

Ec, modulus of elasticity of concrete 

σc, stress of concrete 

http://creativecommons.org/licenses/by/3.0/
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εc 

pl
, plastic strain 

bc, damage parameter 

εc, strain of concrete 

σc
(1)

 , stress of concrete within elastic limit 

σc
(2)

, stress of concrete up to peak  

σc
(3)

, stress of concrete for post peak zone 

Eci, modified parameter 

εcl , strain for peak stress 

γc, descent function 

fcm , maximum compressive strength 

Gcl, constant crushing energy 

Ic, side length of column 

εc 
el , elastic strain 

εc 
damage

 , strain for damage 

εel, elastic strain 

εin, inelastic strain 

εpl, plastic strain 

3. Theory review 

It is said earlier that, CEB-FIP model code and some other equations have been used to find the analytical data of concrete damage con-

sidering elastic and plastic stage.  

According to CEB-FIP model code [14], the stress-strain relation behavior of concrete under uniaxial compressive loading can be divid-

ed into three domains (fig-1). The first section represents the linear-elastic branch that ends at 0.33 ∙ fcm (where fcm is maximum com-

pressive strength) but by negligible modification, the section is expanded up to 0.4 ∙ fcm. Within the limit, the initial slope of the curve is 

the Modulus of Elasticity of concrete, Ec (fig-2). 

 

 
Fig. 1: CEB Model Diagram. 

 

 
Fig. 2: CEB Model Diagram Considering Damage. 

 

The second section, called rising branch, extends up to the maximum compressive strength, fcm. Within the section, the strain keeps in-

creasing but inelastic manner. The third section, called post peak zone, is the area after the stress level exceeds maximum compressive 

strength. The strain seems to increase at a lower stress level at this section and so it is termed as the strain softening zone. In this section, 

for permanent damage from stiffness in the concrete the slope of the curve decreased. The slope of the curved is denoted as E′′. 

Now, 𝑑𝑐  is considered as damage factor, the equation presenting the damage formed in the concrete can be written, 

 

𝐸′′ = (1 − 𝑑𝑐) ∙  𝐸𝑐   

 

Here, 𝐸′′ is the tangent of the stress-strain relation for the damage concrete and E for the undamaged concrete. 

Comparing damage factor, 𝑑𝑐 , of CEB-model code equation, damage factor will be:  
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𝑑𝑐 = 1 −
(𝜎𝑐 ∙𝐸𝑐

−1)

𝜀𝑐 
𝑝𝑙

 ∙ (
1

𝑏𝑐
−1)+ 𝜎𝑐 ∙ 𝐸𝑐

−1
                                                                                                                                                                           (1) 

 

The damage factor is depended on modulus of elasticity of concrete, 𝐸𝑐, damage parameter, 𝑏𝑐, stress of concrete, 𝜎𝑐and plastic strain, 

𝜀𝑐 
𝑝𝑙

. 

Modulus of elasticity of concrete, 𝐸𝑐, can be derived from Neville formula [32]. 

 

𝐸𝑐 = 57000 ∙ √𝑓𝑐𝑚                                                                                                                                                                                       (2) 

 

The stress of concrete, 𝜎𝑐, within the elastic limit, will be the following 

 

𝜎𝑐
(1)

= 0.4 ∙  𝑓𝑐𝑚                                                                                                                                                                                            (3) 

 

As elastic behavior is seen in the first section, strain of concrete, 𝜀𝑐, can be found as a linear-elastic function of the secant modulus of 

elasticity 

 

𝜎𝑐
(1)

= 𝐸𝑐  ∙  𝜀𝑐                                                                                                                                                                                               (4) 

 

For second section, till maximum compressive strength, stress of concrete, 𝜎𝑐, can be found from the equation 

 

𝜎𝑐
(2)

= 1 −
(𝐸𝑐𝑖 ∙ 

𝜀𝑐
𝑓𝑐𝑚

)−(
𝜀𝑐
𝜀𝑐𝑙

)
2

1+(𝐸𝑐𝑖∙ 
𝜀𝑐𝑙

𝑓𝑐𝑚
−2) ∙ 

𝜀𝑐
𝜀𝑐𝑙

 ∙  𝑓𝑐𝑚                                                                                                                                                                (5) 

 

Stress of concrete in the second section, 𝜎𝑐
(2)

depends on modified parameter, 𝐸𝑐𝑖, strain of concrete, 𝜀𝑐, strain for peak stress, 𝜀𝑐𝑙andmax-

imum compressive strength, 𝑓𝑐𝑚. 

Strain for peak stress, 𝜀𝑐𝑙, can be adopted from Neville formula [32]. 

 

𝜀𝑐𝑙 = 2 ∙
𝑓𝑐𝑚

𝐸
                                                                                                                                                                                                   (6) 

 

The modified parameter, 𝐸𝑐𝑖, corresponds to the modulus of elasticity can be calculated from the following equation [48] 

 

𝐸𝑐𝑖 =
2

3∙ 𝐸𝑐
 ∙ (

𝑓𝑐𝑚

𝜀𝑐𝑙
)

2
−

4

3
 ∙

𝑓𝑐𝑚

𝜀𝑐𝑙
+

5

3
 ∙ 𝐸𝑐                                                                                                                                                            (7) 

 

For third section, post peak zone, stress of concrete, 𝜎𝑐, can be found from following equation [43]. 

 

𝜎𝑐
(3)

= (
2+𝛾𝑐 ∙ 𝑓𝑐𝑚 ∙ 𝜀𝑐𝑙

2 ∙ 𝑓𝑐𝑚
− 𝛾𝑐  ∙  𝜀𝑐 + 

𝛾𝑐 ∙ 𝜀𝑐
2

2 ∙ 𝜀𝑐𝑙
)

−1

                                                                                                                                                   (8) 

 

Stress of concrete for the post peak zone, 𝜎𝑐
(3)

 , depends on descent function, 𝛾𝑐, strain of concrete, 𝜀𝑐, strain for peak stress, 𝜀𝑐𝑙andmax-

imum compressive strength, 𝑓𝑐𝑚. 

The equation of descent function, 𝛾𝑐, is as below. 

 

𝛾𝑐 =
𝜋2 ∙ 𝑓𝑐𝑚 ∙ 𝜀𝑐𝑙

2[𝑔𝑐𝑙−
𝑓𝑐𝑚

2
 ∙ (𝜀𝑐𝑙 ∙ (1−𝑏𝑐)+

𝑏𝑐 ∙ 𝑓𝑐𝑚
𝐸𝑐

)]
2                                                                                                                                                                (9) 

 

Descent function,𝛾𝑐, depends on constant crushing energy, 𝑔𝑐𝑙 , strain for peak stress, 𝜀𝑐𝑙andmaximum compressive strength, 𝑓𝑐𝑚. 

Constant crushing energy, Gcl, a material property, is considered its dependency on the geometry of the tested or simulated specimen [40] 

to almost eliminate mesh dependencies of the simulation results. 

 

𝑔𝑐𝑙 =
𝐺𝑐𝑙

𝐼𝑐
                                                                                                                                                                                                       (10) 

 

For experimental calculation, equation (1) was modified and found a simplified corollary. 

 

 𝑑𝑐 = 1 −
(𝜎𝑐 .𝐸𝑐

−1)

𝜀𝑐 
𝑝𝑙

 ∙ (
1

𝑏𝑐
−1)+ 𝜎𝑐 ∙ 𝐸𝑐

−1
  

 

 = 1 −
(σc .Ec

−1)

(
εc 

pl

bc
−εc 

pl
)+ σc ∙ Ec

−1

 

 

 = 1 −
(σc .Ec

−1)

(εc 
in−εc 

pl
)+ σc ∙ Ec

−1
 [As we know, εc 

pl
= εc 

in  ∙  bc] 

 

So, dc = 1 −
εc 

el

εc 
damage

+ εc 
el

                                                                                                                                                                              (11) 

From the equation, it can be said that, damage of concrete,dc , depends on elastic strain,εc 
el, and strain for concrete damage, εc 

damage
 . 
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4. Procedures 

4.1. Materials 

For the total procedure (concrete preparation and testing), ASTM guidelines were followed. Crushed stones of quarry, Sylhet sand and 

Ordinary Portland Cement (OPC) were used as coarse aggregate, fine aggregate and cement respectively. OPC used in this study has 

clinker and gypsum as 95% or above and 0-5% respectively which confirms to the ASTM [6].  

Volumetric amount for coarse aggregates were taken according to table 1 following ASTM [9]. Sieve analysis for fine aggregate was 

done according to ASTM [5], the result of sieve analysis is listed in table-2. 

 
Table 1: Volumetric Amount of Course Aggregates (Crushed Stone) 

Stone size 25.0 mm (1 in) 19.0 mm (¾ in) 12.5 mm (½ in) 

Percent in Volume (%) 00 75 25 

 
Table 2: Sieve Analysis Fine Aggregates (Sand) 

Sieve Size 4.75 mm (#4) 2.36 mm (#8) 1.18 mm (#16) 0.6 mm (#30) 0.3 mm (#50) 0.15 mm (#100) 

Passing (%) 100 87 68 36 5 00 

Retain (%) 00 13 32 64 95 100 

 

Following the rules of ASTM [2; 4], tests for fineness Modulus, bulk density, specific gravity and water absorption of sand and crushed 

stone were done and values are listed in table 3.  

 
Table 3: Properties of Fine and Coarse Aggregates 

Aggregates Fineness Modulus Bulk density (kg/m3) Specific gravity Water absorption (%) 

Fine (Sand) 3.04 1413 2.64 0.98 

Coarse (Crushed stone) 6.87 1480 2.89 0.60 

4.2. Preparation and test 

Following the BNBC [12], the volumetric ratio of cement, fine aggregates and coarse aggregates were taken 1:1.5:3. The ratio of water 

and cement was taken 0.45. Mixture was done following ASTM [8]. Following ASTM [7], 8 inches (200 mm) height and 4 inches (100 

mm) were selected to casting the cylinders. Casting, compacting and curing were done following ASTM [7]. For compacting, a 300 mm 

long and 10 mm diameter rod was selected. Almost equal height of two layers was considered during casting and 25 numbers of roddings 

were done for each layer. 24 hours after casing the cylinders were de-molding and kept up to 48 hours in room temperature. Then the 

cylinders were cured fully submerged condition (fig 3) in a tank for 28 days. Slump test of concrete was done following ASTM [10] and 

found satisfactory result. 

Total 15 cylinders of were made, 3 of them were used to find the ultimate strength of concrete and that was 22.25 MPa. Rest of the con-

crete cylinders has been used to evaluate damage of concrete. Following ASTM [3] rules, The Universal testing machine (UTM) was 

used to find compressive strength of each cylinder. To get strain-stress curve, twelve projected stress points were selected within elastic 

and non-elastic zones considering ultimate strength of concrete, but no point was taken in post peak zone (literature review) for experi-

mental tests. According to stress in unit MPa, twelve projected stress points-1, 1.5, 2.5, 5, 7.5, 10, 12.5, 15, 17.5, 20, 21.5, 22.25-were 

selected in elastic zone and in non-elastic zone.  

 

 
Fig. 3: Cylinders Before and During Curing. 

 

Then one cylinder was placed on UTM and pressed to stress 1 MPa (first point) and released the load. The stress-strain data was collect-

ed and it was called initial state data and marked Phase-1 in the graph. Again, the cylinder was compressed till it was collapsed (fully 

damaged) and collected stress-strain data. The data was called final state data and marked Phase-2 in graph.  

The second cylinder pressed to stress 1.5 MPa (second point) and the rest of the procedures were followed same as previous cylinder and 

second graph was plotted. The whole procedure was performed for the other points and plotted graph for each point (each cylinder). A 

total 12 graph was plotted for 12 points. 

5. Result analyses 

For analytical data, equations 1 to 10 (theory review section) have been used to calculate strain for certain stresses in different twenty 

points within three zones. A table has been made by analytical data (Table-4) and graphs have been formed (Fig 4-15).  

Following data were taken to calculate damage parameter. 

Peak stress (Ultimate strength of concrete), fcm =22.25 MPa (From experiment) 

Damage parameter, bc= 0.7 [44] 

Crushing and fractures energies, Gcl= 19 N/mm 

Side length of column, Ic= 200 mm 
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Table 4: Damage Variable Dc, Elastic Strain, Εel, In-Elastic Strain, Εin and Plastic Strain, Εpl from Analysis 

Sl. No. Zone Stress, σ Mpa Strain(el), εel% Strain (in), εin% Strain(pl), εpl% Damage Variable, dc dc, (%) 

1 Elastic, 1 1.8 0.0047 0 0 0 0 
2 Elastic, 1 2.3 0.0067 0 0 0 0 

3 Elastic, 1 3.4 0.0115 0 0 0 0 

4 Elastic, 1 6 0.023 0 0 0 0 
5 Elastic, 1 8.3 0.034 0 0 0 0 

6 Elastic, 1 8.97 0.04 0 0 0 0 

7 Plastic, 2 10.33 0.0457 0.0057 0.00399 0.0367 3.67 
8 Plastic, 2 10.5 0.0483 0.0075 0.00525 0.0464 4.64 

9 Plastic, 2 11.62 0.056334 0.015 0.0105 0.0797 7.97 
10 Plastic, 2 12.74 0.063438 0.022 0.0154 0.104 10.4 

11 Plastic, 2 13.5 0.067496 0.027 0.0189 0.103 10.3 

12 Plastic, 2 14.287 0.073436 0.0324 0.02268 0.132 13.2 
13 Plastic, 2 15.1 0.0788 0.038 0.0266 0.146 14.6 

14 Plastic, 2 16.0 0.096522 0.059 0.0413 0.186 18.6 

15 Plastic, 2 18.5 0.105613 0.0724 0.05068 0.2058 20.58 
16 Plastic, 2 21 0.116813 0.0899 0.06293 0.23 23 

17 Plastic, 2 22 0.132626 0.12 0.084 0.36 36 

18 Plastic, 2 22.5 0.147972 0.159 0.1113 0.4 32.4 
19 Plastic, 3 15.5 0.162 0.3 0.21 .484 48.4 

20 Plastic, 3 8.04 0.170815 0.459 0.3213 .659 65.9 

 

For experimental data, the Stress-Strain graph has been collected from UTM. A line plotted for initial data which data has collected for 

initial loading on concrete cylinder is called Phase-1 and line plotted for final data which data has collected for final loading on concrete 

cylinder after an unload process has occurred in Phase-1 case is called Phase-2. Separate twelve graphs have been plotted for different 12 

points (one individual graph for each cylinder) and damage parameter has been calculated for each graph using equation (11) in numeri-

cal way.  

 

 
Fig. 4: Stress-Strain Curve for Initial Projected Stress 1 MPa. 

 

 
Fig. 5: Stress-Strain Curve for Initial Projected Stress 1.5 MPa. 
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Fig. 6: Stress-Strain Curve for Initial Projected Stress 2.5 MPa. 

 

 
Fig. 7: Stress-Strain Curve for Initial Projected Stress 5 MPa. 

 

 
Fig. 8: Stress-Strain Curve for Initial Projected Stress 7.5MPa. 

 

 
Fig. 9: Stress-Strain Curve for Initial Projected Stress 10MPa. 
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Fig. 10: Stress-Strain Curve for Initial Projected Stress 12.5MPa. 

 

 
Fig. 11: Stress-Strain Curve for Initial Projected Stress 15MPa. 

 

 
Fig. 12: Stress-Strain Curve for Initial Projected Stress 17.5MPa. 

 

 
Fig. 13: Stress-Strain Curve for Initial Projected Stress 20MPa. 
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Fig. 14: Stress-Strain Curve for Initial Projected Stress 21.5MPa. 

 

 
Fig. 15: Stress-Strain Curve for Initial Projected Stress 22.25MPa. 

 

It is observed that, the graphs plotted from initial data (called Phase-1) and final data (called Phase-2) show almost same behavior and 

trend (Fig-4-15). In Phase-1 (Fig 4-15), concrete cylinder can take stress at initial stage which indicates that the concrete cylinder starts to 

take load from zero damage. Whereas in Phase-2 (Fig 4-15), concrete cylinder cannot take any stress at initial stage for a certain strain 

which indicate that the concrete cylinder has some damage inside the concrete that damage have occurred during Phase-1 case. From 

twelve graphs for different 12 points, the first point Phase-1 and Phase-2 initial behavior is almost same which indicate that the concrete 

cylinder has no damage inside the concrete. Whereas in other points, Phase-1 and Phase-2 initial behavior is not same which indicate that 

the concrete cylinder has some damage inside the concrete where damage is increasing from point 2 to point 12. For example, the Phase-

2 curve in the graph for initial projected stress 7.5MPa shows the cylinder takes no stress till 0.5 percent strain. This is due to damage of 

concrete for initial loading in Phase-1. Numerical value of elastic strain and strain for damage was taken from every graph. By using 

equation (11), damage was calculated and placed in table 5. Finally, the percentage of damage of concrete obtained from analysis and 

experiment has been compared in table 5. 

 
Table 5: Comparison of Concrete Damage Variable, Dc from Analytical Data and Experimental Data 

Experimental Data Analytical Data 

Zone Stress, σ (MPa) dc, Damage variable Damage, % Zone Stress, σ (MPa) dc Damage variable Damage, % 

Elastic 1.83 0.00 0 Elastic 1.8 0 0 

Plastic 2.29 0.11 11 Elastic 2.3 0 0 

Plastic 3.37 0.172 17.2 Elastic 3.4 0 0 
Plastic 5.85 0.226 22.6 Elastic 6.0 0 0 

Plastic 8.34 0.292 29.2 Elastic 8.3 0 0 

Plastic 10.8 0.233 23.3 Plastic 10.5 0.0394 3.94 
Plastic 13.4 0.3 30.00 Plastic 13.5 0.104 10.4 

Plastic 15.96 0.297 29.7 Plastic 16 0.146 14.6 

Plastic 18.42 0.368 36.8 Plastic 18.5 0.186 18.6 
Plastic 21.08 0.32 32.0 Plastic 21 0.23 23 

Plastic 21.7 0.303 30.3 Plastic 22 0.27 27 

Plastic 22.42 0.41 41.0 Plastic 22.5 0.324 32.4 
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Fig. 16: Damage Comparison Graph Between from Analytical Data and Experimental Data. 

6. Conclusion 

In the final graph (fig-16), some irregular behavior in experimental stress-damage curve is observed, especially in the higher stress level, 

beyond 8.3MPa. The irregular behavior may be for uneven bonding of the concrete material and aggregate interlocking in different con-

crete cylinders. 

It is observed in the final graph (fig-16), for analytical data, the concrete shows elastic behavior up to 8.3MPa stress point and no damage 

occur in the concrete within the limit. However, in experimental data, concrete shows elastic behavior up to only 2.28MPa and damage 

occurred beyond the stress.  

The results from the experimental data deviate from the analytical data but pattern seems to have a similarity in both cases.  

In initial stage (section one), for lower stress level (up to 8.3MPa), no damage can be found in analytical data but experimental data 

shows 29 percent damage in concrete. In second section (strain hardening brunch) damage can be found in both conditions where exper-

imental data has presented higher percentage of damage (41 percent) than analytical data (32 percent). In the final section (the post peak 

zone), damage percentages have been calculated in analytical manner only.  

It can be concluded that above 32 percent of concrete damaged is found for 22.5 MPa stress in both cases. 

The study has been conducted using twelve cylinders which made of same concrete mixture and environment. Further investigations are 

needed to establish the objective that the field data for concrete damage due to compression shows different result compare with CEB-

FIP model code. If it is true, a new equation should be developed to find concrete damage. 
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