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Abstract

This paper establishes the existence of coincidence fixed-point and common fixed-point results for two mappings in a complete bipolar
metric spaces. Some interesting consequences of our results is achieved. Finally, an illustration which presents the applicability of the

results is achieved.
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1. Introduction

In 1922, S. Banach, [4] made the introduction to the concept of Ba-
nach contraction principle. It is considered as the most fundamental
tool in non-linear analysis. It explains that in complete metric
spaces, each contractive mapping has a solitary fixed point. It has
been extended and generalization of various types of metric spaces
(see [6] - [9], [13]). Jungck [11] has introduced the concept of com-
mon fixed point in metric spaces for commuting mappings in 1966.
Afterwards Jungck [12] initiated concept of compatibility and es-
tablished some results. Subsequently to improve many authors have
established common and coincidence fixed point results for map-
pings (see [3], [5], [10]) and reference therein.

Very recently, Mutlu and Gurdal [2] introduced notion of bipolar
metric spaces in 2016. Also, they investigated some fixed and cou-
pled fixed point results on this space (see, [1] [2]) and reference
therein.

In this paper, we will continue to study fixed points in the frame of
bipolar metric-spaces. More squarely, some common fixed-point
results for two covariant and contravariant mappings under various
contractive conditions will be established. We have illustrated the
validity and effectiveness of the hypotheses of the results. The pre-
sent results extends and improves the concepts in some of the recent
literatures [2].

Definition 1.1: [2] Let U and V be a two non-empty sets. Suppose
d: UxV —[0,00) be a mapping satisfying the below properties:

(B;) Ifd(u,v) =0, then u=v forall (u,v) € UxV,

(By) Ifu=v,thend (u,v)=0,forall (u,v) € UXV,

(B3) Ifd (u,Vv)=d (v, u), forall u,v e UnVv

(By) 1T d (ug, v3) <d (ug, v1) +d (uy  vy) +d (uy, vy) for all uy,
U, EU, and Vq, Uy eV.

Then the mapping d is termed as Bipolar-metric of the pair (U, V)
and the triple (U, V, d) is termed as Bipolar-metric space.

Example 1.2 ([2]): Let U= (1, o) and V=[-1, 1]. Define d:

UxV -[0,0) as d (a, b) =|a? -b? |, for all (a, b) € UxV. Then the
triple (U, V, d) is a disjoint Bipolar-metric space.

Definition 1.3: [2] Assume (U; ,V; ) and (U, V3) as two pairs of
sets and a functionas F: U; UV, 3 U, UV, is said to be a covar-
iant map. If F (U;)< U, and F (V;)< V, and denote this with S:
(Uy, V1) 3 (Uy,V5). And the mapping S: U; UV, 2U, UV, is
said to be a contravariant map. If F (U;) € V,, and F (V;)< U,, and
write F: (U, V1) 2 (U,, V). In particular, if d; and d, are bipolar
metric on (U, V;) and (U,, V5 ), respectively, we sometimes use
the notation F: (U, V;,d, ) 3 (U,, V5, d,) and F:
Uy, Vi, dq) 2 (Uz, Va2, dy).

Definition 1.4: [2] Assume (U, V, d) as a bipolar metric space. A
point v €U UV is termed as a left point if v € U, a right point if v
€ V and a central point if both. Similarly, a sequence {u,} on the
set U and a sequence {v, } on the set V are called a left sequence
and right sequence respectively. In a bipolar metric space, sequence
is the simple term for a left or right sequence. A sequence {v,,} is
considered convergent to a point v, if and only if {v,} is the left
sequence, Vv is the right point and Tlll_I’EO d(v,,v) =0; or {v,}is

a right sequence, v is a left point and lim d(v,v,) = 0. A bi-se-
n-—-oo

quence ({u, }, {v,}) on (U, V, d) is a sequence on the set U xV. If
the sequence {u, } and {v,} are convergent, then the bi-sequence
({un}, {v.}) is said to be convergent. ({u,}, {v,}) is Cauchy se-
quence, if 11113310 d(u,, v,) =0. In abipolar metric space, every con-

vergent Cauchy bi-sequence is bi-convergent. A bipolar metric
space is called complete, if every Cauchy bi-sequence is convergent
hence bi-convergent.

Definition 1.5: [2] Let (U;,V;,d,) and (U,,V,,d;) be a bipolar met-
ric spaces.

0] A map F is called continuous, if it left continuous at each
point ue U, and right continuous at each point ve 1}
(i) A contravariant map F: (Uy, V4, dy) = (Ug, Va, dy) is

continuous if and only if it is continuous as a covariant
map F: (Uy, Vi, dy) 3 (Uy, Vo, dy).
It can be seen from the definition (1.4) that a covariant or a contra-
variant map F: (U4, V1, d1) 3 (U3, V3, d>) is continuous if and
only if (w, )= v on (Uq, V4, dq) implies F((u,)) = F(v) on
(UZv VZ! dZ)
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2. Main Results

In this section, we will give some common fixed-point theorems for
two covariant and contravariant mappings satisfying various con-
tractive conditions in complete bipolar metric spaces.

Definition 2.1: The mappings F and G on bipolar metric-space

(U, V, d) are said to be compatible, if for arbitrary bisequences

{an}, {b,})< (U, V), such that lim Fa,, =1lim Gb,=veEU UV,
n—-owo n—-oo

thend (GFa,, FG b,)— 0 as n — .

Definition 2.2: Assume that F and G are two covariant or contra-
variant mappings of the set UU V

(i) Ifv=Fv=_Gv for some veUu V, then v is named as a common
fixed point of F and G

(ii) If u=Fv=Gv for some ueUU V, then v is considered as a coin-
cidence point of Fand G, and u is termed as the point of coincidence
of Fand G.

(iii) If F and G commute at all of their coincidence points;

i.e. FGv = GFv for all v e{veUu V: Fv=Gv}, then F and G are
called weakly Compatible.

In the metric-space, if the mapping F and G are compatible, then
they are weakly compatible, while the converse becomes untrue
([12]). The same comes for the bipolar metric spaces.

Lemma 2.3: If the mapping F and G on the bipolar metric space
(U, V, d) are compatible, then they are weakly compatible.

Proof: Let F v = Gv for some ve U U V. It is sufficient to show
that FGv = GF v.

Putting a,, = vand B, = v for every n € N, we have

lim Fa, =lim GB,

n-—-oo n-—-oo

and then, since F and G are compatible,

we have d (GFa,,; FGB,) - 0 as n— o.

Hence d (GF v; FGv) = 0, which means GF v = FGv.

But, the converse does not hold. For example, Let U = (0;) and V
=[-1; 1]. Define d: U x V - [0;0) as d (v; u) =|v? — u?|, for all
(v; u) € (U; V). Then (U; V; d) is a Bipolar-metric space. Set

v, ifve (03]
1 . 3

3 ifve (E’oo)
1-2v, if vE[0,2]

2, ifve[-1,0)U (1]

Firstly, we can calculate that set of their coincidence point is sin-
gleton set {% }, and then we have F and G are commute at this
point. Hence F and G are weakly compatible. However, we can
prove they are not compatible. In this purpose, we

construct a bisequence ({a,}, {8.}) < (U, V) such that

an =1-1 € Uand Bn = L € v for ne N with n>3. In this case, we
n n

Fv= and

Gv=

have Fa, =1-and G, =1-=. Then lim Fa,, =lim G, =1 In
n—owo n—owo
fact we have

1

d (Fay D)= d(1-3, )= [a-D? - 1?|=|1+5-2-1]| > 0as

nz n
n— oo. and
d(L, GBa)=d(1, 1= [12-(1 = 2?|=[1 -1 -2+ 2| 5 0as 0>
o0

BLJt d(G Fay, F Gﬁn)=d(G (1 - %)'F(l - i))
o2 e - e
- #(1+n2_2n)_%(n2+4_4n)|_)gas n—- o. Which

means that d(G Fa,,, F GS,,)+0.

Lemma 2.4: If the mappings F and G be weakly compatible map-
pings of a set UUV. If F and G have a unique coincidence point,
then F and G have a unique common fixed point.

Proof: Since u=F v=Gv for some v; u € UU V and F and G are
weakly compatible, we have Fu = FGv = GF v = Gu is a point of
coincidence of F and G. But u is the only coincidence point of F
and G, so u = Fu = Gu. Moreover, if v =Fv =Gv |, then v ' is co-
incidence point of F and G, and hence v = v ' by the uniqueness.
Thus v is a unique common fixed point of F and G.

2.1. Common fixed point theorems on covariant maps

Theorem 2.5: Assume (U, V, d) be a complete bipolar metric
spaces and given contractions, F, G: (U, V, d) 3 (U, V, d) satisfies
d(Fu, Gv)< u d(u, v) forall (u, v)e Ux V,where u €(0,1). (1)
Then the mappings F, G: UU V -»UUV have a unique common
fixed point.

Proof: Let @y €U and B, €V and we construct a bisequences
({an}, {Bn}) € (U, V) by the way: F a3p= a2n41, G @ant1= Gans2
and FBon=Pon+1 GPan+1=Pan+2, forall ne N. -

Let u €(0, 1), put K=d (@rg, Bo) + d(atp, B1) and S,,= ‘ij K . Then

for each positive integer nand | from (1) , we have
d(azn+1, Pan+z) = d(Fazn, GPan+1)

<pd(@zns Pzn+1)

< P (ao, Br)

and also

d(azn+1, Pon+1) =0d(Fazn, ,GPan)

SH d(a21’11 vﬁzn)

< ™ d (ao, Bo)

Therefore,

d(@2n+1, Bon+z) + AA2ns1, Bons1)

< pP"(d (o, Br) +d (@, Bo)) < w2"HK

Now we can obtain that for any n € N

d(an, Bat1) + d(@n, Bn) <u™** (d (o, B1) +d (20, Bo))
< “n+1 K

foralln,1e N with n> 1|

d(an+11 Bn) < d(an+1: Bn+1) + d(an: .Bn+1) + d(am .Bn)
< d(@ns1 Bar) HROTTK

< d(an+lr ﬂn+2) + d(an+11 ﬂn+2) + d(an+lv ﬂn+1)
+un+1 K

< d(@n41s Pn+2) +(|>1n+1 + un+2 K

< d ana Bas1 )+ (WM R
|J,n+1)K
< n+l+1 + n+l e n+2 + n+1 K
u('tl“ m m ph)
= K =5,

And similarly, d(a,, Bns1) < Sp-

Let e > 0 and 0 <p < 1, there exist a positive integer n, € N such
that S,,= K < € then

1-u 3

d(@n, Bm) < d(@n, Bn,) + d(ctn,, B )t et Bn,) <3Sy, < €

and hence ({a,}, {Bn}) isa Cauchy bisequence . (U, V, d) is
complete, the bisequence ({a,}, {8.}) converges, and thus bicon-
verges to point v € Un V such that Tlll_r)r;lc an= rlzi—r>r<}oﬁn= V.

Then there exist n; € N with d(an, v) <5 and d(By,v) <5 for
alln> n; and € > 0. Since ({a,}, {B,}) isaCauchy bisequence,
we get d(ay,, Br)< § Now using the (B, ) and from (1), we have

d(Fv, v )< d(Fv, Bn41) *d(@ns+1, Bns)td(@nss, %)
< d(Fv, GBpn) + d(ans1, Bus)+ d(@ntq, ¥)
<wd(v, Bn) + d(@nt1, Bn+)* d(@ns1, %)
RS

For each ne N and 0 <p < [. Then d(Fv, v )=0, and hence Fv= .
Again, nothing that

d(v, Gv )< d(Fy, Gv )< pd(v, v ) <d(v, v ) =0.

We have d(v, Gv )= 0, which implies that Gy= .

Hence v is common fixed point of F and G.
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In the following, we will prove the uniqueness of common fixed
point in U UV. For this purpose, let ¥ €U UV be another fixed
point of F and G such that F ¥ =G ¥ = ¢ implies ¥ €U nV.
From (1), we have

d(v, ¥)=d(Fv, Gv)

<pupd@y, v)<d@, %)

Thus, it’s holds only when d(v, ¥)=0 which gives that v =%
Hence F and G have a unique common fixed point in U UV.
Remark 2.6: In theorem 2.5, if F=G, (1) becomes
d(Fu, Fv) < ud(u,v) forall (u, v)e Ux V, where u €(0, 1). (2)
In this case, we have the following corollary, which can also be
found in [2].

Corollary 1: Assume (U, V, d) be a complete bipolar metric spaces
and given contractions, F: (U, V, d) = (U, V, d) satisfies (2).

Then the mappings F: UU V -UUV has a unique fixed point.
Theorem 2.7: Assume (U, V, d) be a complete bipolar metric
spaces and given contractions, F, G: (U, V, d) = (U, V, d) satisfies
d(Fu, Fv)< u d(Gu, Gv) forall (u, v)e Ux V ,where u €(0, 1). (3)
If R(F)SR(G) and R(G) is complete in UUV. Then F and G have a
unique point of coincidence in UUV. Furthermore, if F and G are
weakly compatible, then the mappings F, G: UU V -UUV have a
unique common fixed point.

Proof: Leta, €U and B, €V and choose a; €U and B, €V such
that F ¢y= Ga; and FBy=GB; which can be done R(F)SR(G). Let
a, €U and B, €V such that F a;= Ga, and FB,=Gf,, Repeating
the process, we get a bi-sequences ({a,}, {Bn}) € (U, V) satisfy-
ing Fa,_1=Ga, and FB,_1=GB,, forall neN.

Let 1 €0, 1), put K=d (Gay, GBy) +d(Gay, GB,)and S,,= % K .

Then for each positive integer n and | from (3) , we have
d(Ganr Gﬁn) = d(Fan—ll 1F:8n—1)
<pd(Gay-1, GPn-1)
<pd(Gag, GBo)
and also
d(Ganr Gﬁn+1) = d(Fan—lr lF.Bn)
SH d(Gan—lr lG.Bn)
< p"d(Gag, GB1)
Therefore,
d(Gay, GPn+1) +d(Gay, GBy)
S (d(Gag, GBo)+ d (Gay, GBy)) < u"K
foralln,1e N with n> |
d(GanHa G.Bn) =< d(GanHr G.Bn+1) + d(Ganv Gﬁn+1)
+d(Gan, GP)
<d(Ganyy, GPny1) UK
< d(GanHa G.Bn+2) + d(Gan+1r Gﬁn+2)
+d(Gany1, GPny1) + WK
S d(Gangy, GBnyz) +(™F + ™)K
<d(Ganyt, GPayl)

+(un+l +'--.....+|.1n+1 + pn)K

< (“n+l + |Jn+l_1 4o .....+un+1 + un)K
-

=1, K =Sa.

And similarly, d(Gay,, GBus1) < Sp-

Let e > 0 and 0 <p < 7, there exist a positive integer n, € N such

that Sp,= % K< § , then

d(Gan, GBm) <d(Gan, GBn) +d(Gay,, GBn )+ d(Gay,, G By)
<3S, <€

and hence ({Ga,}, {GB,}) is aCauchy bisequence in R(G). Since

R(G) is complete in UuV, so the bisequence ({Ga,,}, {GB,}) con-
verges, and thus biconverges to pointv € Un V such that lim G a,=

n-ow
limG B,=G v.

n—-ow

Then there exist n; € N with d(Ga,,, Gv ) <§ and d(v,GB,) <§
foralln> n;and € > 0. Since ({Ga,}, {GB,}) isaCauchy bis-
equence, we get d(Ga,,, GB,)< § Now using the (B, ) and from

(3), we have
d(Gay, Fv)=d(Fa,_1, Fv)
SM d(Gan—lw GV)

€
Su} <e.

For each ne N and 0 <p < /. Thenlim G a,= Fv.
n-o
Since lim G a,= Gv. Then it follows that Gv=Fv. Hence F and G

n-—-oo
have a unique point of coincidence in U uV. It follows from
Lemma (2.4) that F and G have unique common fixed point.

Example 2.8: In Theorem 2.7, the condition that R(G) is complete
in UU V is essential. For example, let U = {U,(R)/U,(R) is upper
triangular matrices over R} and V = {L,(R)/L(R) is lower tri-
angular matrices over R}. Define d: Uy, (R)X L, (R) — [0, )

by d (P,Q) = Xfj=1 Ipyj-qi;| forall P= (pij)mxm €Up(R)and Q
= (qii)mxm € Ly (R). Then obviously, (U, V, d) is a complete bi-
polar metric space. Define two mappings F, G: (U, V) = (U, V)
by the following way:

1
F )= {Z Prvcns 0% (Pi) iy € Um(R) U Lm(R)
Inxm, (pij)me =0
G(P)= P 0 # (pij)me € Un(R) U Lm(R)
2lmxm, (pij)mxm =0

Then we have

dFP, . FQ=dG (py),,, 7 (1)

me)

1 i
= 2i=1 IPy-asl < 5 2= [Py

< pd(GP, GQ).

Where p= é €(0,1) and R(F)< R(G) but R(G) is not complete in
UUV. We can compute that F and G don’t have a point of coinci-
denceinU U V.

2.2. Common fixed point theorems on contravariant
maps

Theorem 2.9: Let (U, V, d) be a complete bipolar metric spaces
and given contravariant contractions, F, G: (U, V, d) 2 (U, V, d)
satisfies

d(Fv, Gu)< pd(u,v) forall (u, v)e Ux V, where u €(0, 1). (4)
Then the mappings F, G: UU V —=U UV have a unique common
fixed point.

Proof: Leta, €U and B, €V and we construct a bisequences
({an}, {Ba}) € (U, V) by the way: F azn=f2n, G @zn+1= Pan+1
and FB,=aon41 GPans1=Azn4, forall ne N.

n-1

Let u €(0, 1), put S,,= ”]7

. Then for each positive integer n and
| from (4), we have

d(@zn+1s Bzns1) = A(F Ban, .Gazny1)

<pd(@2n+1, Pan)

Spd(FPan, Gagn)

< w? d(azn, Bzn)

< ™ d (o, Bo)

and also

d(@zn+1, Bzn) = d(FP2n, Gazy)

< p*d (o, Bo)

Therefore,

d(@2n+1, Bons1) ¥ d(@2ns1s Bon) < (W +p*™) d (a0, Bo)
Now we can get that foranyn € N

d(@ns1, Bas1) * A@nirs Bn) < (W™ 4+ u2") d (@, Bo)
foralln,1 € N with n> | we have

d(an+lv .Bn) < d(an+ll .Bn+1) + d(an+11 .Bn+1) + d(an+11 .Bn)
S d(@nsr Bosr) F(H + 1) d (a0, Bo)

< d(an+1r ﬂn+2) + d(an+21 ﬂn+2) + d(an+21 ﬁn+1)
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+( + 1) d (@, Bo)

< d(an+l: .8n+2)

+(u2n+3 + |J-2n+2 + ll2n+1 + ll2n) d (050, ﬁo)

< (u2nt2l popnd2l=1 g 20l 20y g (g, By)

< p Yook d (ao, Bo)

= IuSn < Sn

Now

d(an, Pn+1) < d(an, Bn) + d(@n+1s Bn)) + d(@nt1, Pu+l)
< (uZI’l—l + uzn) d (a()r ﬁ0)+ d(an+11 ﬁn+l)

< (|J.2n_1 + |J-2n +u2n+1 + |J-2n+2 ) d (a01 /}O)

+d(an+2: ﬁn+l)

< (uZn—l + pzn + o + llzn+21_2 ) d (a07 ﬁO)
+d(ans1, Pn+1)

< (uZn—l + ll2n+21—2 4o, +u2n+21—1) d (050, ﬁO)
< p2rmt ¥R, uk d (a, Bo)

<Snp

Let e > 0 and 0 <p < 1, there exists n, € N such that
ng—1
Sny= % d (co, Bo)< 5 hence
d(an, Bm) < d(@n, Bn,) +d(@n, Bn,)*+ d(@n, Bn,)
<35, <€
and hence ({a,}, {B.}) isa Cauchy bisequence . Since (U, V, d)
is complete, the bisequence ({a,}, {B.}) converges, and thus bi-
converges to point v € Un V such that 1111330 an= 7111_1)130 Bn=V.

Then there exist n; € N with d(a,, v ) < § and d(B,,v) < § for
alln> n; and € > 0. Since {a,}, {B,}) isaCauchy bisequence,
we get d(at,, Bn)< g Now using the (B, ) and from (4), we have

d(Gv, v )< d(Gv, Bn41) *d(@ns1, Bns)*d(@nss, ©)
< d(Gy, Fapyq) + d(@ns1, Bus)t d(@nsq, ©)
Sud(anss, 9) + d(@nt1s Pos)+ d(@nss, ©)

SHE +§ +§ <e

Forne N and 0 <p < 1. Then d(Gv, ¥ )=0, and hence Gv=v.
Again, nothing that
d(v, Fv )< d(Gv, Fy )< pd(s, ¢ ) <d(v, v ) =0.
We have d(v, Fv )= 0, which implies that Fv=v.
Hence v is common fixed point of F and G.
In the following we will prove the uniqueness of common fixed
point in U UV. For this purpose, let ¥ €U UV be another fixed
point of F and G such that F¥' =G« = ¢ implies ¥ €U NV.
From (3), we have
d(v, ¥)=d(Gv, Fv)

<pd(v, ¥)<d(v, ¥)
Thus, it’s holds only when d(v, ¥)=0 which gives that v = ¢,
Hence F and G have a unique common fixed point in U UV.
Remark 2.10: In theorem 2.9, if F=G, (4) becomes
d(Fv, Fu) < pd(u, v) forall (u, v)e Ux V , where u €(0, 1). (5)
In this case, we have the following corollary, which can also be
found in [2].
Corollary 2: Assume (U, V, d) be a complete bipolar metric
spaces and contravariant contractions, F: (U, V, d)2 (U, V,d) sat-
isfies (5). Then the mappings F: UU V —U UV has a unique fixed
point.
Theorem 2.11: Assume (U, V, d) be a complete bipolar metric
spaces and given contractions, F, G: (U, V, d) 2 (U, V, d) satisfies
d(Fv, Fu)< u d(Gu, Gv) forall (u, v)e Ux V , where u €(0, 1). (6)
If R(F)SR(G) and R(G) is complete in UUV. Then F and G have a
unique point of coincidence in UuV. Furthermore, if F and G are
weakly compatible, then the mappings F, G: UU V -UUV have a
unique common fixed point.

Theorem 2.12: Assume (U, V, d) be a complete bipolar metric
spaces and given covariant contractions, F, G: (U, V, d) 2 (U, V, d)
satisfies  d(Fv, Fu)< u(d(Gu, Fu) + d(Fv, Gv)) (7)
for all (u, v)e Ux V , where u €(0, é). If R(F)SR(G) and R(G) is
complete in UUV. Then F and G have a unique point of coincidence
in UUV. Furthermore, if F and G are weakly compatible, then the
mappings F, G: Uu V -»UUV have a unique common fixed point.
Proof: Let ay €U and B, €V, for each nonnegative integer n, we
construct a bi-sequences  ({a,}, {B.}) € (U, V) as F a,=GB,
and FB,=Ga, 4, forall neN.

Then for each positive integer n and from (7), we have

d(Ganv Gﬁn) = d(FBn—lv vFan)
< (d(Gay, Fay,) + d(FBu_1,
< (d(Gay, GBn) + d(Gay,

G,Bn—l))
G,Bn—l))

For all integers n> 1, we have
d(Gan, GBn)< 1= d(Gaty, Gfo-1)

and also

d(Gay, GBn_1) =d(Ffn_1, Fan_1)
Su(d(Gan—l' ’ Fan—l) + d(Fﬂn—l' ’ G,Bn—l))
Su(d(Gan—l' 4 Fﬂn—l) + d(Gan' ’ G,Bn—l))

So that we have
d(Gay, GPh-1)< ﬁ d(Gap—1, GBy-1)

If we say 7\=ﬁ then we have A€ (0, 1) and since p€ (0, % )

Therefore,

d(Gay, GPn)< 42" d(Gag, GPfo)

and d(Gay, GBy_1) < A2 1d(Gay, GBy).

Hence

d(Gan, GBn) +d(Gay, GPn-1))< (A" + 22" 1)d(Gao, GBo)
Now, foralln, m € N with m>n

d(Gayn, GPy) < d(Gay, GPn)+d(Gant1, GPn) +d(Ganss, GPm)

< (P + 2277 Nd(Gao, GBo) + d(Gany, Ghm)

< (A2 420 4 A2MY d(Gag, GBo)

And if foralln,me N with m<n,

d(Gan, GBm) < d(Gams1, GPBm) + d(Gami1, GBm+1)

+ d(Ganv Gﬂm+1)

< (B4 A2 d(Gag, GBo) + d(Gan, GPmes)

< ()\2m+1 + )\2n+1 + )\2n+1) d(GaO, Gﬁo)

Since A€ (0, 1), this gives d(Ga,,, GpBy,) can be made arbitrarily

small by larger m and n, hence ({Ga,,}, {GB,}) is a Cauchy bise-

quence in R(G). Since R(G) is complete in UUV, so the bise-

quence ({Ga,}, {GB,}) converges, and thus biconverges to point

v € Un V such that ,]LI_TOG an= ,]LI_TOG Bn=G V.

Then there exist n; € N with d(Gan, Gv) <5 and d(v,GB,) <3

foralln> n; and € > 0. Since {Ga,}, {GB,}) is aCauchy bis-

equence, we get d(Ga,, GB,)< g Now using the (B, ) and from

(7), we have

d( Fv, GB,, )= d(Fv, Fay,, )

<p ([d(Gay, Fay) +d(Fv, Gv))

<p(dGay, GBy) +d(Fv, GV))

Therefore, d( Fv, GBp, )< ﬁ d(Gay,, GBm)

€
<1d(Gay, GPBr) < T
For each me N and 0 <A < /. Thenlim G B,= Fv.
n—-oo
Since lim G B,= Gv. Then it follows that Gv=Fv. Hence F and G
n-—-owo

have a unique point of coincidence in U UV. If there is a another
point k € U U V such that Fk=Gk implies k€ U N V.

From (7), we have

d(Gxk, Gv)=d(Fx, Fv)

< u(d(Gv,Fv) + d(Fk, Gk)

< u(d(Gv,Gv) + d(Fk, Fk)=0.

Thus, consequently Gk= Gv. Hence F and G have a unique point
of coincidence in Uu V, it follows from Lemma (2.4) that F and G
have unique common fixed point.
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Example 2.13: In Theorem 2.12, the condition that R(G) is com-
plete in UU V is essential. For example,

let U = {U,,(R)/U,(R) is upper triangular matrices over R} and
V = {Lu(R)/Ly(R) is lower triangular matrices over R}. Define
d: Up(R)X Ly(R) — [0, 0) by d (P.Q) = Xfj-1 [pij-gy| forall
P=(py),,,, € Um(R)and Q=(a;) € Lm(R). Then obvi-
ously, (U, V, d) is a complete bipolar metric space. Define two
mappings F, G: (U, V) 3 (U, V) by the following way:

F(P) = {% Pmxm, 0 # (pii)mxm € Uyu(R) ULy (R)
L, (pii)mxm =
{ZPme' 0+ (Pij),,.. € Un(R) ULn(R)
G(P)=
31m><m: (pij)me =

Then we have
1 1
dFQ, . FP)=d (G (ay),,. 5 Py)
1 5
=5 20j=13 l9i-Py
1 1 1
< 3(2%?,-1:1 12qi5- qij] + Xij=112py-5 Pyl )
< u(d(GP,FP) + d(FQ, GQ))
Where p= é €(0,1) and R(F)< R(G) but R(G) is not complete in
UuV. We can compute that F and G do not have a point of coinci-
dencein U u V.

mxm)

3. Applications

3.1. Application to the existence of solutions of
integral equations

Theorem 3.1: Let us consider the integral equation
Y(K)zf(K)+f Sl (K! v, }’(V))d\’, KE El u EZ
Y(K)zf(K)+f SZ (K! v, }’(V))d\’, KE El u EZ

Where E; U E, is Lebesgue measurable set with m(E; U
E;) < . Suppose that
() S1: (E12 U E3%) x [0, + ) — [0, +) and S,

(E1% U E3%) X [0, + 0) — [0, +o0), fe L*(E{)U L*(E;)
There is a continuous function

I': E;% U E,* —[0, ) and pe (0, 1)such that for all

(x, V)E E;2 U E,?

|51 (e, v, Y () = S2 (16, v, BO)| < Tk, V)ly (v) — BW)| .

[[fT(c,v)dvll <1 ie sup [IT(x v)dv|< 1.

KE E;UE,
Then, the equation has unique solution in L®(E;)U L®(E,).
Proof: Let U=L*(E,) and V=L (E,) be two normed linear
spaces, where E4, E, are two Lebesgue measurable sets with
m(E1 U E;) < o. Consider d: UxV— [0, ) be defined by
d(f, 9)=IIf — gll. for all (f, g)e UxV. Then (U, V, d) is complete
bipolar metric spaces. Define covariant map
F,G: L*(Eq) U L*(E;) - L*(E{)U L*(E;) by

F(y(x)= [ S1(¢, v,y(¥))dv+ f(x) x€ Eq U E,.
G(y(x)= [ S, (k,v,y(v))dv+ f(x) k€ E; U Es.
Notice that
dFy(v), GBW)=IIFy(v) — GBW)I|
=[|f S1(e, v, y(W) dv + £(x) — [ So(r, v, B(¥)) dv — f(x)|
=|[ $10c,v,y(v)) dv — [ Sk, v, B(v)) dv]|
= flsl(’C,V,}’(V)) - Sz(K,V,B(V))ldV
Sufr@cv) lyw) — p(v)ldv
< plly®w) = BWl, [IIF (1, v)lldv
Then
d(Fy(), GBOW) < ully(™) — BOWII sup  [IT(e v)dvl.

KE EqU E,

<pully®) — BW)llo
Hence d(F y, GB)< u d(y, B)

Thus, it is verified that the functions F and G satisfy all the condi-
tions of Theorem 2.5, and then F and G have a unique common
fixed pointinUu V.

4. Conclusion

In the present research, we have presented unique common fixed
point results on various contractive conditions defined on bipolar
metric spaces, suitable examples that supports our main results.
Also, applications to integral equations are provided.
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