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Abstract

A uniquely colorable graph G whose chromatic partition contains atleast one vy - set is termed as a y - uniquely colorable graph. In this
paper, we provide necessary and sufficient condition forGand G* to be y - uniquely colorable whenever G y- uniquely colorable and also
provide constructive characterization to show that whenever G is y- uniquely colorable such that |P | > 2, G can be both planarand non

planar.
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1. Introduction

In [1] Bing Zhou investigated the dominating -y-color number,
d,(G) , of a graph G. In [2],[3], M. Yamuna et al introduced v -
uniquely colorable graphs and also provided the constructive char-
acterization of y -uniquely colorable trees and characterized pla-
narity of complement of y - uniquely colorable graphs. In
[4],[5],M. Yamuna et al introduced Non domination subdivision
stable graphs (NDSS) andcharacterized planarity of complement
of NDSS graphs

2. Terminology

We consider simple graphs G with n vertices and m edges. K, is a
complete graph with n vertices. Ks and Kjsare called Kuratowski's
graph. Results related to graph theory we refer to [6].

Chromatic partition of a graph G is partition the vertices into
smallest possible umber of disjoint ,independent sets. A graph G =
(V, E) is said to be uniquely colorable ifhas a unique chromatic
partition.

D is adominating set if every vertex of V — D is adjacent to some
vertex of D. Minimum cardinality of D, is said to be a minimum
dominating set ( MDS). The cardinality of any MDS for G is said
to be domination number of G, represented by y(G). Results relat-
ed to domination we refer to [7].

3. Result and Discussion

A uniquely colorable graph G whose chromatic partition contains
atleast one y—set istermed as a y— uniquely colorable graph.

In Fig. 1 G, and G, are y— uniquely colorable graphs. Gy isy—
uniquely colorable while G is not y— uniquely colorable graph.
So when G is y— uniquely colorable, Gneed not be y— uniquely
colorable. In Fig. 2 G; and G, are y— uniquely colorable graphs.
G,is y— uniquely colorable while G,"is not y— uniquely colorable

graph. So when G is v - uniquely colorable ,G'need not be y—
uniquely colorable. In this paper, we determine the condition forG
and G* to be y— uniquely colorable whenever G is y— uniquely
colorable. We also provide the constructive characterization to
show that whenever G is y uniquely colorable such that | P | > 2,
G can be both planar and non planar.
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Theorem 1. Let G be a isyuniquelycolorable graph. Gis alsoy—
uniquely colourable if and only if 3 a unique smallestpossible
partition P ={ V1, Vs, ... Ve }of V(G) >

l.everyV; i=1tokisaclique

2. there exist one Vp every vertex in V — { V; } is notadjacent to

atleast one vertex in V;

3. V2| Vi |, for every i #j

4. V; is the smallest set in G satisfying 2

Proof. Assume that Gis a y— uniquely colourable graph, implies-

there exist a partition P, = { V1, Vo, ... Vi } for Gsuch that

e Py isunique and smallest possible set.

e everyV, i=1tok, is independent in Gimplies every V; is a
clique in G.

e there exist one V; such that V;is a y—set for G. Also | V; | > |
Vj|, for every i = j implies there exist one V; in G such that
every vertex in V — { V; } not adjacent to atleast onevertex in
every Vi.

implies P; = { V1, V,, ... Vi } is a y— chromatic partition for V

( G). Py is not unique implies Jone P, = { Wy, Wy, ... W }in G

such that { Wy, W,, ... Wi } is a clique, implies P, is also a y

chromatic partition in G such that every W; is independent and | P,

| =] P,|, a contradiction to our assumption that P, is unique. Py is

not smallest, implies one Pz = { V1, V,, ... Vi },q <k such that P3
isa ychromatic partition in G > U;, i = 1to q is clique implies P; isa
ychromatic partition inG > every U; is independent and | Ps| < | Py,

a contradiction. Py is a yuniquely colorable partition for Gimplies

there exist one V; such that V; is a y—set for G, implies every ver-

tex in V — { V; } is adjacent to atleast one vertex in V;, implies Py
isa y— chromatic partition in G >every vertex in V — { V; } is not
adjacent to atleast one vertex in V;. Also, we know that |V; | <| V|
for every i = j in G, implies it is true in G also. If V; is not the
smallest set > every vertex in V — { V; } is L to atleast one vertex
in V; in G, implies there exist one W contained in V (G) such that |

W |< | V; | and every vertex in W - V (G) isL to atleast one

vertexin W, a contradiction = V; is the smallest set satisfying the

property. Hence Py is a y— chromatic partition in G > the condi-
tions of the theorem are satisfied.

Conversely assume that the conditions of the theorem are satisfied.

P is a partition such that it is unique and smallest such that every

Viis a clique, implies P, is a partition in Gsuch that every V; is

independent. If P is not a smallest possible partition in Gthen there

exist one partition Py = { Ry, Ry, ... Rq }, g <k in Gsuch that each

R; is independent , implies P, is a partition in G such that every

Riis a clique such that | P4 |[< | P| , a contradiction. P is not unique

in G, implies there exist a partition Ps = { Sy, S, ... Si} such that

each S; is independent inG, implies P, Ps are two possible partition
with the same cardinality in G, a contradiction.P is a partition >
there exist one V;, every vertex in V —{ V; } is not L to atleast one

Vi, | Vj 2 |Vi]| for any i = j implies P is a partitionin Goevery ver-

tex in V — {V; } isadjacent toatleast one V;, | Vi | < | V; |, i#],

implies Viis a dominating set for G. Since V; is the smallest set

satisfying this property, implies V; is the y - set for G

Let P = { Ry, Ry, ... Rq }, betheset ofregions of G. Let T ={ ry,

r,, ... Iq }, betheset of vertices in the regions Ry, Ry, ..., Rqrespec-

tively, that is ry is the vertex in the region Ry, r; is the vertexin the

region R, ..., Iq is the vertex in the region Rqrespectively.

We observe that

e  Thereisa1-1 mapping betweenSand T,ie VR e S3rinT,
i=1..,0

e VX cS3Jacorrespondingsetin T (say X™) ", i.eif X< S
={Ri, Ry Ry then X< T={r,r,r}

e Ifaisanyedge in G there is a corresponding edge in G” ( say
ax).

e LetDc S>everyregioninS—D isl to atleast one region in
D =3 D'cT>anyvertexin T - D" is Lto atleast vertex inD".

e D isasmallest cardinality satisfying this property = D isay
- set for G

Theorem 2. Let G be a y - uniquely colourable graph. G* isalso y
- uniquely colourable graph if and only if there exist a unique
smallest partition P = { Ry, Ry, ..., R¢ } of R ( G ) such that

1. everyR;, i =1, 2, ...,k is independent.

2. there exist one R; such that every region in R — { R} is adjacent
to atleast one region in R;.

3.IR| 2[R}

Proof. Assume that G* is yuniquelycolourable graph. If G* is vy -
uniquely colourable graph, then there exist a partition P = { Vi,
V,, ..., Vi }such that P is a y - chromatic partition, =

1. every V; is independent.

2.V, isa y-setfor G".

1 implies, there exist a set of regions Ry, Ry, ...,Rk in G such that
every R; is independent.

2 implies, there exist Ry> every region in R — { Ry} is adjacent to
atleast one region in R; and R; is the smallest set satisfying this
property implies the conditions of the theorem are satisfied.
Conversely, assume that the conditions of the theorem are satisfied.
P={VyV,, ..., Vi }isapartition of R ( G ), implies there exist a
partition P, = { V1, V,, ..., Vi } of V( G).

1 implies, every V;, i = 1, 2, ...,k is independent.

2 implies, there exist one Vp every vertex in V — { Vi} is Lto
atleast one region in V.

3implies | Vj| 2|V; | foralli#j

Since P is a unique partition there exist no other partition of V
( G") that satisfies all these conditions implies, P, is a y - chro-
maticpartition for G*.

Planar and Non planar Construction

In this section, we provide constructive characterization to
showthat whenever G is yuniquelycolorable such that | P | > 2, G
canbe both planarand nonplanar.

Planar Construction when | P | = 2.

Let ’Y(G) = kl. Let P = { Vi, Vz}, where V, = { djy,dy, ...,akl} V,
:{ bl, bz, ...,bkz},k22 kl, klz 3, k224

Constructagraph G; as follows

LV (G)=V(G)

2.Considerk; vertices in V1 and V, say { aj, ay, ...,ax } and { by,
b,, ...,bka}

Construct a comb graph with 2k, vertices. Label the vertices of
this comb as seen in Fig. 3

ay bz ag by ‘IH
h]_ az bg ay hl{].
L)
Fig.3

Include the remaining k, - k; vertices of V, as pendant vertices
with ay, as the support vertex. The general structure of graph G, is
as seen in the Fig.4.
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Since we have atleast k; pendant vertices, y( G;) = ki { a,
ay, ...,k } IS a dominating set for G,, implies y( G;) = k;. Since ¢
aj, @y, ...,ak, by, by, ....bxy) isacomb, the only possible maximal
independent sets are { ay, a,, ...,ayand{ by, by, ....bo 3. P ={ V4,
V, } is a partition for G; suchthat

1.V, is ay- set for G;

2. P is the only possible partition for G;, = G; is a y— uniquely
colorable graph.

Non Planar Construction when |P | = 2.

Let ’Y(G) >k;. k> 6,P = { Vy, V, } V1:{ ajp, ay, ..
by, ....be }, ko> 6

Construct a graph G; as follows

1LV (G) =V (G)

2.Considerk; vertices in V; and k; vertices in V, say { aj, a,, as,
dgy, as, A }, { bl, bz, b3, ... b } Let (al, dy, ds, bl bz, b3> is K3_3.
Include the remaining a;, b;, i = 1, 2, 3. Include the remaining by, i
=6,7,..k; as arbitrary pendant vertices adjacent to any a;, i =1, 2,
3. Graph Gy is as seen in Fig.5.

SaahVe = { by,

bbb b B b B b by bug he

Fig.5.

Since G, has atleast k; pendant vertices { as, as, ..., ax, b, bs,...,
b }v(G1) = ky, { V1} dominates G;. Also | V1 |= Ky, implies that
V,isay- setfor Gy, since G, isabipartite graph P = { V4, V, } is the
onlychromatic partition for G, such that V; is a y - set for Gy,
implies G, is y - uniquely colorable and non planar.

WG) =3, P={Vi, Vi}. Vi = {a. as a: }. Vs = L by,
bs. ... bu} 26,
"I-'[G':I = -1-: FP=|F|= 31\"-] = 'V] = { d;, 43, 43 34 }: "r: = i—..hl:
bs. ... bu}ki26.

(@ =3P={V,, Vo], Vi=Vi=1{a, az,aza43: ;. Vo= { hs.
bz, ... but k2 6.are analogus to the above discusgon.
| P|=3:P:{V1,VZVV3}, = K1.|V2|:k2,|V3|:k3, kz, kgzkl.
Planar Construction when |P|=3.
| P|=3=P:{V1,VZVV3}, = K1.|V2|:k2,|V3|:k3, kz, kgzkl.
Consider a wheel graph with k vertices where k = k; + 2k;
wherek; = min(k,, k). Label the vertices of the wheel in the
followingfashion as seen in Fig.6.

hy az

C1

bl
Fig.6
If ko= ks, then we include the remaining vertices as follows.

Let ko> ka. Let k, = k3 + m. Label the additional vertices as { bz,
bis+2, --.,bk2 3. Include these vertices as seen in Fig.7.

Fig.7

Since (by,a;,C), i =1toKy.1, ] =210 ay is Pseithea; or bjor ¢;
should be included in every possible y - set for G. { a3, a, ..., ax}
isa v- set for G. Also { V3, V,, V3 }is the only possible chro-
matic partition for G implies y - uniquely colorable graph G is
planar.

4. Conclusion

In this paper, we provide necessary and sufficient condition for
Gand G” to be y uniquely colorable and also provide constructive
characterization to show that whenever G is y - uniquely colorable
such that | P| > 2, G can be both planar and non planar.
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