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Abstract

The current state of designing curvilinear objects of architecture and construction needs to take into account as many data and require-
ments as possible to ensure an appropriate model accuracy. In geometric modeling initial data, as a rule, are geometric characteristics and
conditions, which are represented in numerical form (coordinates or values of parameters) with quite big arrays. In these conditions,
methods of global continuous modeling with a single solution become ineffective. Because of this they require a usage of rather compli-
cated mathematical algorithms and can not provide a necessary adequacy of models. Methods of discrete geometric modeling are free
from these drawbacks.

The purpose of this article is expanding possibilities of the classical finite difference method and the static-geometric method by applying
a geometric apparatus of superposition. In discrete modeling of geometric images this allows using hyperbolic functions as interpolators.
The result of this study is a computational template for continuous two-dimensional discrete interpolation. This allows to model geomet-
ric images of architectural and building constructions in the form of discrete frames of chain lines.

Keywords: discrete modeling; geometric images; finite difference method; static-geometric method; geometric apparatus of superpositions; hyperbolic

functions; chain line.

1. Introduction

This Production development and improvement of technological
processes create new scientific problems to construct adequate
models of objects and phenomena for their effective analysis,
calculation, optimization and forecasting. In the process of design-
ing modern objects of construction, architecture, engineering, an
important place belongs to a stage of geometric modeling. At this
stage basic parameters of their geometric shape can be determined.
At the same time, the quality of models depends on the ability to
effectively manage their geometry, adjusting both models as a
whole, and their individual parts, rapid analysis and comparative
evaluation of the results.

Discrete geometric modeling [1,2,3] is the most promising direc-
tion of an applied geometry development in the modern period. It
can be conventionally divided into studies on a discretization of
continuous geometric images and a formation, using discrete
source data.

Among the most common directions in the discrete surface model-
ing there is a finite element method. This method is based on a
discrete representation of surfaces in the form of a set of individu-
al elements that interact with each other in a finite number of nod-
al points.

The finite difference method favorably differs from the finite ele-
ment method by simplicity, but loses in the universality and accu-
racy of results, which can be obtained, solving engineering prob-
lems.

On the basis of a static interpretation of the finite difference meth-
od, prof. S. Kovalev [4] created a static-geometric method of for-
matting discrete geometric images with certain properties. This
method is the most obvious and understandable method of discrete
modeling of continuous images, and usually takes into account
static features of various objects.

Prof. Naydysh V. [5] has developed theoretical principles of the
discrete geometric modeling, which is based on algorithms of
condensation, using geometric relations, equalities, basic interpo-
lation functions of an initial point array, to form a new set of dis-
crete elements with given properties.

The last two methods actively develope, have practical applica-
tion, and their effectiveness is confirmed by results.

Article [6] of prof. S. Pustyul’ha is devoted to a further develop-
ment of the static-geometric method and an expansion of its form-
forming properties. In this work it was proposed a usage of math-
ematical apparatus and geometric interpretation of numerical se-
quences together with the classical method of finite differences
and static-geometric method to formate geometric images. It al-
lows to have done a simple and effective transition to continuous
analogues of formed discrete models and vice versa; to have
solved a number of problems of discrete geometric modeling of
balanced images of arbitrary number of measurements without
solving cumbersome systems of linear equations. All this together
allows to provide saving of computational resources.

Each of these methods has its advantages and disadvantages in
solving specific practical problems. Therefore, their research, an
enrichment by new effective algorithms, a studying of a possibility
of their compilation, and on this basis, an expansion of the set of
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output data, are relevant. Further development and improvement
of the above-mentioned methods as a whole are also relevant. At
the same time, from one side it is possible to enrich well-known
methods of discrete geometric modeling by new algorithms and
improve their modeling capabilities. From other side it is possible
to expand a circle of practical tasks and optimize models, which
were created for their realization.

In [7], prof. S. Kovalev defined a concept of "superposition” in
applied geometry on the basis of a functional addition as a super-
position of sets, between points of which a certain conformity is
established.

The method of constructing a discrete mesh on the basis of super-
positions of pre-calculated two or more meshes with the same
topology allows to have determined coordinates of a free node of a
new mesh, using coordinates of corresponding nodes of known
meshes. Properties of such superpositions are insufficiently stud-
ied in terms of their invariants with respect to parameters of initial
meshes.

This article proposes an application of the geometric apparatus of
superposition in combination with the above-mentioned methods
[8,9, 10, 11, 12, 13, 14, 15, 16]. This allows significantly improv-
ing efficiency and expanding possibilities of a process of discrete
modeling of geometric images. In particular, it allows investigat-
ing a possibility of usage of different elementary functional de-
pendencies, not only parabolic functions, as interpolants.

2. Main body

An easy way to comply with the paper formatting requirements is
to use this document as a template and simply type your text into
it. In paper [8] it is noted that in nature and technology there is a
lot of chain lines. A chain line is described by a hyperbolic cosine
[17]:

y:a-chz @

In architecture and construction, arches in the form of an
inverted chain line have high stability due to the fact that internal
compression forces are perfectly compensated and do not cause a
deflection. Some properties of a discrete line model can be trans-
ferred to a surface model generated by the same laws, if this line is
considered as a component of the surface of a frame. Other prop-
erties of a discrete surface model can be obtained as a result of
generalization of corresponding properties of a line model [8].

Therefore, for a discrete determination of geometric im-
ages of building structures, a usage of hyperbolic functions of type
(1) as interpolators is more appropriate.

Consider numerical sequence of two variables (2), which
is depicted in Fig. 1.

=n-cht cchl
Zig=m-ch+m-ch— @)

l lW“
i
) ﬁ'\'\““ ““\'ml\“‘

i i
5 f\\\i‘ «/ il ﬁ ///// i
‘ \\\W\{(\\\\;\‘\\‘N% 'ﬂ//l///%/%!é;f.

N
\ il /
& k\‘of’l‘f’{{’%%]/é/[ll g{u’

R

Fig. 1: Two-dimensional numeric sequence

z;=n" ch%+m : ch% (n=1, m=1)
Constituents of sequence (2) are two sequences of one variable (3)
and (4):

z; =n-ch=, 3)
n

z=m: ch%- “
On the basis of the formulas, which were defined in [4], they can
be represented by recurrence dependences of superpositions in the
form

Zi = ky1zi—y + kpZjsg + K3Zi4o ®)
Zj == kq_Zj_l + k52j+1 + k6Zj+2 ’ (6)

where, taking into account the results of research work [8]:

ky =ky=0,244728471054; k, =ks =1

ky=ke=(1—ky —k;)=(1—ky—ks) = —0,244728471054

By adding (5) to (6) we obtain the recursive formula of sequence
(2) in the form:

225 = kyZig j+ KoZiny j + KaZig j + kaZijog + KsZi g 1 ReZi jao

or an identical formula:

Zij = kaZiqj+ RoZipyj+ kaZieg j+ KeZ g+ kozi joq + K3Z; jao
wherey, = 0,122364235527 k, = 0,5 k3 = —0,122364235527 ,

or in the form of a computational pattern (Fig. 2) for continuous
discrete interpolation by two-dimensional numerical sequences,
whose components are hyperbolic functions of form (1).

0122364235527

)
L % )
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Fig. 2: Computatlonal template for discrete interpolation of a numerical
sequence of two variables

Example 1. Construct a discrete model of the curve surface on the

mesh, reference contour and applicate of the central node (Fig. 3),

%

Fig. 3: Discrete surface frame
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given in the mesh plan, according to the following initial data,
belonging to surface (2):

ZE'+:’}' = ZE',._;I'+2 =Zap = Zp2 = 45?52195691084 )

Ziypjet = Zisgjen = Zp1 = Zyg = 5305276325899 ;

Zyg=Zgo =2

Since the reference contour is symmetric with respect to the planes
x0z,y0z and the diagonal plane, then

I3 T I T I T Iy T Ig1 T I3 T 837 3oy

Z10 = Zo1 = Z-10 = Zp-1

I T I TIga T o5,

Zgp = Zpz <= 220 < Zp-12-

and therefore we formulate a system of equations for 1/8 part,
determining applicates of only two nodes: z;_, ; = z,, and

Zitri+r = 1 -

kiZiqj +Hozij + kazing j + KiZipq jra + KaZiq je1 + Ka3Ziaq,jo1 =

= Zi+1,j -
keyz g jan + RoZijan + RaZisg jun F RaZiag oo+ KaZivg j+ KaZivgjea =
= Zi+1,j+1
=
{klz—lo + kozog + kazgg + Kyzip + kozig +kaz oy = 219
kiz 11+ kazoy +kazpy +kyzy g + Kpzio + k3zyp = zp4
8

Replacing in system of equations (8) the applicates of symmetric
nodes and substituting values of the applicates of given nodes, we

obtain two equations with two unknowns:
—0,122364235527 - z;5 + 0,5-2 + 0,122364235527 - 4,762195691084 —
—0,122364235527 - 5,305276325899 + 0,5 - z;; + 0,122364235527 - z;;, =
= Zio
—0,122364235527 - z; + 0,5 " 71 + 0,122364235527 - 5,305276325899 —
—0,122364235527 - 21 + 0,5 29 + 0,122364235527 - 5,305276325899 =
=11
Solutions of the system are given in Table 1.

Table 1:Values of the applicates of the points of a compartment of the
discrete frame of the surface zj=n- ch®+m-chd
, n m

. I

) 2 1 0 1 2

| 75243913 | 53052763 | 47621956 | 53052763 | 75243913

2| 82168 25899 91084 25899 82168

| 53052763 | 3,0861612 | 2,5430806 | 3,0861612 | 53052763

1] 25899 69636 34815 69636 25899

47621956 | 2,5430806 ) 2,5430806 | 47621956

91084 34815 34815 91084

L | 5:3052763 | 30861612 | 25430806 | 30861612 | 53052763
25899 69636 34815 69636 25899

, | 75243913 | 53052763 | 47621956 | 53052763 | 7,5243913
82168 25899 91084 25899 82168

The obtained results completely coincide with the values of the
applicates, calculated by formula (2).

Example 2. Construct discrete models of the curve surfaces on the
mesh, reference contour and applicate of the central node (Fig. 4),
according to the following initial data:

A & H ’
S \ 0 =

-

Fig. 4: Formation of discrete surface models by superpositions of point
sets on the basis of two-dimensional hyperbolic interpolation.

Zivzi T Fi+nj+1 = Dijez T Divrj+z = Tz T 4.5,

Zjj = Zpg = 2; Zjj = Zpg = 1;

Zjj = Zpp = -1 Zjj = Zpg = -2
Since the reference contour is symmetric with respect to the planes
x0z,y0z and the diagonal plane, then

Iy T & TE 3T Eop T Eo3-1 T Eoy-7 T &1
Zyp = Zpg T Eoqp T Zp-1y 11 T Zogy T Eog-1 T Eyeg
Z3p = Zpz = Z-zp = Zp-2 .,

and therefore we formulate a system of equations for 1/8 part,

determining applicates of only two nodes:

Zi+1,j = Z10 Zi+1,j+1 — Z11°
When substituting to this system the aforementioned initial
conditions, the solving gives the following results:

Surface 1.

—0,122364235527 -z, + 0,5 2 + 0,122364235527 - 4,8 —
—0,122364235527 4,8 + 0,5 - z; + 0,122364235527 - 711 = 2
—0,122364235527 z;; + 0,5 - 21 + 0,122364235527 - 4,8 —
—0,122364235527  z;1 + 0,5 2o + 0,122364235527 - 4,8 = z;
1. 2z, =2550513413074704 z,, = 2.992789319729712 .

Surface 2.

—0,122364235527 - 7,5 + 0,5+ 1+ 0,122364235527 - 4,8 —
—0,122364235527 - 4,8 + 0,5 z;; + 0,122364235527 - 2y, = 7y
—0,122364235527 - ;4 + 0,5 - 21 + 0,122364235527 - 4,8 —
—0,122364235527 - z;; + 0,5 710 + 0,122364235527 - 4,8 = z;;

2. 7, = 1.747125346315672; 7, = 2.347356933918896 .

Surface 3.
—0,122364235527 - z; + 0,5 - —1 + 0,122364235527 - 4,8 —

—0,122364235527 - 4,8 + 0,5 - z;; + 0,122364235527 - z;; = 2y
—0,122364235527 - 2,1 + 0,5 - 230 + 0,122364235527 - 4,8 —
~0,122364235527 - 2,4 + 0,5~ 255 + 0,122364235527 - 4,8 = z,,
3. z;y = 0.14034921279761; z, = 1.056492162297266 .

Surface 4.
—0,122364235527 - z; + 0,5 - —2 + 0,122364235527 - 4,8 —

—0,122364235527 4,8 + 0,5 z;; + 0,122364235527 - 2y, = 7y,
—0,122364235527 - ;1 + 0,5 -z, + 0,122364235527 - 4,8 —
—0,122364235527 - zy; + 0,5° z3 + 0,122364235527 - 4,8 = 73,
4.z, = —0.66303885396142 ; z;; = 0.41105977648645 -
Fig. (4) shows the discrete frames of surface 1 and surface 4,
which were formed on one given reference contour with the appli-
cates of the central node, respectively:

Zjj=2Zoo =2 Zij=Zoo = —2-
Consider numerical sequence of two variables (9), which is
depicted in Fig. 5.
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1 2,219115056 0 0,543080634 0 2,219115056
269 269
815
2 0 2,219115056 | 2,762195691 | 2,219115056 0
269 084 269

Fig. 5: Discrete frame of two-dimensional numerical se-

quencey. . — n-ch™ —m-cn? (N=1, m=1)
L n m
zi,j:n-ch%—m-chf—i- €)

Constituents of sequence (9) are two sequences of one variable (3)
and (4), which can be represented by recurrence dependencies on
the basis of superpositions in the form (5, 6), according to the
formulas from [8].

For a continuous discrete interpolation with two-dimensional nu-
merical sequence (9) we shall use the computational template,
which is presented in Figure 2.

Example 3. Construct a discrete model of the curve surface on the
mesh, reference contour and applicate of the central node (Fig. 5),
given in the mesh plan according to the following initial data,
belonging to the surface (9):

Ziyzj = Eij+z — Ezp = —Epz = +2,762195691084 ;

Fiyzjer = Fierjez = Bz = —Fpp = £2,219115056260 ;
Zij=zZp =0.

Since the reference contour is symmetric with respect to the planes
x0z,y0z , then:

33 T Ty T I T E T I <
= TEZ33 T TE3 T Ipog,

Z3p = —Epy T Ioyp T TEpo1,

Sy T Eog1 TE g1 T Sy,

Z3p = —Epz T Z_p T —Zp-z-

Replacing in system of equations (8) the applicates of symmetric
nodes and substituting values of the applicates of given nodes, we

obtain two equations with two variables:
—0,122364235527 2, +0,5+0 +0,122364235527 - 2,762195691084 —

—0,122364235527 - (—2,219115056269) + 0,5 - z,; + 0,122364235527 - z;, =
= Zio

—0,122364235527 - 2, + 0,5+ (—z,5) +0,122364235527 - 2,219115056269 —

—0,122364235527 -2, + 0,5 2,5 + 0,122364235527 - (—2,219115056269) =
=y

2, = 0,54308063481377 ; z,, =0 -

Solutions of the system are presented in Table 2.

Table 2: Values of the applicates of the points of a compartment of the

_ Xi Vi
. Z;;=n'ch——m-ch=
discrete frame of the surface ™ n m

) i
J 7 1 0 1 2
! 0 2,219115056 | 2,762195691 | 2,219115056 0
269 084 269
- | 2,219115056 0 R 0 2,219115056
1 269 269
815

o | 2762195691 | 0543080634 o 0,543080634 | 2,762195601

084 815 815 084

The obtained results completely coincide with the values of the
applicates, calculated by formula (9).

Results of calculations of the applicates of unknown knots of dis-
crete models of curve surfaces on the mesh, which is defined in
the plan, the reference contour, which belongs to the surface (9)

and the applicates of the central node Z ;=200 = —2

Zi; =20 =112, =2Z00 =1} 7;=7=2 &e presented

below.
—0,122364235527- 215 +0,5-—2+0,122364235527- 2,762195691084 +
+0,122364235527 - 2,219115056269 + 0,5 - z;, + 0,122364235527 - z;;, =
= Z
—0,122364235527 z;; + 0,5 (—z,) +18,122364235527- 2,219115056269 +
—0,122364235527 + 2,4 + 0,5+ ;5 + 0,122364235527 - (—2,219115056269) =
=
2,0 = —0,3478957241491; z;; =0 -

J

—0,122364235527- 715 +0,5- =1+ 0,122364235527-2,762195691084 +
+0,122364235527 - 2,219115056269 + 0,5 - z;, + 0,122364235527 - z;;, =
=z
—0,122364235527 - 2, + 0,5 - (—z35) +13,122364235527- 2,219115056269 +
—0,122364235527 21y + 0,5+ 2,5 + 0,122364235527 - (—2,219115056269) =
=iy
219 = 0,097592455332335; z; =0 -

—0,122364235527 - 249 +0,5-1+ 0,122364235527+2,762195691084 +
+0,122364235527- 2,219115056269 + 0,5 - z;; + 0,122364235527 - z;;, =
= Zio
—0,122364235527 - 244 + 0,5 (—2z;4) + 0,122364235527 - 2,219115056269 +
—0,122364235527 - 2,5 + 0,5+ 2,5 + 0,122364235527 - (—2,219115056269) =
=

Z1o = 0,98856881429521 5 z; = 0 -

—0,122364235527 - 259 +0,5-2 + 0,122364235527 - 2,762195691084 +
+0,122364235527 - 2,219115056269 + 0,5 - 7, + 0,122364235527 -z, =
=Z
—0,122364235527 - z;; + 0,5 (—2y0) +13,122364235527- 2,219115056269 +
—0,122364235527 - 244 + 0,5 735 + 0,122364235527 - (—2,219115056269) =
=In
7,9 = 1,434056993776648 ; z, =0 .
Let's also consider numerical sequence of two variables (10),
which is depicted in Figure 6.

Zi,j:n-ch%-m-ch%- (10)
Constituents of sequence (10) are two sequences of one variable
(3) and (4), which can be represented by recurrence dependencies
on the basis of superpositions in the form (5, 6), according to the
formulas from [8].

For a continuous discrete interpolation with two-dimensional
numerical sequence (10) we shall use the computational template,
which is presented in Figure 2.
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Fig. 6: frame  of two-dimensional ~ numerical

Discrete
sequencey, . — p - ch®om-cn¥ (n=1, m=1)
” n m

Example 4. We construct a discrete model of the curve surface on
the mesh, which is given in the mesh plan, the reference contour,
and the applicate of the central node (Fig. 6), according to the
following initial data, which belong to the surface (10):

Ziszj = Eijaz = Zzp = Zgp = 3762195691084

Zigzjet = Fiesjez = Fzp = Tz = 5805371315296 ;
Zi;=Zp=1.

Since the reference contour is symmetric with respect to the planes
x0z,y0z , then:

I T B T T Iy T E g <
T T S L T el U

Zip = Zpr T Z-1p = Zp-1s

Iy T Eo TEog T I,

230 = Zpz = 20 < Zp-2

and therefore we formulate a system of equations for 1/8 part,
determining applicates of only two nodes:

Zi+1,j = Z10 " Zi+1,j+1 T Z11°

Replacing in system of equations (8) the applicates of symmetric
nodes and substituting values of the applicates of given nodes, we
obtain two equations with two unknowns:

—0,122364235527 - 219 + 0,5+ 1 + 0,122364235527 - 3,762195691084 —
—0,122364235527 - 5,805371315296 + 0,5- z;; + 0,122364235527 -z, =
= Z
—0,122364235527 - z;; + 0,5 255 + 0?;22364—235527- 5,805371315296 —
—0,122364235527 - z,4 + 0,5 z;, + 0,122364235527 - 5,805371315296 =
=z
Z9 = 1,543080634813891 ; z;; = 2,381097845538435 .
Solutions of the system are presented in Table 3.

Table 3:Values of the applicates of the points of a compartment of the
discrete frame of the surface z;=n- chl-m-ch2L
* n m

. 1

J D 1 0 1 2

T | 1415411641 | 580537131 | 3,76219569 | 5,80537131 | 1415411641

2 8011 5296 1084 5206 8011

T | 5805371315 | 2,38100784 | 1554308063 | 2,38109784 | 5805371315

1 296 5541 4815 5541 296

o | 3762195691 | 154308063 L 154308063 | 3,762195691
084 4815 4815 084

L | 5805371315 | 238109784 | 154308063 | 2,38100784 | 5805371315
296 5541 4815 5541 296

, | 1415411641 | 580537131 | 376219569 | 580537131 | 1415411641
8011 5296 1084 5206 8011

The obtained results completely coincide with the values of the
applicates, calculated by formula (10).

Results of calculations of the applicates of unknown knots of
discrete models of curve surfaces on the mesh, which is defined in
the plan, the reference contour, which belongs to the surface (10)

and the applicates of the central node

Z; =120 = 2 >
Zij=20=—1) 2,;=29=05 z,;=z2p=2 a€ presented

below.

—0,122364235527 - z45 + 0,5+ —2 4+ 0,122364235527 - 3,762195691084 —
—0,122364235527 - 5,805371315296 + 0,5z, + 0,122364235527 -z, =
= Zyo
—0,122364235527 - z;; + 0,5 249 + 0,122364235527 - 5,805371315296 —
—0,122364235527 - z4; + 0,5 z;4 + 0,122364235527 - 5,805371315296 =
=In

z10 = —0,8670835654632, z; = 0,44480068810599 .

—0,122364235527 - z49 + 0,5+ —1+4 0,122364235527 - 3,762195691084 —
—0,122364235527 - 5,805371315296 + 0,5- z;; + 0,122364235527-z;; =
= Z1o
—0,122364235527 - z44 + 0,5- 9 + 0,122364235527- 5,805371315296 —
—0,122364235527 - zy, + 0,5 z;, + 0,122364235527 - 5,805371315296 =
=iIn

7,0 = —0,063695498704171 ; z;; = 1,090233073916805 -

—0,122364235527 - 25 +0,5- 0+ 0,122364235527- 3,762195691084 —
—0,122364235527-5,805371315296 + 0,5 z,; + 0,122364235527 -z, =
=Zyp
—0,122364235527 - z;; + 0,5 215 + 0,122364235527 - 5,805371315296 —
—0,122364235527 - z4; + 0,57, +0,122364235527 - 5,805371315296 =
=y

Zip = 0,73969256805486 , z;; = 1,73566545972762 .

—0,122364235527 - 25 +0,5-2+0,122364235527- 3,762195691084 —
—0,122364235527 -5,805371315296 + 0,5- z;; + 0,122364235527 -z, =
=Z
—0,122364235527 -2y, + 0,5- 239 + 0?;22364235527- 5,805371315296 —
—0,122364235527 - z;; + 0,5 7,4 + 0,122364235527 - 5,805371315296 =
=In
719 = 2,346468701572922, z;; = 3,026530231349251 .

3. Conclusions

On the basis of the geometric apparatus of superpositions, a
computational pattern for continuous discrete interpolation by
two-dimensional numerical sequences, components of which are
hyperbolic functions, are obtained. This method extends
possibilities of discrete geometric modeling.

The developed method allows formatting two-dimensional
geometric images in the form of discrete frames of hyperbolic
curves through given nodal points, which is impossible to do in
most cases, using usual interpolation methods.

The results of this work can be a basis for further research of the
discrete formation of geometric images by two-dimensional
numerical sequences of not only parabolic, hyperbolic, but also
other functional dependencies.
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