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Abstract 
 

The main purpose of this paper is to find The Cyclic decomposition of the group (Q2m C4) when m= nr

n

rrh ppp ....2 21

21  h, r∈ Z+and 

p is prime number, which is denoted by AC (Q2m ×C4) where Q2m is the Quaternion group and C4 is the cyclic group of order 4 . We have 

also found the general form of Artin's characters table of Ar(Q2m×C4) when m= nr

n

rrh ppp ....2 21

21   ,h,r∈ Z+and p is prime number. 

 

Keywords: Quaternion group, the cyclic group, Artin's characters, Artin's characters table, the cyclic decomposition. 

 

1. Introduction 

 

2. Preliminaries 

This section introduce some important definitions and basic 

concepts the Artin characters, the Artin characters table, the factor 

group AC(G) of a group G and the matrix M(G), M(Q2m),P(Q2m) 

and W(Q2m). 

 

h m  are chosen as representative  for m-conjugate classes of H 

contained in CL(g) in G, then :     

 
 

Table 1 
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and from this the invariant factor matrices of A  B can be 

obtained. 

Proposition 5:[5]Let H1 and H2 be p1and p2 - groups respectively 

where p1 and p2 are distinct primes and if M1 is the matrix from all 

cyclic subgroups of  R (H1) basis and M2 is the matrix which 

expresses the T(H2) basis terms of R (H2) basis then the  

matrix  which  expresses  the T (H
1
 × H 2 ) basis  of R (H

1
 × 

H 2 ) basis  is M
1
M 2 . 

Remarks 1: [1]In general if m= 
nr

n

rrh ppp ....2 21

21  such that 

ip  are prime numbers ip ≠2 and g.c.d ( ip , jp )=1 ,h and ir  

are any positive integer numbers for all i=1,2,…,n then we can 

write Cm as the from : 

Cm =
nr

n
rrh

ppp
CCCC  

2
2

1
1

2
 

(i) By the proposition 5 we get 

M(Cm)= 

)()()()(
2

2
1

1
2 nr

n
rrh

ppp
CMCMCMCM    

We can write M(Cm) in the form: 
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

timesh

timeshCR

timesh

m

 

which is (r1+1) ……(rn+1)(h+1)×(r1+1)……(rn+1)(h+1) square 

matrix, 

R2(Cm) is the matrix obtained by omitting the last two rows

 1,1,,0,0   and  1,0,,0,0  and the last two columns 

 0,1,,0,1,,1,0,1,,1   and  1,,1,1  from the tensor 

product. 

)()()()(
2

2
1

1
2 nr

n
rrh

ppp
CMCMCMCM    

(ii) By lemma 3 we have : 

1- P(Cm)= 

)()()()(
2

2
1

1
2 nr

n
rrh

ppp
CPCPCPCP    
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2- W(Cm)= 

)()()()(
2

2
1

1
2 nr

n
rrh

ppp
CWCWCWCW    

Proposition 6:[10]If ,2 21

21
nr

n

rrh pppm =   such that 

ip 's are all distinct primes, 2ip and  g.c.d 1),( =ji pp for 

all i=1,2,⋯,n , h and ri any positive integers then 
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 which is 

[(r1+1)(r2+1)⋯(rn+1)(h+2)+2]×[(r1+1)(r2+1)⋯(rn+1)(h+2)+2] 

 square matrix . 

R2(C2m) is similar to the matrix in the remark 1 

Proposition 7:[10]If ,2 21

21
nr

n

rrh pppm =   such that

ip 's are all distinct primes, 2ip  and g.c.d 1),( =ji pp  

for all i=1,2,⋯,n , h and  ri any positive integers then the matrices 

P(Q2m) and W(Q2m) are taking the forms : 
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3. Results 

In this section we find the general form of The Cyclic 

decomposition and the Artin's characters table of the group (Q2m

C4)when m= nr

n

rrh ppp ....2 21

21   ,h,r∈ Z+and p is prime number. 

Proposition 8:The general from of  the Artin's characters table of 

the group (Q2m C4)when m= nr

n

rrh ppp ....2 21

21   ,h,r∈ Z+and p is 

prime number is give as follows: 

Ar(Q nr

n

rrh ppp ....2 21

21

1 + ×C4)=   

 
Table 2 

 
 

Proof :   Let g∈(Q2m×C4) ;g=(q,I) or g=(q,z) 

or g=(q,z2)or g=(q,z3) q∈Q2m ,I,z,z2,z3  C4 

Case (I):  

If H is a cyclic subgroup of Q2m ×{I},then: 

1.H=〈(x, I)〉2. H=〈(y, I)〉 
3. H=〈(xy, I)〉 

And  the principal character of  H, j Artin characters  

of Q2m where 21 + lj then by using Theorem 2 

1. H=〈(x, I)〉 

(i) If g=(1,I)  and g∈H 

)(
)(

)(
)),1((

42

)1,( g
gC

gC
I

H

CQ

j

m =


)1(.4)1(.
)1(

)1(4
1.

)1,(

4.4
1.

)1,(

16 2

j

x

Q

HH C

C

IC

m

IC

m m

====   

since H∩CL(1,I)={(1,I)} 

(ii)   if g=
),( Ixm

and g∈H 
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)(
)(

)(
)(

42

)1,( g
gC

gC
g

H

CQ

j

m

=


 

)(.4)(.
)(

)(4
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)(

16 2 m
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Q
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xC
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gC

m
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m m

==== 

 
since H∩CL(g)={g},𝜑(g)=1 

(iii) if g= miIx i ),,( and mi 2 and g∈H 

=+=+= −
)11(

)(

8
))()((

)(

)(
)( 1

)1,(
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gC

m
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m


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



 

since H∩CL(g )={g,g-1} and (g)= (g -1)=1,g=(q,I),q∈ Q2m 

and q≠ xm  ,q≠1. 

(iv)  if g  H  Since H∩CL(g)=  2. H= 〈(y, I)〉 

={(1,I),(y,I),(y2,I),(y3,I)} 

(i) If g=(1,I)                     H∩CL(1,I)={(1,I)} 

 )(
)(

)(
)(
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)1,1( g
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gC
g

H
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l

m

=


+

)1(.441.
4
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1+=== lm

m
 

(ii) If  g= ( Ixm , )=(y2,I) and g∈ H 

 )(
)(

)(
)(

42

)1,1( g
gC

gC
g

H

CQ

l

m

=


+

)(.441.
4

16
1

m

l xm
m

+===  

Since H∩CL(g)={g} ,𝜑(g)=1 

(iii) g=(y,I) or g=(y3,I) and g∈H 

))()((
)(

)(
)( 1

)1,1(

42 −

+ += gg
gC

gC
g

H

CQ

l

m



)(.42.4)11.(
4

16
1 yl+==+=  

since H∩CL(g )={g,g-1} and (g)= (g -1)=1 

Otherwise  

 0)()1,1( = + gl   since H∩CL(g)=∅ 

3- H=〈(xy, I)〉 ={(1,I),(xy,I),((xy)2,I),((xy)3,I)} 

(i) If g=(1,I)                     H∩CL(1,I)={(1,I)} 

)(
)(

)(
)(

42

)1,2( g
gC

gC
g

H

CQ

l

m

=


+

)1(.441.
4
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2+=== lm

m
   

(ii) If  g= ( Ixm , )=((xy)2,I)=(y2,I) and g∈ H 

 )(
)(

)(
)(

42

)1,2( g
gC

gC
g

H

CQ

l

m

=


+

)(.441.
4
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2

m

l xm
m

+===  

Since H∩CL(g)={g} ,𝜑(g)=1 

(iii) If g=(xy,I) or g=((xy)3,I) =(xy3,I) and g∈H 

 ))()((
)(

)(
)( 1

)1,2(

42 −

+ += gg
gC

gC
g

H

CQ

l

m



)(.42.4)11.(
4

16
2 xyl+==+=  

since H∩CL(g )={g,g-1} and (g)= (g -1)=1 

Otherwise  

0)()1,2( = + gl since H∩CL(g)=∅ 

Case (II):  

If H is a cyclic subgroup of Q2m ×{z2},then: 

1.H=〈(x, I)〉= 2,( zx        2. H=〈(y, I) = 2,( zy 〉 

 3. H=〈(xy, I)〉 = 2,( zxy  

And  the principal character of H, j Artin characters of Q2m 

where 21 + lj then by using Theorem 2 

1. H=〈(x, I)〉 = 2,( zx  

(i) If g=(1,I) or g=(1,z2) and g∈H 

)(
)(

)(
)),1((

42

)2,( g
gC

gC
I

H

CQ

j

m

=
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4.4
1.

)1,(

16 2

j

x

Q

HH C

C

IC

m

IC
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since H∩CL(1,I)={(1,I),(1,z2)} 

(ii)   if g= ),( Ixm
and g∈H 
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since H∩CL(g)={g},𝜑(g)=1 

(iii) if g= miIx i ),,( and mi 2 and g∈H 

=+=+= −
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8
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m
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

 

since H∩CL(g )={g,g-1} and (g)= (g -1)=1,g=(q,I),q∈ Q2m 

and 1,  qxq m
 

(iv)  if gH Since H∩CL(g)=  
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2. H= 〈(y, I)〉  ={(1,I),(y,I),(y2,I),(y3,I), (1, z2),(y, z2),(y2, 

z2),(y3,z2)} 

(i) If g=(1,I) or g=(1,z2)  H∩CL(1,I)={(1,I), (1,z2)} 

 
)(
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)(
)(
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
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8
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(ii) If  g= ( Ixm , )=(y2,I) or g=(y2,z2) and g∈ H 
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Since H∩CL(g)={g} ,𝜑(g)=1 

(iii) g=(y,I) or g=(y3,I) or g=(y,z2) or g=(y3, z2) and g∈H 
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 0)()2,1( = + gl  since H∩CL(g)=∅ 

3- H= 〈(xy, I)〉  ={(1,I),(xy,I),((xy)2,I),((xy)3,I), (1, z2),(xy, 

z2),((xy)2, z2),((xy)3,z2)} 
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(ii) If  g= ( Ixm , )=((xy)2,I)=(y2,I) or 
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)=((xy)2,z2)=(y2,z2) and g∈ H 
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Since H∩CL(g)={g} ,𝜑(g)=1 

(iii) If g=(xy,I) or g=((xy)3,I) =(xy3,I) or g=(xy,z2) 

 or g=((xy)3, z2) =(xy3, z2) and g∈H 
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since H∩CL(g )={g,g-1} and (g)= (g -1)=1 
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 0)()2,2( = + gl since H∩CL(g)=∅ 

Case (III):  

If H is a cyclic subgroup of (Q2m×{z}),then: 

1.H=〈(𝑥, 𝑧)〉= ),( 2zx = ),( 3zx  

2. H=〈(𝑦, 𝑧)〉 = ),( 2zy = ),( 3zy  

 3. H=〈(𝑥𝑦, 𝑧)〉 = ),( 2zxy = ),( 3zxy  

And  the principal character of  H, j Artin characters of 

Q2mwhere 21 + lj then by using Theorem 2 

1.H=〈(𝑥, 𝑧)〉 

(i) If g=(1,I) or g=(1,z)or g=(1,z2) or g=(1,z3) and g∈H
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 since H∩CL(g)={(1,I),(1,z),(1,z2),(1,z3)}  

(ii) If g=(1,I) or g=(xm,I) or g=(xm,z) or g=(1,z)or g=(xm,z2 ) or 

g=(1,z2)or g=(1,z3) or g=(xm,z3 ) and g∈H  
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since H∩CL(g)={g},𝜑(g)=1

 (b)If g=(xm,I) or g=(xm,z) or g=(xm,z2) or g=(xm,z3 ) and g∈H
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since H∩CL(g)={g},𝜑(g)=1 

(iii) If g )},(),,(),,(),,{( 32 zxzxzxIx iiii= ,i≠m,i≠2m and g∈H 
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since H∩CL(g )={g,g-1} and (g)= (g -1)=1,g=(q,z)=(q,z3),q∈ 

Q2m and q≠
mx ,q≠1                                                                                      

(iv)  if g∉H Since H∩CL(g)=
 

 

2. H= ),( zy  ={(1,I),(y,I),(y2,I),(y3,I),(1,z),(y,z),(y2,z),(y3,z), 

(1,z2),(y,z2),(y2,z2),(y3,z2), (1,z3),(y,z3),(y2,z3),(y3,z3)} 

(i) If g=(1,I) or g=(1,z) or g=(1,z2 ) or g=(1,z3 )and g∈H                     

H∩CL(g)={(1,I),(1,z),(1,z2) ,(1,z3)} 

 )(
)(

)(
)(

42

)3,1( g
gC

gC
g

H

CQ

l

m

=


+

)1(.1.
16

16
1+=== lm

m
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(ii) If  g= ( Ixm , )=(y2,I) or g= (y2,z) or g=(y2,z2) or 

g=(y2,z3)  and g∈ H 

 )(
)(

)(
)(

42

)3,1( g
gC

gC
g

H

CQ

l

m

=


+

)(1.
16

16
1

m

l xm
m

+===  

Since H∩CL(g)={g} ,𝜑(g)=1 

(iii) g=(y,I)or g= (y,z)or g=(y,z2) or g=(y,z3) or g=(y3,I2)or  

g= (y3,z) or g= (y3,z2) or g= (y3,z3) and g∈H 

 ))()((
)(

)(
)( 1

)3,1(

42 −

+ += gg
gC

gC
g

H

CQ

l

m



)(2)11.(
16

16
1 yl+==+=  

since H∩CL(g )={g,g-1} and (g)= (g -1)=1 

Otherwise  

0)()3,1( = + gl since H∩CL(g)=∅ 3.H= ),( zxy

={(1,I),(xy,I),((xy)2,I)=(y2,I),((xy)3,I)=(xy3,I),(1,z),(xy,z),  

((xy)2,z)),((xy)3,z),(1,z2),(xy,z2),((xy)2,z2)),((xy)3,z2),(1,z3)(xy,z3)

,((xy)2,z3)),((xy)3,z3)} 

(i) If g=(1,I) or g=(1,z) or g=(1,z2) or g=(1,z3)       

H∩CL(g)={g} 

)(
)(

)(
)(

42

)3,2( g
gC

gC
g

H

CQ

l

m

=


+

)1(1.
16

16
2+=== lm

m
   

(ii)  If  g= ( Ixm , )=((xy)2,I)=(y2,I) 

or g=((xy)2,z)=(y2,z)or g=((xy)2,z2)=(y2,z2)  

or g=((xy)2,z3)=(y2,z3) and g∈ H 

)(
)(

)(
)(

42

)3,2( g
gC

gC
g

H

CQ

l

m

=


+

)(1.
16

16
2

m

l xm
m

+===  

Since H∩CL(g)={g} ,𝜑(g)=1 

(iii) If g=(xy,I) or g= ((xy)3,I) or g= (xy,z) or g= ((xy)3,z) or 

g= (xy,z2) or  

(iv) g= ((xy)3,z2) or g= (xy,z3) or g= ((xy)3,z3) and g∈H 

 

))()((
)(

)(
)( 1

)3,2(

42 −

+ += gg
gC

gC
g

H

CQ

l

m



)(2)11.(
16

16
2 xyl+==+=  

since H∩CL(g )={g,g-1} and (g)= (g -1)=1 

Otherwise  

 0)()3,2( = + gl since H∩CL(g)=∅ 

Proposition 9:If ,2 21

21
nr

n

rrh pppm =   such that 
ip

's are all distinct primes, 2ip and  g.c.d 1),( =ji pp for all 

i=1,2,⋯,n , h and ri any positive integers then: 

















=

)(00

)()(0

)()()(

)(

2

22

222

42

m

mm

mmm

m

QM

QMQM

QMQMQM

CQM
 

Which is 

 [3(r1+1)(r2+1)⋯(rn+1)(h+2)+6]×[3(r1+1)(r2+1)⋯(rn+1)(h+2)+6] 

square matrix M (Q2m) is similar to the matrix of the proposition 

6. 

Proof :By Proposition 8 we obtain the Artin's characters Table 

Ar(Q2m×C4) of the group (Q2m×C4) when m=

nr

n

rrh ppp ....2 21

21  ,h,r∈ Z+and p is prime number and from the 

Proposition8 we get the rational valued characters table 

))
4

(( 2 CQ m 


of the group (Q2m×C4) when m=

nr

n

rrh ppp ....2 21

21  ,h,r∈ Z+and p is prime number. 

Thus, by definition of M(G) we can find the matrix M(Q2m×C4) 

when 
nr

n

rrh ppp ....2 21

21  ,h,r∈ Z+and p is prime number. 

1

424242 ))(()()( −


= CQCQArCQM mmm

)(

)(00

)()(0

)()()(

42

2

22

222

CQM

QM

QMQM

QMQMQM

m

m

mm

mmm

=

















=  

Example 1: 

Consider the group (Q48×C4), we can find the matrix  M(Q48×C4)  

by using: 
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1

42.342.342.3448 ))(()()()( 444

−


== CQCQArCQMCQM

 























































































































=

100111111100

110011111100

101000000000

111100000000

111120000000

111122000000

111122200000

101000020000

111100022000

111120022200

111122022220

111122222222

000000000000

000000000000

000000000000

000000000000

000000000000

000000000000

000000000000

000000000000

000000000000

000000000000

000000000000

000000000000

000000000000

000000000000

000000000000

000000000000

000000000000

000000000000

000000000000

000000000000

000000000000

000000000000

000000000000

000000000000

100111111100

110011111100

101000000000

111100000000

111120000000

111122000000

111122200000

101000020000

111100022000

111120022200

111122022220

111122222222

100111111100

110011111100

101000000000

111100000000

111120000000

111122000000

111122200000

101000020000

111100022000

111120022200

111122022220

111122222222

000000000000

000000000000

000000000000

000000000000

000000000000

000000000000

000000000000

000000000000

000000000000

000000000000

000000000000

000000000000

100111111100

110011111100

101000000000

111100000000

111120000000

111122000000

111122200000

101000020000

111100022000

111120022200

111122022220

111122222222

100111111100

110011111100

101000000000

111100000000

111120000000

111122000000

111122200000

101000020000

111100022000

111120022200

111122022220

111122222222

100111111100

110011111100

101000000000

111100000000

111120000000

111122000000

111122200000

101000020000

111100022000

111120022200

111122022220

111122222222

)( 42.3 4 CQM

 

Proposition 10:If ,2 21

21
nr

n

rrh pppm =   such that 
ip 's are all 

distinct primes, 2ip and  g.c.d 1),( =ji pp for all i=1,2,⋯,n , h 

and ri any positive integers then the matrices P(Q2m×C4) and 

W(Q2m×C4) are taking the forms : 

















−

−

=

)(00

)()(0

0)()(

)(

2

22

22

42

m

mm

mm

m

QP

QPQP

QPQP

CQP
 

Which is 

 [3(r1+1)(r2+1)⋯(rn+1)(h+2)+6]×[3(r1+1)(r2+1)⋯(rn+1)(h+2)+6] 

square matrix . 

And  

















=

)(00

0)(0

00)(

)(

2

2

2

42

m

m

m

m

QW

QW

QW

CQW  

which is  

[3(r1+1)(r2+1)⋯(rn+1)(h+2)+6]×[3(r1+1)(r2+1)⋯(rn+1)(h+2)+6] 

square matrix . 

Proof : 

By using the proposition 9 taking the matrix M(Q2m×C4) and the 

above forms P(Q2m×C4) and W(Q2m×C4) then we have : 

P(Q2m×C4). M(Q2m×C4).W(Q2m×C4) =  

diag }1,1,1,1,1,1,1,1,1,2,,2,2,2,2{

]3)2)(1()1)(1(3[ 21

 
 timehrrr n −−++++

 

                                                          =D(Q2m×C4) 

which is 

[3(r1+1)(r2+1)⋯(rn+1)(h+2)+6]×[3(r1+1)(r2+1)⋯(rn+1)(h+2)+6] 

square matrix . 

Example 2:  

To find the matrices P(Q48×C4) and W(Q48×C4) by the proposition 

7 to find P(Q48) and W(Q48) : 













































−

−

−−

−

−

−

−

−

−

−

−

=

100000000000

110000000000

100000000000

111100000000

000110000000

000011000000

000001100000

000000110000

000000011000

000000001100

000000000110

000000000011

)( 42.3
QP













































−−−−−−−

=

100111111100

010100000000

001111111100

000100000000

000010000000

000001000000

000000100000

000000010000

000000001000

000000000100

000000000010

000000000001

)( 42.3
QWand

 

And by the proposition 9 then: 

















−

−

=

)(00

)()(0

0)()(

)(

48

4848

4848

448

QP

QPQP

QPQP

CQP

















=

)(00

0)(0

00)(

)(

48

48

48

448

QW

QW

QW

CQWand
 

Example 3:To find D(Q48×C4) and the cyclic decomposition of 

the factor group  

We find the matrices P(Q48×C4) and W(Q48×C4) as in example 2 

and M(Q48×C4) as in example 1,then : 

P(Q48×C4).M(Q48×C4).W(Q48×C4)= 

     

diag{2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,1,1,1,1,1,1

,1,1,1}=D(Q48×C4) 

Then by Theorem 5 we have  

                     AC(D(Q48×C4)= 2

27

1
C

i=
  

The following theorem gives the cyclic decomposition of the 

factor group AC(D(Q2m×C4)) when m= nr

n

rrh ppp ....2 21

21 

,h,r∈ Z+and p is prime number  . 

Theorem 7:If m= nr

n

rrh ppp ....2 21

21  ,h,r∈ Z+and p is prime 

number then the cyclic decomposition of  AC(Q2m×C4) is : 

AC(D(Q2m×C4))= 2

3)2)(1()1)(1(3

1

21

C
hrrr

i

n −++++

=


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Proof :By using the proposition 9,we can find matrix M(Q2m×C4) 

and by the proposition 10,we find P(Q2m×C4) and W(Q2m×C4) 

when m=
nr

n

rrh ppp ....2 21

21  ,h,r∈ Z+and p is prime number: 

P(Q2m×C4). M(Q2m×C4). W(Q2m×C4)= 

                                  diag{2,2,2,2,2,2,…,2,2,2,1,1,1,1,1,1,1,1,1} 

Then ,by the theorem 6 we have : 

AC(D(Q2m×C4))= 2

3)2)(1()1)(1(3

1

21

C
hrrr

i

n −++++

=



 

Example 4:Consider the groups (Q7087500×C4) ,(Q98000×C4),then : 

1. 
2

537

1
4.7.5.3247087500 )()( 542 CCQACCQAC

i=
==  

2. 
2

141

1
4.5.72498000 )()( 324 CCQACCQAC

i=
==  
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