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Abstract

We generalise the notion of acts over ternary semigroups to the I'-TS-acts for a ternary I'-semigroup T. Certain intrinsic notions of T'-

TS-acts are studied.
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1. Introduction

Acts over semi group T, namely T-act, appeared and were used in
a variety of applications such as algebraic automata theory, math-
ematical linguistics. We here generalize this notion to the I'-TS-
acts for a ternary I'-semi group T. In the year 2008, Chinram. R
and Thinpun. K.} investigated on isomorphism theorems for
gamma semi groups. In 1991, Howie. J. M.2, studied about Au-
tomata and Languages. In 2013, Hssin. Z. investigated and
studied about gamma modules with gamma rings of gamma en-
domorphism. In 2015, Vasantha. M and Madhusudhana Rao. D*.
introduced the concept of ternary I'-semi groups and they charac-
terized the ternary I'-semigroups.

2. Preliminaries

Definition 2.1[4]: Let P #@ &T # @ be two set. Then P is known
as a Ternary T-semigroup if there exist a mapping from
PxI'xPxI'xT to P which maps ( 9y a0, 60 )

— [9,29,9;] satisfying the condition :
[[gla92ﬂ93]7/g4595:|: |:g1a[921893794]595:| =
[9,¢9,8[9:79,09,]] ¥ 9, € T, 1<i<5 and &, f,y,5 T .

Note 2.2[4]: For the convenience we write rar,fr, instead of

[ﬁarzﬂrs]

For more preliminaries one can be go through the regerences.

3. I'-TS-acts

Definition 3.1: Let T be a ternary I'-semigroup as well as P # @
with a mapping 4:T xI'xT xI'x P — P where

(s,a.t, B,8) > satfa=A(s,a,t, B,a) is said to be a left I-TS-
actor a left I~TS-operand if (paqpr)dsya= pa(qprds)ya
= paqp(rosya) for all p,q,r,seT,a, B,7,6 el’. This is denot-
ed by . P . Similarly, we can define lateral I'-TS-act (demoted
by FPTS ) and right I'-TS-act (denoted by P . ).

Throughout this paper I'-TS-act means left I'-TS-act.

Note 3.2: If T has identity e, then eaefa =a Vv a€ K.
Def 3.3: Let L be aI'-TS-act. Then| € L is called to be zero of L

if labt = bad g =bacA =1V bcE T, a, feT.

Definition 3.4: Let U bel’-TS-act. A subset ‘S # @’ is known as I'-
TS-sub-act of U ifagbstc e Sforalla, be T, ce Sand «, FeT.
Note 3.5: A non-empty subset S of al-TS-act A is al’-TS-sub-act
ifand only if TTTI'S C S. Clearly, T itselfis a I'-TS-act.

Note 3.6: A sub-act of the I'-TS-act A is a left ternary I'-ideal of
the ternary T'-semigroup T. A subset K < A is called a right ter-
nary I'-ideal of T if TTTIK € K, a two-sided ternary I'-ideal of T
if TTTIK € K and KI'TI'TE K and a ternary I'-ideal of T if it is
two sided ternary I'-ideal as well as TTKI'T € K.

Def 3.7: An element a of a I'-TS-act A is said to be a fixed or a
zero element if aaspt = a, for all s, t€ T and o, SET.

Theorem 3.8: The non-empty intersection of any family ofT-
TS-sub-acts of ar-TS-act . A is a ternary I'-TS-sub-act of

A

r-ts -
proof: Let{S,} _, be a family ofl-TS-sub-acts of . ;A and

s=(s.

ael

Letab € sA,c €Sand & yeT.
ceS=ce (]S, =cE S, forall aeA

ael

Ot
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ceS,& ayeTl, S, isal-TS-sub-actof . A
—=>aabjc€ S,
aabyce S, forall aeA =>aanhyce (S, =>aabces.

aeA

Therefore, S is al'-TS-sub-act of - s A.

Theorem 3.9: The union of any family of I'-TS-sub-acts of aI'-
TS-act [ ;s AisaI-TS-sub-act of . A.
Proof: Let {A,} . be a family of I'-TS-sub-acts of al-TS-act

r-Ts A.

LetA= | JA,. Leta €EAbCET, & felac A

aeA

—a€ [JA, =a€ A, forsome aeA

aeA

a€ A ,b,ce A, apel, A isal-TS-actof T

= bacpa€ A, C | JA,=A = bacpa€A.

aeA

Therefore, A is a I-TS-sub-act of . A.

Definition 3.10: Let U and .V are I'-T-acts. A mapping

fU—> [V issaid to be a I-TS-homomorphism provid-
ed f(satpa)=satff(a) for everys, te T, a€ U and o, FET.

Definition 3.11: Let P and . Q are I-TS-acts. A map-
ping f:  P— [ Q is said to be a I~TS-monomorphism
provided f is a one-one I'-TS-homomorphism.

Definition 3.12: Let . R and . S be I-TS-acts. A mapping
fisR— 1S issaidto be a I~TS-epimorphism provided f
is an onto I'-TS-homomaorphism.

Definition 3.13: Let - Y and . ;sZ be I'-TS-acts. A mapping

fi Y = 2 issaid to be a I~TS-isomorphism provided f

is a one-one I'-TS-homomorphism as well as an onto I'-TS-
homomorphism.

Definition 3.14: AT'-TS-act B containing (al’-TS-isomorphic copy
of) a I'-TS-act A as a subact is called an extension of A.

Example 3.15: As a very interesting example of acts, used in
computer science as a convenient means of algebraic specification
of process algebras, consider the ternary I'-monoid (N”,I',[ ],00),
where N is the set of natural numbers, I is the any set and N” = N
U {o0} with n<co,¥n€ N and [mansp] = min {m, n, p} for m, n, pe
N™ &, Fel’. Then a I'-TN™-actis called a projection algebra.

Th 3.16: Let T be a ternary I'-semi group, _s K is a I-TS-act
and f: K — T is a [-TS-homomorphism. Then A is a ternary
T'-semi group.
Proof: We have a mapping g: KxI'x KxI'x K— K where
(a,a,d,B,a") > acd'fa" = f(a)ad’Ba" forall a,a’,a" € Aand
a,fel. Let a,b,c,d,ecAand o, 3,7,6 €". Then
(aabpc)ydoe = (f (a)abpc)ydse = f (f (a)abpc)ydoe
= f(@af®)pf(c)ydse = f (@)a(f (b)Bf (c)yd)se

=aa(bfBcyd)se = aa(f (b)Bf (c)y f (d))oe

=aaf ©O)B(f )y f(d)5T(e)) =aabp(cydse)
Therefore (aabpc)ydoe = aa(bfcyd)de = aabp(cydoe) and
hence A is a ternary I'-semigroup.

Definition 3.17: Let . U is a [-TS-act. An equivalence rela-
tion Zon U is said to be a I~TS-congruence of . U pro-
vided for all a,a’ €U, b,c,eT,a,feT,

apa’ = (aabpc) p(a’abpe), (baapc) p(baad’ fc), (bacfa) p(bacsa’)

Definition 3.18: Theset . K/p ={l :l e [ K} withtheI-
action satp(l,) = (satpl), for all s,;teT and a,Bel is
known as a factor I'-TS-act of . K by p, and canonical surjec-

tion 7 : K—

T K/p where | -1 is known as canoni-

r-Ts

cal I'-TS-epimorphism.

Definition 3.19: Let - +sS and ;5T be two [-TS-acts. A map-
ping |: 1sS — [ T is a I-TS-homomorphism, then the I'-TS-
congruence p = kernel | (simply ker f) on . ;s A where apa’iff
I(@=I1(@) for all a,a’e.S; is known as kernel I'-TS-
congruence of I.

Theorem 3.20: Let k: . G—> . H is a TI-TS-
homomorphism as well as g be a I-TS-congruence on _sG3
gpg'= k(@ = k( g ), ie p<kerk Then

K sGlp—rsH with k'(g,):=k(9), g€ G , is the
unique 7-TS-homomorphism such that k'z,=g . If
p =kerk’ is injective. Also if k is surjective, then sois k' .
Proof: The mapping k' is well-defined, because for all
9,.9, € r1sG,
9,=9, < 9pg =k(9)=k(g)=K'(g,) =K'(g)).
s,teT, a,feTandgeG,
K'(satBg,) =k'(satpg), =k(satBg)
=satpk(g) =satpk'(g,)
homomorphism. Also for every g € - G,
K'z,)(9) =K(7,(9))=k'(9,) =k(9) .
k' is unique.

For every

Hence, k' is a I-TS-

Now we have to show
Let there exists k": . sG/p— [ H such that
k'z,=k. This implies that k"z,=k'z,. Since 7, is a I-TS-

epimorphism, k" =k’. The remainder is an easy for verification.
This is called homomorphism theorem for I-TS-acts.

Corollary 3.22: Let |: . J; — K, be a I-TS-epimorphism.
Then [ J/kerl = K.

4: Free I'-TS-acts

Here, the notion of cyclic, free and indecomposable I'-TS-acts are
studied.

Definition 4.1: A non-empty subset P of a I-TS-act [ s K is
known as a generating set of - K if every k e K can be ex-
pressed as k= paqpu for some p,qeT ,
a,fel’. In this case, we write K, = <P >=TITIP,

where TTTIP ={paqpu: p,qeT,a, Bl ,ucP}. Also P
is finitely generated Provided it has a finite generating set of ele-

ueP and
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ments. We say - s K acyclic . K provided . ;(K=<p>=
TITIp forsomepe K.
Note 4.2: L;

ie. L=<L>

is always a generating set of itself.

Theorem 4.3: If S is a nonempty sub set of aI-TS-act - ;L &
| € s L. Then the following assertions hold:

(i) KIKIl =KaK gl foralle, feT.

(ii) KaK gl =KyKdl forall e, B,y,6 €T

(iii) KTKTP =KaKpP ={pagpu: p,qeK,uePand o, feT}.
Proof: (i) Let «,fel’ and le, L Clearly,
KaK gl < KTKT . For the reverse inclusion, take
p,qe K pagqpl = paqpBecepl) = pa(qfece)fl € KaK gl

which implies that KIKTl =KaK gl for all , f€I". The re-

maining two assertions follows from (i).
This theorem express a simple characterization to generating sub
sets of a ['-TS-act.

Consider a cyclic I-TS-act L = < | >as TaT gl for any
a,pel’ and le L , p € T. Then the
Acaap rast =L defined by A ., ()= pagpl for all

S

map
geT is a I'-TS-homomorphism.  To see this, for every
u,veTand y,0 €’ we have

Apaa s UPVSY) = pa(upvst) fa = upvspatfl = UyVoR, , , 5(d) .
Now, we characterize cyclic I'-TS-acts by means of factor I'-TS-
acts of T .

Th 4.4: If a I-TS-act -_ L is cyclic. Then there exists a I-TS-
congruenceg on [ 1 3 L = T /p and the converse
also hold if T is a ternary I'-monoid.

Proof: Let . L = < | >as TaTpl for any o,fel’ and
| € . 5L, se T. Then the I-TS-homomorphism

Acaap rast = rsL is obviously a I'-TS-epimorphism. By

S

using Corollary 3.22, we get L = | T/ker4,, ;. Then
fix p=4,, ;. then we get the result.

Conversely, if pis a I-TS-congruence on a I'-T-monoid 5T
with unity e, then for all t e sl /pand a,pel’ |
t, = (taepe), =tae, e, which shows that . T/ p=<e >.

Definition 4.5: A I-TS-act [ . L is said to be decomposable if 3
two I-TS-sub-acts M and N of L such that
rrsb= s sMUpsNand ;sM NN =@. In this case,
the disjoint union M U s N is known as a decomposition

of L. If not, ;5L is known as in-decomposable. If we

consider I'-TS-acts with unique 0, then we have to change @ by
{0} to define decomposable as well as in-decomposable I'-TS-acts
with unique 0.

Theorem 4.6: Every cyclic I'-TS-act is in-decomposable.
Proof: Suppose that D = < d >as TaTpgd for any

a,fel and de. ;D , se T s
D = ;1 E U F for some I-TS-sub-acts . sEand ;s F of

cyclic and

rsD. Then d=eaefd e .E; say, then . (D =<d>c

15 E which is a contradiction.

Theorem 4.7: Let A < [ sAji€A be in-decomposable T-
TS-sub-acts of a I-T-act A such as (|A=@ . Then

iel

U A is an in-decomposable I'-TS-sub-act of . s A.

iel

Proof: By theorem 3.7, | J A is a I-TS-sub-act of | (A

iel

Suppose there exists a decomposition UA = B U C.

iel

Take ac[|A with ae A, say.

iel
Then ae A BforallieA.
Since A=AN(G1sBUrC)=(AN 1B UANC) and
A isindecomposable, A C=Cforalliel.
Thus | JA = 1+sB Itis a contradiction.

iel

Th 4.8: Every I'-TS-act - 5 A has a unique decomposition into
in-decomposable I'-TS-sub-acts.

Proof: Let -sA. Than by th, 36, TaTfa, a,f T is in-
decomposable. Using th 4.7, we get

S, = U{ms S s Al 1S isin-decomposable and a e . S} i
s an in-decomposable I'-TS-sub-act of - s A.

For p.ge LV, =V orV,NV,=2.

Indeed, r €V, ﬂVq =>V,,V, V..

Thus peV, cV,,qeV, cV, ie V, cV, ﬂVq.

Therefore, V, =V, =V, . Denote by L' a representative subset
of elements P € _s L w.r.t the equivalence relation ~ defined by
p~qiff V, =V, . Therefore, L= va is the unique decom-

pel’
position of . L into in-decomposable I'-TS-sub-acts.

Def 4.9: A set K of generating elements of a I'-TS-act [ ;L is

known as a basis of gL provided every -element

P € 5L can be uniquely expressed as p =satfu for some
ssteT,ueKand a,Bel’,

Theorem 4.10: Let |: K—> B be a TI-TS-

homomorphism, then

0] If ;L is finitely generated then so is h(_;sL ).

(i) If . cL=<P>andi: L—> Misal-TS
homomorphism, then h(s) = i(s) for every s P im-
plies | =g.

(i) If h is a I-TS-epimorphism and - ;sL =< P >, then
rsM =<h(P)>.

(iv) If his a I-TS-isomorphism and - 5L is a free I-TS-

act, thensois M .
Proof: we just prove (iv), let P be a basis of . L and then
r1sL=<P > It follows from (iii) that -_ M = < h(P) >, i.e.

h(P) is a generating set of . M Therefore, for all
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be ;M there exist s,;teT,a,fel and ueP such that

b=satff(u) . Suppose that b=s'a't's'f(u’) , for
steT, o, el and uUeP . Then b=satgf(u) =
s'a't' g f(U) . This implies that

h(satpu) =h(s'a't’f'U’) and hence satBu = s'a't'S'U’ be-
cause h is one-one. Since S is a basis. Therefore
s=st=tha=a,f=0hu)=h(") . Hence, h(P) is a
basis of . ;M .

Th4.11: 1f K is a free I-TS-act, then |[] =1.

Proof: Let . s K is a free I-TS-act with a basis P.

Consider a, B,a', 3 €T',s,teT andueS By using theorem
3.3(ii), satpu e TITIuand then satpfu=s'a't'S'U’ for some
steT,a',f el’ and u,u'eS . Since P is a basis,

a=a,f=0".
5. Conclusion

This type of ternary structures and their generalizations, the so
called I'-TS-act rise certain hopes in view of their possible appli-
cations in Organic Chemistry. the well- known generalization of
ternary semi group T is ternary y-semi group.
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