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Abstract

In this paper the notion of (7ﬂ)a (I, K) -Continuous Mappings is introduced and some of their properties are studied. Further the con-

cept of contra (;/,B)a(l , K) -Continuous Mappings and(y*, 3)-1-Continuous Mappings are introduced and properties are analyzed.
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1. Introduction

The o -open sets, operation on topological spaces, z,,_, , 75—y
Tg—y—1 interior and z,_,_, closure operators are introduced re-
spectively by Njastad [1], Kasahara [3], Ogata [4], Kalaivani [5]
and Kalaivani et al [6].

In this paper, the notion of (y8)* (1,K) -Continuous Mappings,
properties are studied. Further the contra (8)* (1, K) -Continuous
Mappings is introduced and their properties are analyzed. Also the
(y%, B) - | -Continuous Mappings, their properties are studied.

2. Preliminaries

The concepts of ideal[2], its properties[7], A"(I) -local function
[8], X =X™*[9], zN1 =¢ [10], B(l,7) [11], Kuratowski closure
operator, Kuratowski* closure operator, y -semi-open set[12], (« -

y , B )-continuous mappings[13] are defined, studied and dis-
cussed earlier.

Dontechev and Przemki[14], Reilly and Vamanamurthy[15],
Tong[16] and Maximilian Ganster and lvan Reilly [17] studied
about a-continuity and decompositions of continuity.

Here f,, denotes the mapping f:(X,z,1)—>(Y,0,K) and
TX,,TYx denotes the ideal topological spaces (X,z,l) ,
(Y,o0,K).Then CM denotes continuous mapping, C denotes con-

tinuity, OS denotes open set, CS denotes closed set, inv denotes
inverse image, M denotes mapping, IM denotes the identity map-

ping and (y8)%(1,K) - CM denotes the (38)” (1,K) -Continuous
Mapping.

3. (4B)* (1,K) -Continuous Mappings

Definition 3.1. A mapping fy, is said to be a (38)% (1,K) - CM if

for each f%K -0S,G of TYy , the inv f,\]l(G) is a y*1 -0S in
X, .

Theorem3.1.Let f), be a mapping, then the following statements
are equivalent:
(i) Ty isa(B)”(1,K)-CM.

(it) For each element a e TX; andQ € containing fy; (a) ,

O-ﬂaK
there exists Pe o) containing a such that fy, (P)cQ .

(iif) The inv of each O gk

(vl (int", (cI,y(f,\]l(D)))) c f,\]l(cl%(D)) for each D < TYy .

-CSofTY isar . -CSinTX, .
7

(V) fm (cITV (int*TV (clry C)))c fp (C) foreachCeTX; .

Proof. (i)=(ii) Let aeTX, and Q be any %K - OS of TYx
containing fy, (a). LetH = f;*(Q), then by Definition 3.1 , H
is AT, - OS containing a and fy, (H)<Q .

(ii)=>(iii) LetC be a K - CS of TY¢ . SetS =TYx —CthenS
isa 87K - 0S inTY, .Letbe fi'(S) , by (ii) , there exists a *1 -
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0S, G of TX, containing b such that f\,(G)<S . We obtain
beGgint, (cl;k (int, (G))<int, (cl;‘ (int, (fr(S))))

and hence be fMl(S)cmt (cly (int, (fMl(S)))) This shows
that f,\]l(S)) is at q -0S inTX, . Hencewe obtain that,

fa (C)=TX, - ! (TY¢ - €)=TX, - fy'(s)

isa y*1-CSinTX, .

(iii)=(iv) Let M be any subset of TYy .Since claﬁ(M) isa CSin
TV , by (i) , f“;l(d%(lvl)) is a y% -CS and
X, — f,\]l(claﬁ(M)) isa y“1 -OS. Thus

X, — ' (cly, (M) cint, (el (int, (TX, —fy'(cl,, (M))=

X, ~cl, (int; (el (fu'(cl,, (M)

Hence cl, (int; (cl, (f,\]l(M))))gf (Cl, (M) .

(iv)=(v) Let L be any subset of TX By (iv) ,
cl, (int; (cl. (L) cl, (nt; (el (fy'(fu (LS fr' (i (L)
and hence fy, (cl, (|nt (cI (L))))ccl (fM(L))

(V)=>(i) Let H be any B%K -OS of TYx . Then, by (v)

fu (el (int; (cl, (fa (T —HM)) =l (f (Fi (MY —H))
cclaﬂ (TYx —H)=TYy —H . Therefore,

(QPS3))I=hve
. Hence we obtain that f,\]l(H)gint,y (cly (int, ( fur(H)))) . This

cl, (int; (cl, (fyi" (TYx —H)STX; — ' (H)

implies that fy'(H) is a y*1 -OS.Hence, fy, is a (78)% (1,K) -
CM.

Remark 3.1. Every CM need not be a (y8)% (1,K) -CM: lllustrat-

ed by the following example.

Example 3.1.Let X ={d.e, f},r={¢,X,{d},{e},{d,e},{d, f}}
~{aY {ahfeH.ehfd, T} <[ fa} {1hfa 1) and

K ={o.fal}.

The y operation on 7 is given as follows: y(M)=cl(M) , for
M ez .Thenz ., ={4 X, {e}.{d, f}} .

We defi follows /=4 Te<H
e define S on o as follows = cI(H)if eeH

«={oY (e} {d e} {d, 1.
Hence the IM fy, is a CM, but it is not a (y8)* (I,K) - CM, since
{d,e}eaﬂaKand f,\]l({d,e}):{d,e}gryaI .

Then o-

Theorem 3.2.Let f,, beaMand I,K are ideals of TX,, TY . If
| = K= {g} or I,, then the concept of & - (»,) - C and

(7B)* (1,K) - C are equivalent.
Proof. Follows from the 3.1.Theorem’s Proof.

Theorem3.3.Let f, be a M and .Then

fi (L) = (f" (L))" implies that fy*(cl; (L)l (fy L)) .

Leo

Proof. Since f,\]l(cl;"y(L)): f,\]l(LU Ly):f,\] (L)Uf,\] (Ly)g

Remark 3.2. The converse of the Theorem 3.3 is not true . It is
demonstrated by the example given below.

Example 3.2. Let X =Y ={1,2,3},

(o X {8 (3] L2 L3 o= fo (0] (8] 12 a3,
=083}, 1.3} and K={6.(2}}.
y ont is defined as follows : F” :{ j{l\f?,}lff:F{i}{l} forF e
7. Thenz o ={4,X,{1}.{3}.{1.3}} .

Also we define the operation S on o
FifF =41
i :{F U3} F{i{l}
o418}, {3}. 1.2}, {13}

. for every F eo

Theno 5K

We define a mapping fy as fy (1)) ={1};  f ({2}) ={2};
fm ({3}) ={3} .

For the subset {1,2} e o we have fi' ({12})*
(121" = ({12})"={2}.

Thus fy! (P*) < (fyt (P))"forP ={12} € o . But fy'

={1,2} and( fo

(clf (P) <l (fit(P))foreachP e o .

Lemma 3.1. Let H,CeTX, .Then the following properties hold:
(i) Her o if and only if there exists Uer such that

(V)
(i) IfHer . and H gCgintTy(cI:y(H)) sthenCer ., .

UcHcint, (cI

Proof . (i) Let H be a y*1 -OS, then
H cint, (cI (|nt (H))) LetA = mt,y(H ).Then,

L (A)

Conversely, let AcH cint, (cI

AcHcint, (cI

(A)) for some Aer . Since

AcH YAgmt,_ (H) and hence cI, (A)gclrﬂ (mtT (H)).
Hence we obtain that H cint, (cI (|nt (H)))) .Then H is a
y*1 -0S.

(i) Since H isa y*1 -0S, there exists an OS, k such that

xkcH cint, (cI () We have xcH cCcint, (cI

- (H))

implies thatzcglnt,y (clry(zc)) . Using the (i) result, C Ty
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4. Contra () “(1, K) -Continuous Mappings

Definition 4.1. AM f, is said to be a contra (y8) “(1,K) -CM if
the set fyt (g ) is ay“l -CS in 7, for each f7K -0S, o of
U,B“K .

Definition 4.2. A M fy, is said to be a(y8) “(1,K) -CM if the
set fy1(S)isay®l -0Sin 7, for each 5“K -0, S of O

Remark 4.1.The concept of contra (;8)%(1,K) C and

(#B) %(1,K) C are independent as shown by the following two
examples.

Example 4.1.Let X ={k,|,m}, 7 ={g, X, {k} {1}, {k.1},{k,m}}

and 1 ={g,{k}}.
B if leB

. . .RB_
The y ont is described as: B {cl(B)if l¢B

Thenz ={¢,x,{k,|},{k,m}}

Let Y ={k,I,m},o={4,Y,{k}.{I}.{k.I},{k,m}} and

K ={¢,{k},{m},{k,m}} . B on o is given as follows: for 0 e,
) =cl().Theno sy ={g.Y.{1}.{k.m}}.
The M fm is

fn (k) ={m} f (1)) =k} fu (mp) =1}

fus(P) is ay?1 -CS inTX, . Hence fy, is a contra

defined as
Then for every

Pe O'ﬁgK ,
B “(1,K) -CM. Butfyt ({I}) = {m}is not a y“I -0OS in TX,.
Hence fy, isnota(y8)“(l,K) -CM.

Example 4.2.Let X ={p,q,r}, r:{¢,X,{p},{r},{P,Q}y{Par}}
and 1 ={g,{a}}.

Then y on 7 is defined for D ez as follows:
or_) DIif D={p}

Du{r}if D={p}
Thene ., _{¢.X.{p}.{r}.{p.a}.{p.r}}

Lety = {p.ar} o ={gY.{p}.{a}.{p.a}.{p.r}}
and K ={g,{p}.{r}.{p.r}}.

We also define g on o as follows: S(E)=cl(E) for every
Eco Then o g, ={#Y.{a}.{p.a}.{p.r}}.

We define fy as fiy ({p})={a}: fu ({a}) ={r}: fu {r}) ={p} .
Then for every Eco fu(E) is ay“l -OS inTX, . Hence
fum is a OB “(1,K) -CM. But
f,\]l({q}) ={p}; f,\]l({p,q})z{p, rj are not y*I -CS in
TX, .Hence fy, isnotacontra (y8) *(1,K) -CM.

Theorem 4.1. A mapping fy, isacontra (38) “(1,K) - CM if
and only if the inv of each S%K -CSin TYy isay®I-OSinTX, .

Proof. Proof follows from the Definition 4.1.

Theorem 4.2. Let fy, and g:(Y,o,K) = (Z,5,W) be any two
mappings.
(i) go fisacontra(y8) “(1,W) -CM , if g is (38) “(K,W) -CM

and fy, iscontra(y8)*(1,K) -CM.

(ii) go fisacontra(y8)“(1,W)-CM, if g isacontra
(7B)“(K,W)-CMand f,, isan (y8)“(l,K) - CM.

Proof. Proof follows from the Definition 4.1.

Definition 4.3. A mapping f,, is called a perfectly contra

(78) “(1,K) -CM if the inv of each B“K -OS in TY, is ay®l -
clopen setin TX,

Example 4.4.Let X ={1,2,3},7 = {4, X, {1},{2},{1,2},{1.3}},

and | ={g,{1}}.
Bif2eB
I(B)if2¢B

Thenz ., _{¢,X,{2},{1,2},{13}}

yon r as follows: B” :{c

Let Y ={123},0={4Y.{1}.{2}.{1.2},{1.3}} and
K={¢{1}.{3}.{L3}} B on o as follows: B(P)=cl(P) , for
PeoTheno ., ={4.Y.{2}.{L3}}.

We define the M fy as fy({1)={3}; fu({2})={2};
fu ({3 ={1}.
Then for H €0 guy
fi is a perfectly contra (y8) %(1,K) -CM.

, f,\]l(H) is a y*I -clopen set inTX, . Hence

Remark 4.3. Every perfectly contra (38) “(1,K) -CM is a con-
tra (;8)“(1,K) -CMand (38) “(1,K) -CM.

Remark 4.4.A contra (38) “(1,K) -CM may not be perfectly

contra (y8) “(1,K) -CM. The example given below illustrates this
remark.

Let X ={12,3}, 7= {4, X,{1},{2},{1.2}.{L.3}} and | ={4,{1}}.

B if2eB
cl(B)if2¢B
Thenz ., _{¢,X,{2},{1,2},{L3}}.

Let Y ={123},0={4Y.{1},{2}.{L2}.{L3}} and
K={¢,{1},{3},{1,3}} . B on o as follows: B(P)=cl(P), for
Pe o and we obtain that o ., = {8.Y.{2}.{L3}}
We define M fy as fy ({1}) ={3}; fm ({2}) ={1}; fm ({3}) ={2} .
Then for every ZeoﬂaK , f,\]l (Z)is ay*l -CS inTX, . Hence

yon t as follows: B” :{
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fy is a contra (8) “(1,K) -CM. But f,\]l({z}) ={3}isnotay“l -
0SinTX, . Hence fy isnota(yB)“(l,K)-CM.

Theorem 4.3.For the M fy, ,statements described below are
equivalent:
(i) fy is a perfectly contra (38) *(1,K) -CM

(i) fy iscontra(yB) “(1,K) -CM and (3B8) *(1,K) -CM.
Proof. Follows from the Definitions 4.1, 4.2 and 4.3.

5.(y%, p) - | -Continuous Mappings

Definition 5.1.A subset A of an ideal topological space is called a
15-0Sif Ac clry (int,y (clf_/ (A)

Definition 5.2. AM f, is defined asa (y*,8) -I-CM if for eve-
ry | 3-openset V of TYy , f,\]l(v) isay“l -0SinTX, .

Theorem5.1. IfaM fy, isa (¥*,5)-1-CM, then fy, isan

(7a718) -CM.
Proof. Immediate from the above illustrated Theorem 4.1.

Theorem5.2. Let fy, be a M. Statements given below are same:

(i) fy bea (%, B)-1-CM.

(if) For each b and each 143 -0S, HcTY, containing fy, (b),
there exists G Tq, such thatbe G, f), (G) c H.

(iii) The inv of each 18-CSin TY, isa y“I -CS.

(el (int; e, (fu(B)) f,\]l(clgﬁ (B)) for B&TY .

(V) fum (Clry (int; (cl,y (A))) < claﬂ (fm (A)) for AcTX, .
Proof . Proof is analogous to the proof of the 4.1. Theorem.

Corollary 5.1. Let f, bea (y%,8)-1-CM, then
ORIY! (C|:V ) c Clgﬂ(f,\,I (X)) foreach Y e y - PIO(X).

(i) ol (fu'(3)) < fi'(cl,, (3)) foreach e y - PIO(Y).

Proof. Proof is analogous to the proof to the corollary 4.1.
s

Definition 5.3.A subset 0 of an ideal TS is said to be a 7| -open
set with respect to the operation y on 7 if

0 cint, el @ ))Uclz’; (int, (1))

Definition 5.4. AM fy, is called a(y, %) - | -open mapping if
the image of each 1 -OS in TX, isa 8%l -OS of TY, .

Theorem 5.3. A M f,, is said to be a (y, 3%) - | -open mapping
if and only if for each subset NcTY, and each y1 -CS, F of TX|

containing f,\]l(x), there exists a f%I -CS, H < TY, containing

W such that fyi(H) = F .

Proof. Let o =TY, — fyy (TX, —3) .Since fi/1(R)= 3 -Since

fm isa(y,8%) - | - open mapping, then gisa Sl - CSand

fu (©)=TX — f (f (TX) =ITX) — (TX; - T) =3,
Conversely, let ¢ beany y1 -OS of TX, and N=TY, — f; (¥).
Then, ft(R)=TX, —fit(fm ())STX, —¢ and TX, —¢ isa

71 -CS. There exists a %I - CS,$ of TY, containing N such that

fu ()= TX, . Then, ful(p)Ne=¢ and pN fy (O)=¢.
Therefore, TY, — fjyy (O) 22N =TY, — fy (¢) and f, (¢) isa

A%l -0SinTyY, . This implies that fy, isa (¥,8%) -1 -open
mapping.

Corollary 5.L.If fy, isa(y,3%)-1 - open mapping, then these
properties hold:
(i) f,\]l(claﬁ (int,,, (cly, (¢l ( fu(N) for R = TY, .

(ii) f,\]l(cl(f_ﬁ (0) =cl,, (fui(0)) for y -preopen set O of TY, |

Proof. (i) Let X be any subset of TY, , then cITV(fMl(N)) isa yl -

CSinTX, . By Theorem 4.3, there exists a %I -CS,lJ cTY, con-
taining X such that fy,'(0)<cl, (fy"(N)) . Since TY, - isa

B%1-08, Ty, -0) < f,\]l(intaﬁ (cly,, (int, (TY, ~0))))
and we obtain that
i (el (it (cl,, () < fig' (el (int, (€l (0))))

< fy' )<l (fg(3)
Therefore f,\]l(claﬁ (intg,, (cly, ()<l ( frt (X))
(if) Let O be any y - preopen set of TY, . By using (i) result,
fu' (el (0)) < fi'(cly, (0))  fi' (¢l (int,, (¢l (O))

< fi' (el (int;, (cl, (0)))
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