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Abstract

We present in this paper the technique Branch and Bound with new quadratic approch over a boxed arrangement of Rn. We develop an
inexact arched quadratic capacity of the target capacity to decide a lower bound of the worldwide ideal estimation of the first non raised
issue (NQP) over every subset of this boxed set. We connected a segment and specialized lessening on the feasable area of (NQP)to
quicken the intermingling of the proposed calculation. Finally,we think about the assembly of the proposed calculation and we give a
straightforward examination between this strategy and another technique wish have a similar guideline.
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1. Introduction

We consider the accompanying non raised quadratic programming
issues:

min f(z) = 327 Qz + d"x

reSn(D
(Dy) (NQP)
where:
S" = {zeR": L)< <UY:i=1,n}
(Dy) = {xeR": Az <b;x > 0}
@
Q : is a real (n x n) non positive symetric matrix
A : is a real (n x n) symetric matrix
dT = (di,d2,...dn) ER"

In ower life ,each thing ,each issue is make as a mathematic issues
[5] ,we can likewise

take the statements of Gualili "The word is made at numerical
language or scientific issues™ ,specialy "quadratic one".

In this paper we present another square shape Branch and Headed
methodology for taking care of non arched quadratic
programming issues were we consruct a lower rough raised
quadratic elements of the target quadratic capacity f over a boxed
arrangement of Rn introduced as a n—rectangle [2].

This lower inexact capacity is given to decide a lower bound of
the worldwide ideal estimation of the first issue (NQP) over every
square shape.

The paper is sorted out as followes:

Area 1: In this segment we give a basic presentation of our
examinations ;in which we give and characterize the standard type
of our concern.

Area 2: another proportional type of the target work proposed as
un lower rough straight elements of the quadratic structure over
the n - square shape [6]. We can likewise proposed as an upper
inexact direct capacities ,however we should regard the procedur
of ascertain the lower and the upper bound of the first central

Sk — [Lk: ka.] C R”

square shape S°which noted by in the
k-step [4].

Area 3: In this segment we characterize another lower surmised
quadratic elements of the quadratic non raised capacity over a n-
square shape as for a square shape to ascertain a lower bound on
the worldwide ideal estimation of the first no arched issue (NQP)

[71.

Segment 4: We give another straightforward square shape appor-
tioning strategy and depict square shape lessening strategies [3].
Segment 5: Gives another Branch and Decrease Calculation so as
to take care of the first non raised issue (NQP).

Segment 6: We examine the intermingling of the proposed Calcu-
lation and we give a straightforward examination between this
technique and different strategies which have a similar rule [1].

At long last ,a finish of the paper is given to appear and explaine
the proficiency of the proposed Calculation.

2. The Equivalent forms of f over the
n—rectangle

In this area we build and characterize the equal type of the non
raised quadratic capacity which proposed as a lower inexact
straight capacities over an n—rectangle Sk=

0
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.this work is proposed to decide the lower bound of the worldwide
ideal estimation of the first issue (NQP).

Let Amin and Amax be the min eigenvalue and the maximum ei-
genvalue of the framework Q respectivelly ,and we demonstrate
the number 6 that 6 > |Zmin| .

The equivalent linear form of the objective function f is given by:

fl@) = (@-UX"(Q+6N(z—-UX)+d"z—0 i x?
i=1

+2AUS)(Q+ 0Dz — (U (Q+ 00U (3

by the use of the lower bound L, and is given by:

flx) = (@-US"Q+0N(z-U")+d"z—0 i x?
i=1

+2US)(Q+ D)z — (UN)(Q+0DUN (g

by the use of the upper bound U¥ of the rectangle S,
In the other hand , we have the following definition:

Definition 1: Let the functionf: C € R"—-— Rand Sc C € R"a
rectangle, the convex envelope of the function f is given by:

fi(xi) = dixi+ iz i=1n

with: ) )

s _ AU - S
' Ue—Ly

n = fill]) —6L7:i=1n

So, by the use of this definition the convex envelope of the func-

=T 0]

J

,n

p—t

tion h(x) = (—x3) over the interval
the function:

is given by

h(x) = —(Ujk + Lkj )xi + Lkj Ujk
n

which is a linear function , then we get the best linear lower bound
of h(x) = P(—x3) given

j=1
by:
n
_X k k
) U L W) @
=1
:,(Uk + Lk)T X + (Lk)T Uk (5)

3. Lower Approximate functions and Error
Calculation

By definition, the initial rectangle SCis given by:
SP={zeR": L)<z, <U):i=T1n}

We subdivise this rectangle into two sub-rectangles defind by:

Sa = {zeR:Ll<e, <h:L)<a; <UY:j=Tn:j#s}

Sup = {reR":h) <o, UML) <a; <UYj=Tn:j+#s} (6)

Where, we calculate the point hsby a normal rectangular subdivi-
sion (w—subdivision).

3.1. The lower approximate linear function of f over the
rectangle SX:

The best lower inexact direct capacity of the target non raised
capacity f over the square shape SK is given in the accompanying
hypothesis:

Theoreml : Let the function f : C € R"—— R and the rectangle S°
C R"where C € S°c R", the lower approximate linear function of
fis given by:

Lgx(z) = (agx)'a + bgx

Usk(z) = (agr)'z+ bgx %
where:

agxk = d+2(Q+60NL* —o(LX + UK

bsx = —(LF)Y(Q+00L" +o(L™)"(UF)

age = d+2(Q+0NHUN —o(L* + UX)
—(UM)NQ+00U" +6(L")(U") g

bsh' -

3.2. The new lower approximate quadratic convex func-
tion_of f over the rectangle S:

We utilize the former lower estimated direct capacity of f over the
square shape SK to characterize the new lower inexact quadratic
arched capacity of f over a similar square shape by:

Definition 2:

1 - )
Lyuaa(#) = Lsx (@) = SK(UX = 2)(z — LX)

1 - .
Uquad(x) = []SK (‘E) - 51{(ij o T)(‘E o LR)
and:
where:
K is a positive real number given by the spectral radius of the
matrix (Q + 4l)

0 > |Amin|

LsK(x) the best lower approximate lineair function of f over the
rectangle SK

3.3. The New Lower Approximate Linear Function of f
over the Rectangle SX:

By the utilization of the first new lower inexact quadratic capacity
of f over the square shape SK we can characterize the new lower
estimated straight capacity of f over a similar square shape by:
Definition 3:

and: .

Lguaa(7) := Lk (x) — gKhz

~ 1 .
Uguad() := Ugk (x) — gK h?

with:

= 0%~ 25

3.3.1. The relation between the convex quadratic approxima-
tion and the linear one

We have the following theorem:
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Theorem 3.4 : The tow following inequality are satisfied:

~ 1.
Lguad(x) = Lgx(x) — éf\’hz < Lguad(x) < f(z(9)
~ | .
bm:ad(?r) = Usk ('?") - gj\ h? < Lt‘.rm:d( ) < j(:t". (10
K K

for all x € (D N SK and h: ‘U L ” and
‘ 9 (z)

Oz (the normality condition).

Proof: Let the function g1 : R"—— R defind by_:
G’l(r) = ‘rfqmzd( ) - Iquml(])

= Lgx(r)— ék’hg — (Lgr(x) — lf\'(U“" —z)(z — L))
%.K(—.'l + (LN + U ) = LRUN - i HU"( -
Passing to the first derivation of gi,then, we get:
J 1_. . )

I (1) = ~K(—22 + (L¥ + UX))
ox 2
Thus:

g, o
(G (@) =0) = (x= )

The critical point of the function gais the middle point of the edge

(LK UK N _
? , in the other hand, the function g1 is concave, imme-
diatelly, it atteind here max at the middle point

LKH2)

(L +U™)

ok (L +U ) K K

I = 2 of [L ’U ]K ) K then we have:
gi(x) <max{gi(z):x € (D) NS} = gi(a") =0
Then;

Lequad(x) — Lquad(X) <0
In the other hand, we define the function g2: R"—— R given by:
.(]2(":") - f (-l:) - sz‘uud(l')

= Lquud(m) - (Lsi\'(‘ ) K’(L'I‘ _ )(J.’. _ LI\))
Passing to the first derivation of gz then we get:

09 of 4 —d]é” i K _ - TK
et = @) - =@+ g I\d (UK = 2)(x — LX)
= Bj( r) — agr + ]\ —)(7[ +(L"‘ +LI‘)- LEK
o g 2™ oy
= g‘f(J) agr + 1[\( 2+ (UK + L¥))
-

Then, passing to the second derivation:
%o o?

%2y = TL @) - K
Ou? dr?
We have the condition:

2
F(x) _

Ox? (the normality condition)
Then, we obtain:
0o
2@ <0
Ox?
Thus, the function gz is concave over SX,and by this we have:
go() > min {Jz(.t cxe SN } = mm{J_ ), g (U )} =0
Then:
(92(x) = f(X) — Lquad(X) > 0) == Lquad(X) < f(X)
Finally, we get:
Lequad(x) < Lquad(x) < f(x) : x € SK
The same thing whene we use the upper bound Uquad(x) with the
equivalent linear form of the objective function f and we obtain:

Ufil-‘ad( ) < U('(J(I(i(l) < f(-L) N~ SK

3.4. Approximation errors

We can assess the guess mistake by the separation between the
non arched target work f and here lower aproximation capacities.

3.4.1. The linear approximation error

Is introduced by the separation between the capacity f and here
new lower surmised direct capacity Lequad over the boxed set SK
, then we have the accompanying suggestion:

Proposition 3.5 : Let the function f : C € R"— R where C € $°
C R"and 0 > |Amin| for this the matrix (Q + 1) be semi-positive,
then we have:

ax T 7£uwf T ‘} <

o3, {0~ L]}
max {‘j - qlum’,( )‘}

reh"n(t)ﬂ

Proof: we have:

F(2) = Lyuaalr) (o — LYQ + o) (o — L7+ d%a 702: 2

i=1

(p(Q +01) + 0+ é;;) |o% — L%

IA

(p(Q+01) + 0+ %1\’) 0% — |

+2LYNQ + 0z — (L)Y (Q + 81 LY — (Lgk(x) — éﬂur’s

= (x—L5YQ+on(a— L) +d"a 4:2 v}
i=1

2 LNNQ + 0 — (LY (Q+ 81 LE

—((d+20Q +8NLY — (L¥ + UX)Te +

[
+ gi‘-h‘

(—(L5)T(Q + 61)LY + (LF)TU™))

= (z—-LNNQ+60)(x
In the other hand, we have:
(x = LKY(UK=x) = (LK + UK)Tx = xTx — (LK)T UK

L%) 4 ih’hz FOULE + UN) e — 2w — (LF)'UK)

Then we get:
. 1 . . .
F(x) = Lywaa() = (& — LXY(Q + 60 (x — LF) + gl\'h” + B — LYUR —x)
SO:
|f-:..-j|- Fasaal) : 7 € S8 (D || | max {|f:.r|- T una() }
||_|' LR + 81z = LX) 4 :.n’\'b"' i Bz = LRYUR = x)
< (@ = LFY(@ + 88)(x = LX)|| + 0 ||(x = L¥)WUK )| + lJ’
< (plQ+ 00 U% = L¥|F) + 0| 0% .f."'|2 + :\h'b-’
< (plQ+61)+84 —h W= || U "|

The same thing whene we use the upper bound Uquad(x) with the
equivalent linear form of the objective function f and we obtain:
Hf(.r) — Upaa() 1 7 € 8501 (Df)” < (p(Q+01) + 0+ émr# b= UK = LE |
Then, the proof is complete.

3.4.2. The quadratic approximation error

Is exhibited by the separation between the capacity f and here
lower rough quadratic capacity Lequad over the square shape SK,
at that point we have the accompanying recommendation:

Proposition 3.6 : let the function f: C € R"~— R where C € S°c
R"and 6 > |Amin| for this the matrix (Q + 1) be semi-positive, then
we have:

1 ~112
max {|f(x) = Lyaa(®)|} < (p(Q+0I)+04+ - K) HU!\ — L H
zeSKN(Dy) 2
1 . S2
max  {|f(#) — Upaa(x)|} < (p(Q@+01)+0+ =K) HU!\ — LK H'
reSKN(Dy) 2

Proof: By the definition of the function Lquad(X) as well as the
meaning of ¢sk(x), we have:

[(@) = Lpwaal®) = fl2) — Lyx(z)
= (o= L(Q+80)(x - L*

L A T K
+§I\{(.-[ — )z — L*

L. K i K
]+(§f\ +O)(U" —x)(x— L") (11)

Then:
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F(2) — Lguad(2)|| max { f(2) = Lyuaa(2) : 2 € %0 (D))} (12)

5

N N 1 -
< o= LY@+ 00 - L5+ || (G5 + 00"~ x)(@ — LF)

<

< (plQ 400+ 0+ %m [o* - %

The same thing whene we use the lower bound Uquad(x) with the
equivalent linear form of the objective function f and we obtain:

}UK . LA'HZ

15) = Vinaa(@)] < (p(Q+61) + 6+ 3K) .

So, the proof is complete.

3.5. The quadratic approximate problem (QAP)
3.5.1. costruction of the interpolate problem (IP)

It’s clear that:
f('l) 2 max { '{"qmrd(w)« brr[-u.m](ilr) . VJ. S (DI) N S’K} =7 (J' (14)

This function present the best quadratic lower bound of f, similar-
ly, we construct the following interpolate problem by:

ah = MmaxXx

b (LBP)
X € {Lquad(X),Uquad(X)} : VX € (Dr) N Sk b
And the convex quadratic problem define by:
(
Minan
(AQP) vx € (Xf) N Sk
the question is: what’s the relation between the optimal values
f(x), f(x*) and Lquad(X)?
e e
We have the following proposition:

Proposition 3.7 : Let the function f : C € R"—— R and S°c R"
where C € S°C R", we have:

0 < f@) = fa*) < (o(Q+6D)+0+ %f\’)
Lq-um!(g}"‘) S f* S ,f(T)
with f«= f(x*) is the global optimal value of the original problem
(NQP) and x be the e optimal solution of (ACQP)

Uk — K|

Proof: From the previous proposition, we have:

f(@) = Lyaa(x) < (p(Q+61) + 6 + %I\') % - m‘H“’ creShn (nf(lB)
And for
rT=7%:
— . 1 . K 12

F(@) = Lguaa(@) < (p(Q +01) + 0 4 ih;u”! K— L% (16)
Thus:
e * o (7 1 - T e
F@ = I+ 1 = Luaa(®) < (p(Q +61) + 6 + 5 K) U —Lf \|z(17)
And:

~ ook o, -

J@) = 1 < (@4 0D + 0+ 5 [UF = L+ (Lwaa®) — 1" g

As well as Lquad(xX) — f*< 0, we have: e

0<J@) - <(p@+0D) +0+ %I{) |U% - L"'H2(19)

In the other hand, we have:

Lquad(i’:) - f* S 0
f@)-f=0
Then, the proof is complete.

3.5.2. Question: is the solution x present the best lower bound
of the globale

optimal solution of (NQP)?
We have the following proposition:

Proposition 3.8 Let take the estimate function noted by:
E(X) := f(X) — Lquaa(X) For all x € SXN (Dy), the foolowing (21)
inequality is satisfied:

Ex)>f(x)—fe e (22)
Preuve:

We have:

f(x) — f*=f(X) — Lquad(X) + Lquad(X) —f*eeee

= E(X) + Lquad(X) — <& e

And, from the previeus proposition we have:
Lquad(X) <f*<f(x) e e

So:

Lquad(x) — f* <0 e Then:

fx)—-f+<E(X)e e

Lemma: If E(x) is a small value, then f(x) is an acceptable approx-
imative valuetoe e

the global optimal value f+ = f(x*) over the rectangle SX. Similirly,
we can find that the point x is the global approximate solution of
the global optimal solution x* of the original e

problem (NQP) over SK,

Preuve: We have:

f)—-f+<E(X)e e

So, let take that E(x) is a small value we get: e

(@) = fF < E(T) <<eyithe——o0

Then:

kf(x) — frk << ¢ e And:

lim [ f(z) = f*][ =0

e—0

Immediately, we get that f(x) is an acceptable approximative value
to the global optimal e

value f+= f(x*).Similirly, the point x is a global approximate solu-
tion of the global optimal e

solution x* of the original problem (NQP) over SK.

In the other hand, the rank of the non convex function f over the
new rectangle (subrectangle) SX is small then here rank over the
initial rectangle S°, by this, the value E(x) e will be verry small.

4. The technical reduction (technical eliminate)

We get to describe the rectangle partion by the following steps:

Step(0): ) ) )
Lot SF = {a¥ e R : LK <af <UK:i=T1n}
with xk e SK,
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Step(1): We find a partition information point:

hs = max {(;r:,; —LEYUE —) i = ﬁ} 23)

7

Step(2): If hs6= 0 then we partition the rectangle SKinto two sub-

[LK UK] . .
rectangle on edge L"”s 7 ~s lhy the point hs, else, we partition
the rectangle SK into two subrectangle on the longest edge

(LK UK L

by the middle point 2 which is yet noted as
hs.

Step(3): The rest rectangle is yet noted as SX.

Now, we describe the rectangle reducing tactics to accelerate the
convergence of the proposed global optimization algorithm
(ARSR).

Remarks:

1- All linear constraints of the problem (NQP) are ex-
pressed as:
n

Y aya; <bii=Tn
j=1

2- The rectangle SX be also recorded as constraint to be
added to the problem (NQP).
3- The minimum and the maximum of each function:

v(r) =axs i =1,n
v € [LE,UK]
Are obtaind at the extremes points of the same interval.

Linearity Based Range Reduction Algorithm:
This algorithm is given to reduce and delete the rectangle SX.

program (LBRRA)
Let/r = 11,2,3, .., 1} the set of the index, Px:= P for 1 <i

<ndo
n
rU; := Y max {Cle'_ij.—’: Qij Ufc }
j=1 ‘

compute n com-

Ll . ] ¥ k 1 k,

TL1 = Z 11111 {a'z,jL_j?a'U UJ }
pute i=1
if rLi> bithen

stop. the problem (NQP) is infeasible over SX (there are no solu-
tion of (NQP) over SK because, SKis deleted From the subrectan-
gle set produced through partitioning of the rectangleS°) else

if rUi < bithen the constraint is redundant.

I, = I, — {i}
P.= P, — {.‘1? eR": (a;)Tx < b.,;}
else

for 1 <j<ndoif ajj> 0 then

- z gk, rrk
U* := min U, 2 Litmin{ai; LY ai;Uf } }
i IR

Qij

else

X . b—rU;+max{ a;; L* a;;UF

LF .= max{ Lk, Lo L5 U5 }
J J7 @ij

end if

anddo end if

end if

enddo end program

5. Algorithm (ARSR): Branch and Bound

5.1 Algorithm (ARSR): Branch and Bound program
(ARSR)

Initialization: Determine the initial rectangle S° where (y1) < S°
and suppose that:

QLBPs0 :=S°N (1)

iteration k :

if QLBPs0 6= ¢ then

solve the quadratic problem (LBP) when k =0

Let x° be an optimal solution of (LBP) and «(S°) be the optimal
value acompaned to x°H := {S°} (the set of the subrectangle of the
initial rectangle S° ao := min{a(S%},80 := f(x°%) (the upper bound
of f(x*)) k := 0 while Stop=false do if ox = Sk then

Stop=true (x¥is a global optimal solution of the problem (NQP))
else we subdivise the rectangle Skinto two sub-rectangle {Si: j =
1,2} by the proposed algorithm. for j = 1,2 do

applied the Linearity Based Range Reduction Algorithm over the
two sub-rectangle

{Sjk} the obtained set is yet noted as the rectangle Sjif Sj*6= ¢
then

(QLBP)sjk := {x € R": x € Sj*N (x1)}, solve the quadratic problem
(QLBP) when Sk:= Sk let x4 be the optimal solution and a(Sj) be
the optimal value H := H U {S{}

Bre1 = min{f(x¥),f(x4)} x<:= arg mingk1end if

end for

H:=H-{S}

ak+1 .= minser{a(S)};choose an rectangle S¥** € H such that ax+1 =
O((Sk+1)

k«—k+1;

end if

end do end if end program

6. The convergence of the Algorithm (ARSR)

In this area, we examine the union of the proposed calculation
(ARSR) and we give a straightforward examination between the
direct surmised and the quadratic one. In the other hand, we give
some guide to expline the proposed calculation.

6.1. The convergence of the proposed algorithm

The proposed calculation in area 5 is not the same as the one in ref
[3] in lower-jumping (quadratic estimate), and added to the square
shape decreasing methodology. We will demonstrate that the pro-
posed calculation be united.

Hypothesis 6.1 : On the off chance that the proposed calculation
ends in limited advances, at that point a worldwide ideal arrange-
ment of the issue (NQP) is gotten when the calculation ends.

Confirmation: Let the outcome out coming when the calculation
end be xk, at that point, quickly we have ax=Bk while ending at
the- k-step, so x*is a global optimal solution of the problem(NQP).

Theorem 6.2 If the algorithm generates an infinite sequence

{‘1" }keN*, then every accumulation piont x* of this sequence is a
global optimal solution of the problem (NQP)(i.e: the global op-
timal solution is not unique).



293

International Journal of Engineering & Technology

Proof: Let x* be an accumulation point of the sequence
{*} {3}
keN*and let 4 PJ kEN*peEN* pe a subsequence of the

ok
sequence {I }keN*converging to x*. obviously in the proposed
algorithm, the lower sequence {atken* is mono- increase and the
upper sequence {Bidken* is mono-
decrease, and we have:

= lquad(xk),Bk = f(xk) (24)
We can right:

e = loua < < By = f(a*

k= lguad(2") min f(z) < B = f(a o5

So both {Xk}ken and {Bidken are convergent and:

lim Bi= lim Big = lim f(x%) = lim f(x<) = f(x") (26)

k—o0 g—o koo g—o0

Without loss of generality, we assume that x?is the solution of the
problem (QLBP) on

Skq Which satisfies Skq+1 € Skq,q > 1 , by the proprieties of the pro-
posed rectangle partition which is exhaust, i.e:

lim Skq = x*q—0

We have:

0< By, —ap, = (@) — lyuaa(zF) < (p(Q+81) +0 + - h vk - LF|? @n
Then:

51—135(’1(1:2) luaa23)) = b (B, - " =0 (28)

Thus, we have:

lim(By, — ay, ) = lim(oy, — By, — (By, — au,
q—0 q—0 )=0 (29)

So:

lim oy, = lim oy,
k—0 q—0 q—0

And, from (I) we have:

=1 B, —(B. —a; )= lim B:
1111( k, — (Br, — ) q}% kq (30)

li —l B —l = f(a"
lim ay, = lim By, = lim f () f(l) a

Therefore, the point x*is an global optimal soluion of the problem

(NQP).
6.2 The type and rank of convergence

The proposed calculation unite to the rough arrangement of the
ideal worldwide arrangement of the first issue (NQP) with a quad-
ratic vitesse over SK.

In this strategy, the position of the non curved capacity f over the
square shape SK will be lower then his position over the underly-
ing one Se, along these lines immetiately give that the esteem E(x)
is e verry little. By this outcome, the arrangement point X is a
globale inexact answer for the worldwide e

ideal arrangement xxover SK.

To quicken the assembly of the proposed calculation we utilized
the specialized of dividing and decreasing where in each progres-
sion we take out a square shape and a direct limitation, and this
give us a square shape littler then the intial one and we signified it
by SK.

7. comparison between “Branch and Bound”
and “ Method (DCT)”

7.1 Method (DCT)

We should include the ordinariness condition characterize by the
decision of the parametre p > 0 so as to garante the presence of the
worldwide ideal arrangement, this condition is given by:

7.1.1 Introduction

Let take the non convex quadratic optimization problem given by:
3 Y — 1.7 T,
min f(z) = 52° Qv —d'x

Ar<b 220 Q € R™" indefinite matrix
where A € R™™arbitrary matrix b,x vertex of R"
The fondamental idea of this method is in the chose of the opera-
tor:
A(X): R"—RM
By this the objective function f be write as the following canonical
form:
f(x) = @(x,A(X))
Define over the set R"x R™to R in the condition that the function
be canonic at every unone (point) x and y.
We need the following definitions:

Remark: The canonical function ®(x,A(x)) can represent by:

D(X,AX) =W(y) —F(y) :y €R"

This function is defind over R™x R"to R.

In the other hand, we use the dual A—canonical transformation to
calculate the conjugate

function of F(y) given by:

F'(y) = {(A@)"y

with:
AT (x) = DA()

By the use of this notions, we can construct the associate dual
function of f by:

v —=A, i
fy™) =F (y") =W (y)
7.1.2 Method (DCT) for the non convex quadratic problems

— F(x): Al (z)y* — DF(z

=0}

At that point, we connected the strategy (DCT) over the partner
parametric issue (PQP) in the spot of the non covex quadratic
issue (NQP) like folow:
X< 2p
Then, we have:
min f(z) = 327 Qr —d"x
Ar <b, x>0 ;x| <2u
We can transform the problem (PQP) as:
min f(z) = %’LT(Q.II —d"x

AISb;%‘ﬂgg,{L

(PQP)

With:

A (n+1)xn b n+1

A=( JER andb=()€eER

-1-1-1.-1 0
At that point, we connected the strategy (DCT) over the partner
parametric issue (PQP) in the spot of the non covex quadratic
issue (NQP) like folow:
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Step(1): The form of the operator A(x) :
For this type of problem the canonical geometric operator:
A(X):R"—>R™x R
Is define by:
1 .
y = A(zr) = (Ax, 5 |z*) = (e,p) ER™ x R

And, it’s presented as an Vertex-Value application.
By this, the realisable domain of (PQP) will be define by:
Drep={y=(ep) ER"XR:e<bp<p}

Step(2): The structure of the function W(y) :

In this case, the function W(y) W

n
is given by the Indicative func- R* =R
tion of the realisable domain
Deae like folows: = W()=
0 if y
€ Dpor
y y
400 else

”lTen, it’s clear that the function W(y) is always convex from the
propriety of the indicative

function. In the other hand, the function W(y) is proper and s-
lower continuous over the set Dpgp .
By this we have:

* %)

Step(3): The structure of the function W (y

F(y") = sup {(\(JJJ' y = F(A(x)): Al (2)y" = DF(z) =0:2 € D,-,Q;;}

veDpgr

sup {EII(Q +pNe—(d - ;'l.f\f*)".l'} cx € Dpgp

—1 e o -
= 7((1 — ATT(Q + p*I) M d — AT

=(Q+p ) d-ATe)

) with x

Step(5): The structure of the dual canonical function f(y+) :
Finally, and from the forth step, we define the dual canonical
function by:
) = Pl -y
_ ‘_T](fp AT2YT(Q + p 1) N (d — ATe*) —Te* — T (=%, p*) € R x R

Then, the parametric dual problem is given by:

( maxfd(ex,p*)

*>0,p*>0,det(Q + p*I) 6=0 (CPD)
&
We can find an equivalence between the primal problem and the
dual one, that’s given by the following theorem:

Theorem 7.1 [1/21f U= = (€%, 0") e a (K.K.T) point of the
parametric dual problem (CPD) then the vertex
x=(Q+p ) Hd-ATer) e

is a (K.K.T) point of the parametric primal problem (PQP), and
we have:

fi(y) =f(x) e

Remark: Let take id be the number of the negative distincts ei-
genvalues of the matrix Q then, the quadratic problem be non
convex if id > 0.

7.2 Convergence Theorem of the method (DCT)

= Ssupsup {(fs P)T(E*- p) — W(U) Yy e DPQN\}e can assume the inquiry “what's the connection between the

Wiy = sup {(y)—W(y}
yeDpgp
e<b p<p
= supsup {ETE* +plptiyc Dpr}
e<h p<p T x
if &>0,0*>0else _ EE T PP
A% +00

Step(4): The structure of the function F (y
The function F(y) is a linear function, and we have:

f(x) = DX, AKX) = W(y) — F(y) : y € R"x R
Then, we get:

f(x) ~W(y) = —F(y) : y ER"x R
And for y € Dpgp We have:

~(x) = F(y)

ﬁmediately, the A—canonical conjugate of the function F(y) is
define by:

F'y) = sup {4y —F(y): Al (2)y" — DF(2) = 0: 2 € Dpgp}

yeDpgp
= sup {(.‘-‘\(J'))Ty* ~Fy):AT(z)y" = DF(z)=0:z¢ I)PQ,,}
yeDpgp

And, from the first step V{e have:
y = Az) = (Ax, 3 lz*) = (,p) €eR™ x R
Thus:

ideal arrangements of the parametric issue (PQP), the base issue
(NQP) and the parametric double issue (CPD)??

To give the appropriate response we have this hypothesis:

Theorem 7.2 [1]:Let Q a matrix with the index id > 0 and
{Ai}i=1i—p: p < nadistincts eigenvalues in the order:
A <i2<..<id<0<iid+l <lid+2<..</p

and let (5%, 7" be a K K.T point of the parametric dual problem
(CPD), and let:
x=(Q+pl)i(d-ATe)e
be a K.K.T point of the prametric primal problem (PQP), then we
have:

1 H P-T > —A > 0then, the vertex (&*,p*) is @ maximum of
fd(y~) over Drgp*  if and only
if the vertex xe is a minimum of f(x) over Degp® , and

we write: . o
[ ) = 1 )

f(z;)= min f(z)= max
. E]
"€ pgp (e*0*)€Dpgp -
2 If 0 < pri< —Xia then, the vertex (€*, 6*) is a maximum
of f(y*) over Degp~ if and only if the vertex x is a global maximum
of f(x) over Deqe, and we write: e
df x *y __ pd
f (C i p ) - f (

f(r;) = max f(r)= max
.1-6.7@[; (5*!’0*)61);(2]_) -

3 If 0 < p*i < —Jig then, the vertex (5*3 P*) is a minimum

of fo(y*) over Dpoe' if and only if the vertex x is a global minimum

of f(x) over Dpqp, and we write: e

ml

")
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min  fU(e*, p*) = fUE PF)
(e,0")EDpgy p

fx) =

min
z€Dpgp

f(@) =
7.3 Examples
7.3.1 Examplel

Let the non convex quadratic function define by:
|

fla)= (@ +1)" + (s +1) - %(m +15) - 32+ 12) -

2 (32
So, we have:
; , 3
2
Lowaa(t) = (a7 +a3) + 511+ 25) = 2
~ 1 1
Lq?J(Ld(I) - 5(-1] + -'1:’2) -2 é(g)
Figure 1: Figure 1
With:
f(x) : broun whith black
Lquad() red whith yellow
Lguad ('35) darkgray whith navy

The graphic representation of the non convex quadratic function f,
the linear approximate function and the convex quadratic lower
bound function over the rectangle [-1,0] € R"

Plainly the raised quadraic inexact capacity is between the target
work and the straight rough one of a similar capacity over he
square shape S°=[-1,0] € R

7.3.2 Example2

Let take the following quadratic programming problem:
min f(z) = jaz® — dzx
ol <7

So,if a > 0 then, the problem be convex and this case is simple to
resolve, however, if a < 0.
Leta=-6,d=4andr =15, then:
( minf(x) = —3x2 — 4x
x| <1.5
Figure 2: Figure 2 i
This function accept one and only extrema in the point‘l’ -3
with the associate value

) o 4
flz) =3
And, by the use of the dual canonical transformation, we can de-
fine the associate dual forme of f by:

—1
fip*) = 7(1((1 + )7 — pp*
—1

. . o1 L £\2
= 66+ p) 7 = S(15)%

8
= —(1.125p" + (——
(1.125p (p*_G))

In the other part, the dual canonical problem is given by:
. df *Y _ Fk 8
max f(p*) = —(1.125p" + (%))
pr>6

(DCP)

Figure 3: Figure 3

f(x) : black f(p*) : broun
Candidate(s) for extrema:

{—0.75,—12.75} , at {[p} = 3.3333], [0} = 8.666 7]}

So, we have the following results:

\ functions extremas candidates for extremas
| primal -0,6666 | 1,3333
dual 3,3333 —0,7500
8,6667 12,7500
With:

& = (a+p))~'d=—1,4998

Ty = (a+p3)~'d=1,5000
Immediately, we have this table:

dual Primal values f(x;) e | dual values
extremas solutions

pPli Xie
| 3,3333 —1,4998 —0,7490 —0,7500
| 8,6667 1,5000 —12,7500 —12,7500

In the other hand, we find the following results:

pF=3,3333< —a =6

With: —

flz1)= min f(r)= min j'd(p*) = fd(PU =07
z€Dpgp (p*)EDpGp

And:

p5 = 8,6667 > —a =06

With: —

f(@&) = min f(z)= max [p")= f'(p3) = 12,75
2€Dhgp (P)EDbGp

So, by the use of the ”Branch and Bound method” the convex
approximate quadratic form of f is given by:

1 7
Lq'urz(f(w) = 5([;2 — Z_L:L

And the convex approximate quadratic problem associate to the
non convex one is given by:
; o 12 T
min Lgyea(r) = 52° + 5
m 1
z € [0, 3]
Where we appleid the reducting and eleminate techenic over the
initial ractangle

§° .— -1l
' 272
And we find that the rest rectangle is:
1
St.= |0, =
"2
23
So, we have this graph:
f(x) : black
(o) broun
(-12,75:  lightred
) and
(-0,75)
Lquad(x):  lightblue
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The graphic representation of the primal function f , the associate
dual function 4 and the convex quadratic approximate function
Lquad(X)

So, over the recangle we find that:

(2) is the minimum point of the function f and it is the maxi-
mum point of the convex quadratic function Lquad and the mini-
mum point of the associate dual function ¢ over

1
St= 10, =

the rectangle 2

* (0) is the maximum point of f and the minimum point of the
convex quadratic function

Lquad and: f(0) = Lquad(0) < fd(O)

8. conclusion

In this paper we present another square shape Branch and Headed
methodology for taking care of non curved quadratic program-
ming issues were we propose another lower rough raised quadratic
elements of the target quadratic capacity f over a n—rectangle.

This lower surmised is given to decide a lower bound of the
worldwide ideal estimation of the first issue (NQP) over every
square shape.

To quicken the combination of the proposed calculation we uti-
lized a basic two-segment and decreasing method over the sub-
rectangles SK in the k - step [3].

In the other hand, we presente an other worldwide technique to
determine the issue (NQP), this strategy is "the double standard
change (DCT)". This strategy change a non raised quadratic issue
to an Algebric framework.

It's dependably unite to the worldwide ideal arrangement over the
feasible space wich is a minimal arrangement of Rn.

Figure 4: Figure 4

The new calculation B&B where we utilized the curved quadratic
estimate of the non arched quadratic capacity f over a rectan-

K __ K K n
gIeS - [L U ] CR with @ > |Amin| and it is not imp-

ty, convex, close, and bounded (compact) of R"is best at that point
the strategy (DCT) over the relative Intrior of the feasible space of
the capacity wich we streamlined.

We can utilize the Branch and Bound technique (Partition and
assessment) where we compose the capacity f like a (DC) struc-
ture (reverence of tow arched capacities) and we estimated the
curved part by a raised quadratic capacity by the utilization of the
lower bound or the upper bound of the feasible square shape SK
wich have a verry little position and it's considred as a confianced
locale, and by this we guaranteed the existance of the ideal
worldwide arrangement of the first issue (NQP).

In the other hand, the "Branch and Bound strategy" acquire the
rough ideal arrangement of the ideal worldwide arrangement of
the first issue (NPQ) with a quadratic vitesse of union over the

feasible set SK , yet the (DCT) technique locate the ideal world-
wide arrangement over the Spher of this feasible set SK.
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