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Abstract

In this paper, we aim to address the idea of fuzzy ¢-set and fuzzy ¢*-set in fuzzy topological space to present new types of the fuzzy
closed set named fuzzyzgp-closed set and fuzzy £*gp-closed set. We will study several examples and explain the relations of them
with other classes of fuzzy closed sets. Moreover, in a fuzzy locally indiscrete space we can see that these two sets are the same.
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1. Introduction

Fuzzy sets were the expansion of the classical notion of sets which
invented by Zadeh [9] in 1965. Fuzzy topology invented in 1968
by Chang in [4] when he put fuzzy set instead of classical set in
the ordinary definition of the topology.

One of the most important concepts of fuzzy topology is fuzzy g-
closed set.The concept of £-set was introduced by Tong [8] in
1989, the fuzzy per-closed set defined by Bin Shahna [3], in 1991.
In 1997, Balasubramanian and Sundaram [2] introduced the notion
of fuzzy generalized closed set. In 2012, thenotion of £* -set was
devised by Indira and Rekha [5].

In this article, we introduced two types of fuzzy closed set named
fuzzy t-generalized pre-closed sets (simply, fuzzy £gp-closed
sets), and fuzzy #*-generalized pre-closed sets (simply, fuzzy
t*gp-closed sets) and the relations arestudy together beside
numerous types of fuzzy closed set.

2. Preliminaries

First, we use the sample (X, T") throughout this paper to represent
fuzzytopological space (in short, fts). Any fuzzy set V" in any fts
(X,7) in theChang's meaning, ° and IV denote the fuzzy
interior and fuzzy closure of Nrespectively. Also, we use f.0.
(resp., f.c., fs.0., fs.c., fp.o.s., fp.c, fr.o. andf.r.c.) to denote
fuzzy open (resp., fuzzy closed, fuzzy semi-open, fuzzy semi-
closed, fuzzy pre-open, fuzzy pre-closed, fuzzy regular-open and
fuzzy regular-closed)
We review several fundamental definitions and notations of most
basic concepts
that are needed later in our paper.
Definition 2.1.A fuzzy subset V" of any fts(X, 7)so-called:

(1) fpo.idw=< L [3] (resp. fpe N N

Dfse N =N, [1] (resp.f3c i = N

(Dfreifn =, [1] (resp. fre i = N7
Definition 2.2, [T] Given 2 furzy mbset N i any fis(X0, ), we
called,
(1) the unien of whele fpoo. subsets of X which are contzined in
M iscelled fuzzw pre-interior of A and it's svmbolized bvv ™.

(2) the intersection of whole f.p.c. subsets of X which are
containing JV iscalled fuzzy pre-closure of " and it's symbolized
byﬁp.
Proposition 2.3. [7] For fuzzy subsets ' and M of any fts(X, T),
we have:
(DIEN is £po. (resp., fpc) hen N =N (resp. N =N ).

R — R —_—
Q) (NAM)T = NFAME, (NAM) =N AR .

———FF — ]
() (NVM)T = NVMF, (WMD) =N VAT .
Definition 2.4. A fuzzy subset V" of an fts(X, ) is called:
(1) fuzzy generalized closed set (in short, fuzzy g-closed) [2] if
N < Pwhenever ' < Vand Vis an f.0. set.
(2) fuzzy generalized pre-closed set (in short, fuzzy gp-closed)

—P
[6] if ¥ < Vwhenever ' < Vand V is an f.0. set.

3. Fuzzy tand t*- Sets

In this part, the concepts of fuzzy #-set and fuzzy t*-set are
defined. Several interesting properties are investigated besides
giving several examples.

Definition 3.1. If (X, 7)) is any fts and IV is a fuzzy subset of
(X, T7), thendv is called:

(1) fuzzy £-setif N° =V .

(2) fuzzy t*-setif N = N".

Proposition 3.2, In any fis( X, 77, any fuzzy subset of it is 2 fuzzy
£-setiff it's complement i3 2 fuzzy £°-s2t.

Definition 3.3. An fis(X, Tz szid to be fuzzy locally mdiscrete
space iffevery fuzzy open set m X 15 fuzzy cosed m X

Proposition 3.4. Any furzy subset & of 2 fuzzy locally mdiscrete
space i3 afnzry £-sotiff itis 2 ey £t

Proof. Consider that (X7, Tbe 2 fuzzy locally mdiscrete space, we
must provethat the fuzzy £-s=ts are the szme as the fuzey £7-s2ts.
First, consider that Wiz 2 fuzzy £-s2t, so N = N, but since
(. Tis fuzzy locally indiscrete, thenany fo. setis fo., 50V is
fo.amdW =N =N° hence N = V" fuzzy £ *-set.

Conversely, assume that IV is a fuzzy £*-set, so N = Nbut N°°
is f.0., so it'sf.c. (since (X,T) is fuzzy locally indiscrete), hence

O

Copyright © 2018 Authors. This is an open access article distributed under the Creative Commons Attribution License, which permits
unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.



http://creativecommons.org/licenses/by/3.0/
http://www.sciencepubco.com/index.php/IJET
mailto:noorr.almusawi@uokufa.edu.iq

International Journal of Engineering & Technology

719

N =" = N°and this implies that N'° = V", therefore V" is a
fuzzy £-set.

Proposition 3.5. Given a fuzzy subset V' of any fts(X, 7). Then
we have;

(1) v is a fuzzyz-set iff it's f.s.c.

(2) IV is a fuzzy t*-set iff it's f.s.0.

Proof.

o

(1) Assume that IV is a fuzzy #-set, therefore N'° =V , then
N <V, then Visafs.c. set.
Conversely, consider that V" is a f.s.c. set, we haveN' < XV, so

N < N Since, we also have V° < W . hence V° = " . Then
N is afuzzy t-set.

(2) Similar to (1).

Proposition 3.6.

(1) Every f.o0. subset of any fts(X, T)is a fuzzy £ *-set.

(2) Every f.c. subset of any fts(X, T)is a fuzzy #£-set.

Proof. Obvious.

Remark 3.7. The reverse implication of (1) and (2) of the above-
mentioned proposition may be not true as illustrated in the
example below.

Example 3.8. Define fuzzy sets G, H and ¥ on a set X = [0,1],
as follows:

IA
Q
IA

IA
Q
IA

IA
Q
IA

NN
Q Q
N IA
BlR R N R R PN

S
° h
(==
BDlm © NRAR © NPk ©
A IA
Q Q
A IA
[N

Consider the fuzzy topology T = {0y, K,1x}on a set X.
Therefore G is afuzzyz*-set, however it's not f.o. set. As well, H
is a fuzzy £-set, while it isn'tf.c. set.

Proposition 3.9.

(1) Every f.r.o. subset of any fts(X, T')is a fuzzyt-set.

(2) Every f.r.c. subset of any fts(X, T)is a fuzzy £ *-set.

Proof.

(1) Consider that V" is a f.r.o. set, then ' =V . Since every

f.r.o.set is f.o., therefore N> = NV = N, hence IV is a fuzzy %-
set.

(2) Similar to (1).

Remark 3.10. We can see in the example below that the converse
of (1) and(2) of the above Proposition isn't true in general:
Example 3.11. Define fuzzy sets G, H and % on a set X = [0,1],
as below:

1

0 0<a<-

_ 2
6= 1

2a—-1 s<as<l

1 0<a<~

H = =47

4 1_ 1

3( a) 4_a_

K={1-a)* 0<a<1

Consider the fuzzy topology T = {0y, K, 1} on aset X. Then G
is a fuzzy#-set, however it's not f.r.o.. As well, H is a fuzzy *-set,
whereas it's not f.r.c.set.

Proposition 3.12. If V" is a fuzzy subset of any fts(X, T), then we
have.

(1) v is fr.o. set iff it's fuzzy £-set and f.p.o. set.
(2) v is fr.c. set iff it's fuzzy £*-set and f.p.c. set.

Proof. Obvious.

Proposition 3.13. If V" and M are fuzzy subsets of any fts(X¢, T).
Then:
(1) ¥AM is a fuzzy t-set, when IV and M are fuzzy £-sets.
(2) VM is a fuzzy t*-set, when V" and M are fuzzy £*-sets.
Proof.

(1) Assume that & and MM be fuzzy f-sets, thersfore W° =
N andM* =3 . Smce (MAM) < (NAM) < (NAM) =
NAM = NAM* = (WAM)'. Then (NAM)' = (NAM) .
so0 N AM is afuzzy £-s6t.

2) Consider that v and M be fuzzy £7-s2ts, thersfore W =
Nomd M =M S WMD) = Ii,__ E) = I:FVF] =
(WA = (WVAM). Simee (WMD) = (WVAMD,  so
(WA = (VA Then  (WVM) = (NVAM)*.  Henee
NV iz 2 fuzzy £ 38t
Remark 3.14. From the following example we can see that the
converse of(1) and (2) of the above Proposition need not be true in
general.
Example 3.15. Define fuzzy sets G, H and K on a set X = [0,1],
as below:

1 4 0< <3

_ 3‘1 _a_4
§= 3

0 ZSaSl

0 0<c7v<E

H = 3_ 4

4a -3 ZSaSl

K={1l—-a 0<ac<1
Consider the fuzzy topology T = {04, G, H,GVH, 15} on a set
X. Then Hand ¥ are fuzzy t*-sets, however HAXKisn't a fuzzy
t*-set. Also, H€ and K€ are fuzzyt-sets, but HVKE isn't a
fuzzy £-set.

4. Fuzzy tgp-closed set and fuzzy t*gp-closed
set

A new type of fuzzy closed sets named fuzzy tgp-closed set and
fuzzy t*gp-closed set have been provided in this section and also
we explain their relationswith other types of fuzzy closed sets.
Definition 4.1. A fuzzy subset " of an fts (X, T)is named fuzzy
tg-closed set (resp., fuzzy #*g-closed set) if V' <V whenever
N <V and V is a fuzzyz-set (reps., fuzzy £*-set). A fuzzy tg-
open set (resp., fuzzy t*g-open set)is thecomplement of a fuzzy
tg-closed set (resp., fuzzy £*g-closed set).

Example 4.2. Any fuzzy subset of a fuzzy discrete topological
space is a fuzzytg-closed set.

Solution: Assume that (X, T)is the fuzzy discrete topology, and
let v beany non-empty fuzzy subset of (X,T), so that V is an
f.c. set, hence V' = 2V this implies that N is a fuzzy #g-closed
set.

Example 4.3. Any fuzzy subset of a fuzzy indiscrete topological
space is afuzzy tgp-closed set.

Solution: Consider that (X,T)is the fuzzy indiscrete topology.
Let us takeany non-empty fuzzy set N'in (X,T), therefore V' =
1, , since the only f.c.sets are 0, and 1 , also 1y is the only
fuzzy £-set which is contains )V, thenV" is a fuzzy £g-closed set.
Remark 4.4. We can also obtain a fuzzy £*gp-closed set from
Example 4.2and Example 4.3, because of both these examples are
fuzzy locally indiscrete spaces see Proposition 3.4.

Proposition 4.5. For any fts(X,T),

(1) Every f.c. subset of any fts(X, T)is fuzzy £g-closed.

(2) Every f.c. subset of any fts(X, T) is fuzzy £*g-closed.
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Proof.

(1) Assume that V" is an f.c. subset of an fts(X, T), this mean NV =
V', hence this implies that V" is a fuzzy tg-closed set.

(2) Consider that V' is anf.c. subset of an fts(X,7)and let V be
any fuzzyt*-set such that N <V, so N =N <V, then Nis a
fuzzy £*g-closedset.

Remark 4.6. The reverse implication of (1) and (2) of the above-
mentioned proposition may be not true as illustrated in the
examples below.

Example 4.7. Define fuzzy sets G and H on a set X = [0,1], as
below:

2

0 0<ac<sz

_ 3
§= 2

3a—2 §Sa,S1

3 2

1—-=a 0Sd$§

e 0 2< <1

3_a_

Consider the fuzzy topology T = {0y, H,1x}on a set X.
Therefore ¢ is afuzzy ¢-setand G < H¢, also, G < H€, hence G
is fuzzy tg-closed, while it's notan f.c. set.

Example 4.8. Define a fuzzy subset G on a set X =[0,1], as
below:

1 0< <1

Sas<g

1 1

=4{2—-4a -<a<-

9 @ 4-_(1_2
I 1

k 0 -<a<1

Consider that T = {0y, 1} is a fuzzy topology on X. Therefore
1y is the only fuzzy #*-set which is containing G is 1y and G =
1y , therefore G is a fuzzyt*g-closed set while it isn't an f.c. set.
Definition 4.9. If ﬁp <V whenever ¥ < Vand V is a fuzzy #-
set, then thefuzzy set V" in an fts (X, T)is said to be fuzzy £gp-
closed set. A fuzzy £gp-openset is the complement of a fuzzy
tgp-closed set.

Example 4.10. If G and H are fuzzy sets in a set X = [0,1],
defined as:

0 0< <2
<a<z
3
g 2-2 2< <4
3 5
4 i <1
\ 7 5=es
2
0 0Sd<§
H = 2
2—2a §Sa£1

Consider that T = {0y, H, 15} is the fuzzy topology on X.

Therefore 1y is a fuzzy £-setand G < 1y, also, G < H¢, thus G is
a fuzzy tgp-closed set.

Definition 4.11.1f WP <V whenever ' < Vand V is a fuzzyt*-
set, thenthe fuzzy set V" in an fts (¢, T)is said to be fuzzy £*gp-
closed set. A fuzzyz*gp-open set is the complement of a fuzzy
t*gp-closed set.
Example 4.12. Define fuzzy sets G and Hon a set X = [0,1], as
below:
> a
G= 4
1

IA

<4
“4=3
1

IA

a<

vl O

( 0 0<(,L<3
- T4
3 4
H = — < g<—
4a -3 4_a,_5

I 4
kl—d ngSl

Consider that T = {0y, , 15} is a fuzzy topology on a set X.
Thus G is afuzzy £*gp-closed set.

Proposition 4.13.

(1) Every fuzzy tg-closed subset of an fts(X, T)is afuzzy tgp-
closed set.

(2) Every fuzzy t*g-closed subset of an fts (X, T)is a fuzzy
t*gp-closed set.

Proof.

(1) Suppose that N be any fuzzy tg-closed subset of an
fts(X¢,7), and let V be a fuzzy £-set when N <V, so N < V, s0

N <V < Vthis implies that 2V is a fuzzy #gp-closed set.

(2) Similar to part (1).

Proposition 4.14. For any fts(X,T),

(1) Every f.p.c. subset of an fts(X, T)is a fuzzy £gp-closed set.
(2) Every f.p.c. subset of an fts(XC, T)is a fuzzy t*gp-closed set.
Proof. It is clear.

Remark 4.15. The converse of the above Proposition is not true in
general, the fuzzy set G in Example 4.10 is fuzzy #gp-closed,
while it couldn't be an f.p.c.set, as well the fuzzy set G in Example
4.12 is a fuzzy t*gp-closed set, howeverit couldn't an f.p.c. set.
Corollary 4.16. Every f.c. subset of an fts(X¢, T)is a fuzzy tgp-
closed set(resp., fuzzy £ *gp)-closed set.

Proof. The result follows from the fact that every f.c. set is an
f.p.c. set and the Proposition 4.14.

Proposition 4.17. Any fuzzy set in a fuzzy locally indiscrete
space is fuzzyzgp-closed iff it is fuzzy t*gp-closed.

Proof. Since (X,T)is a fuzzy locally indiscrete space, then by
Proposition 3.4the fuzzy #-set and fuzzy *-set are same. So, we
get the following, that anyfuzzy £gp-closed set is a fuzzy £*gp-
closed set, also, we get the following, thatany fuzzy #*gp-closed
set is a fuzzy tgp-closed set.

Remark 4.18. It is clear that fuzzyzgp-closed and fuzzy t*gp-
closed sets areindependent notions of each other and the following
examples are illustratethis.

Example 4.19. Define fuzzy sets G and H on a set X = [0,1], as
below:

1 > 0< <4

_ 4a _d_s
§= 4

0 -<ac<l
5

( 1 0<a<E

- T4

3 4

H=34—-4a Z<a<-

a 4_a_5

I 4

k a S_a_

Consider the fuzzy topology T = {0y, H, 1} on a set X. Thus G
is a fuzzytgp-closed set, while it isn't fuzzy £*gp-closed.
Example 4.20. Define fuzzy sets G, Hand X on a set X = [0,1],
as below:

1
l1—4a 0<a<-—
G= 4
0 4-< <1
gsas
1
0 OSdSE
H = 1
2a -1 ES&SI
1 0< <1
K = —“—4
4-1 1< <1
3( a) 4_a_
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Consider the fuzzy topology 77 = {0y, 7, 1} on a set X. Thus G
is a fuzzyt*gp-closed set, while it isn't fuzzy £gp-closed, when
K is a fuzzy £-set.

Proposition 4.21. If V" is a fuzzy £gp-closed set and fuzzy #-set,
then it is anf.p.c. set.

Proof. Assume that IV is both fuzzy #-set and fuzzy tgp-closed
set, thereforeV' is a fuzzy £-set which contains itself, so it should

—P —P
be contains ' , therefore we have ¥ <N < N , then V=

WP, hence V is an f.p.c. set.

Proposition 4.22. If V" is a fuzzy subset of any fts(X, T), then we
have.

(1) v is fuzzy tgp-open set iffV < N "Pwhere V is a fuzzy #*set
andV < V.

(2) IV is fuzzy t*gp-open set iff V < VP where V is a fuzzy ¢-
setandV < V.

Proof.

(1) Let v be a fuzzy tgp-open set and V is a fuzzy £*-set and
V < NV. ThenNV¢ < V€. Since V¢ is a fuzzy tgp-closed and V¢

] o
is a fuzzy -set, we have ¢ < V¢ Then< NP,
Conversely, Let V < N "Pwhere V is a fuzzy £*-set and V < IV,

ThenV¢ < Veand V¢ is a fuzzy t-set. Now N¢ < Ve, by
hypothesis. ThenV ¢ is a fuzzy tgp-closed set. Hence IV is a
fuzzy £gp-open.

(2) Similar part (1).

Proposition 4.23. If V" and M are fuzzy subsets of any fts(X, T),
we have:

QN MmM< ﬁp, and WV is a fuzzy £gp-closed set, then M
is also a fuzzytgp-closed set.

—P

@ UEN<M <N ,and NV is a fuzzy £*gp-closed set, then M
is also a fuzzy £ *gp-closed set.

Proof.

—P —P —P —P
(1) Suppose that < M <N , soON <M <N , therefore
—P —P
N =M .Now, if Vis afuzzy £-set, such that M < V,so NV <

V itfollows that 7 = M <V, then M is a fuzzy tgp-closed
set.

(2) Similar part (1).

Proposition 4.24. If v and M are fuzzy subsets of any fts
(X,T), we have:

(1) If v is a fuzzy tgp-open set and N °FP < M < IV, then M is
a fuzzytgp-open set.

(2) If v is a fuzzy t*gp-open set and N°P < M < IV, then M
is a fuzzyt*gp-open set.

Proof. The proof is straight from Proposition 4.23.

Proposition 4.25.

(1) The union of two fuzzy tgp-closed subsets of any fts(X, T)is
a fuzzy tgp-closed set.

(2) The union of two fuzzy £*gp-closed subsets of any fts
(X, T)is a fuzzyt *gp-closed set.

Proof.

(1) Consider that ' andMboth of them are fuzzy #gp-closed
sets. IfV is any fuzzy #-set, such that VM < V, therefore V' <

—P —P — P
VandM <Vso N <V and M <7V, we have NVM =

vaﬁp <V, henceNVMis a fuzzy £gp-closed set.

(2) Similar part (1).

Proposition 4.26. In any fts(X, T),

(1) The intersection of two fuzzy £gp-open subsets of any fts
(X, T)is fuzzytgp-open.

(2) The intersection of two fuzzy £*gp-open subsets of any fts
(X, 1is fuzzyz* g p-open.

Proof. A proof is straight from Proposition 4.25.
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