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Abstract 
 
A spacecraft combined attitude and sun tracking system (CASTS) is a synergized system in which solar array drive assemblies are used 
as sun trackers and simultaneously as attitude control actuators. This paper, a continuous research on CASTS, addresses its attitude con-
trol problem. The kinematics and dynamics equations of a rigid spacecraft attitude motion is inherently nonlinear. In the att itude regula-
tion problem, the attitude motion can be treated as a simple linear system for a constrained range of operating conditions, but it has im-

pacts on the accuracy of the linear model when a model-based controller is implemented. Naturally, this is a compromise between sim-
plicity and accuracy that all design engineers have to face. In this paper, we present a systematic approach to improve the accuracy while 
preserving the model as linear as possible, by deriving a quasi-linear approximation of a nonlinear spacecraft attitude motion. The quasi-
linear approximation is based on the framework of the Takagi–Sugeno (T–S) fuzzy model. If a spacecraft can be modeled in the form of 
a rule-based T-S fuzzy system that acts as an interpolator between linear state-space systems, an approach called parallel distributed con-
trol (PDC) can be used to stabilize the attitude motion. The design philosophy of PDC is to create a simple fuzzy controller,  where each 
rule’s consequent is a control law designed to stabilize the linear system in the corresponding consequent of the spacecraft T-S fuzzy 
system. Numerical results validate that the attitude and sun-tracking performances are achievable using the proposed PDC strategy. 

 
Keywords: attitude control; fuzzy control; parallel distributed compensation; spacecraft; Takagi–Sugeno fuzzy model. 

 

1. Introduction 

One of the latest satellites added to the list of spacecraft failures is 
the Zuma satellite, a secretive United States government satellite 

that was launched by SpaceX on 8 January 2018 [1]. A total loss 
of spacecraft can cost the government billions of dollars. A com-
mon cause of spacecraft failure is the reaction wheel faults on one 
of the rotational axis and, leaving the effects of external disturb-
ances uncompensated, leading to spacecraft tumbling about the 
three axes, roll, pitch, and yaw [2]. 

An expansive way to recover from a tumbling state is to use the 
reaction thrusters. To save on the propellant consumption, the 

Solar Array Drive Assembly (SADA), a type of momentum ex-
change device for “orientating” the solar arrays directly at the Sun 
for maximum conversion of sunlight, can be exploited for attitude 
controls. The idea of SADA is pioneered by Varatharajoo based 
on the innovations of synergistic systems for small satellites [3–4]. 
For a bi-wing three-axis stabilized spacecraft, a differential torque 
can be generated when the two solar arrays are rotated at different 
angular rates. This attitude control architecture is known as the 
Combined Attitude and Sun Tracking System (CASTS) [5]. 

The previous study on the CASTS was based on linearized atti-
tude dynamics on the pitch axis. The proposed attitude control 
scheme in this paper deals with the nonlinear multivariable control 
problem of attitude motion, with the objective to stabilize the atti-
tude in the presence of disturbance and to track the Sun simulta-
neously. The remaining part of this paper is organized as follows. 
The CASTS control architecture is described in the Section 2. The 
fuzzy modelling of a rigid spacecraft and control problem formu-

lation are developed in the Section 3. The fuzzy parallel distribut-
ed controller (PDC) is designed in the Section 4. The stability 

condition for asymptotic stability is provided in Section 5. The 
simulation results are discussed in the Section 6, followed by the 
conclusions given in the last section. 

2. CAST system architecture 

As shown in Figure 1, the SADA is the critical component of the 

CASTS control architecture, which serves as a torque generator 
between the solar array and the main hub.  On a typical bi-wing 
three-axis stabilized Earth satellites, SADAs and the solar arrays 
are mounted on the pitch axis. 

 
Fig. 1: CASTS control architecture. 

2.1 Sun Tracking Control 

For Sun tracking in a single plane, the solar arrays is rotated by the 
SADAs. Since the SADA uses a brushless DC motor, it can be 
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modelled as first-order system after neglecting the electrical dy-
namics 
 
𝜔𝑚(𝑠)

𝜔𝑐(𝑠)
=

1

𝜏𝑚𝑠+1
 (1) 

 
where 𝜔𝑚 is the angular velocity of the motor, 𝜔𝑐 is the angular 

velocity commanded by the control law, and 𝜏𝑚 is a time-constant 

of the motor. The aim is to drive the error between 𝜔𝑚 and 𝜔𝑐 to 

zero. 

2.2 Attitude Manoeuvre Control 

In Figure 1 the desired control torque, 𝑇𝑐𝑦 for controlling the pitch 

attitude and tracking the Sun simultaneously, can be generated by 
rotating the north and the south solar array paddles at different 
angular velocities about the pitch axis of the spacecraft while 

maintaining a low incident angle with relative to the Sun axis to 
ensure a maximum power-point tracking. 

By Newton’s second law for rotational motion, 𝑇 = 𝐼�̇�, and the 

Pythagorean trigonometric identity cos2(𝜃) + sin2(𝜃) = 1 , the 
net torque, 𝑇net(𝑠), can be written in Laplace transform as a result 

from the differential torques generated by both SADA actuators 

 

𝑇net(𝑠) = 𝑇𝑛(𝑠) − 𝑇𝑠(𝑠) = (
1

𝜏𝑚𝑠+1
)𝑇𝑐𝑦(𝑠) (2) 

 

where 𝑇𝑐𝑦  is the control torque commanded by the fuzzy PDC 

control law. The actual torques produced by the rotations of the 
north and south wings are denoted by 𝑇𝑛 and 𝑇𝑠, respectively [6] 

 

𝑇𝑛(𝑠) =
𝐼𝑎𝑠

𝜏𝑚𝑠+1
[𝜔⨀+

𝑠2+2𝜔⨀
2

𝑠(𝑠2+4𝜔⨀
2 )
(𝜔𝑐𝑠)⏟          

𝜔cos

] (3) 

 

𝑇𝑠(𝑠) =
𝐼𝑎𝑠

𝜏𝑚𝑠+1
[𝜔⨀−

2𝜔⨀
2

𝑠(𝑠2+4𝜔⨀
2 )
(𝜔𝑐𝑠)⏟          

𝜔sin

] (4) 

 
where 𝐼𝑎 is the moment of inertia about the pitch axis of each solar 

array, and 𝜔⨀ is the reference Sun tracking speed (assumed to be 

the same as the orbital velocity of the satellite). 

3. Fuzzy modelling of a rigid spacecraft 

In this section, the attitude dynamics of a rigid spacecraft is mod-
elled by means of Takagi–Sugeno (T–S) fuzzy model. 

3.1 Takagi–Sugeno (T–S) fuzzy model 

The fuzzy model proposed by Takagi and Sugeno [7], uses a set of 
reasoning rules in the form of If-Then linguistic descriptions to 
represent the local linear input-output relations based on the deri-
vations from the given nonlinear system equations. The advantage 
of using a Takagi–Sugeno fuzzy model allows the local dynamics 

of each fuzzy implication to be expressed by a linear state-space 
representation. Consider a T–S fuzzy system with 𝑅 rules of the 

form [8, 9]: 
 

𝑅𝑖 If 𝑧1 is 𝑀1
𝐾 ∧…∧ 𝑧𝑛 is 𝑀𝑛

𝐿 , Then �̇�𝑖 = 𝐀𝑖𝒙 + 𝐁𝑖𝒖 (5) 

 
where 𝑧𝑛(𝑡) is the premise variable which may be functions of the 

state vector, 𝒙(𝑡) ∈ ℝ𝒏  that varies continuously with time 𝑡 ; 

𝒖(𝑡) ∈ ℝ𝒎 is the input vector; 𝑀𝑛
𝐿 is the fuzzy set; 𝐀𝑖 ∈ ℝ

𝒏×𝒏 is 

the state matrix and 𝐁𝑖 ∈ ℝ
𝒏×𝒎 is the input matrix.The state-space 

representation, 𝐀𝑖𝒙 + 𝐁𝑖𝒖 at each linear consequent rule is called 

a ‘subsystem.’ The output of the fuzzy system is a time-varying 
system described by the defuzzification procedure: 

�̇�(𝑡) =
∑ {𝜇𝑖(𝑧(𝑡))[𝐀𝑖𝒙(𝑡)+𝐁𝑖𝒖(𝑡)]}
𝑅
𝑖=1

∑ 𝜇𝑖(𝑧(𝑡))
𝑅
𝑖=1

 (6) 

 
or 
�̇�(𝑡) = 𝐀(𝑡) ⋅ 𝒙(𝑡) + 𝐁(𝑡) ⋅ 𝒖(𝑡) (7) 

 
where the time-varying state matrix is 𝐀(𝑡) = 𝜉1(𝑡)𝐀1+
𝜉2(𝑡)𝐀2 +⋯+ 𝜉𝑅(𝑡)𝐀𝑅 , the time-varying input matrix is 

𝐁(𝑡) = 𝜉1(𝑡)𝐁1+ 𝜉2(𝑡)𝐁2+⋯+ 𝜉𝑅(𝑡)𝐁𝑅 , and 𝜉𝑖(𝑡) , 𝑖 =
1,… , 𝑅 are the fuzzy basis function described by: 

 

𝜉𝑖(𝑡) =
𝜇𝑖(𝑧(𝑡))

∑ 𝜇𝑖
𝑅
𝑖=1 (𝑧(𝑡))

, 𝑖 = 1,… , 𝑅. (8) 

3.2 Construction of fuzzy model 

Consider the following rigid spacecraft system which has the non-
linear mathematical model in Euler angles form: 
 

[
 
 
 
 
 
 �̇�

�̇�
�̇�
�̇�𝑥
�̇�𝑦
�̇�𝑧]
 
 
 
 
 
 

=

[
 
 
 
 
 
 
 
 
0 0 0 1 𝑠𝜙 tan 𝜃 𝑐𝜙 tan 𝜃

0 0 0 0 𝑐𝜙 −𝑠𝜙
0 0 0 0 𝑠𝜙 sec 𝜃 𝑐𝜙 sec 𝜃

0 0 0 0 0 (
𝐼𝑦−𝐼𝑧

𝐼𝑥
)𝜔𝑦

0 0 0 (
𝐼𝑧−𝐼𝑥

𝐼𝑦
)𝜔𝑧 0 0

0 0 0 0 (
𝐼𝑥−𝐼𝑦

𝐼𝑧
)𝜔𝑥 0 ]

 
 
 
 
 
 
 
 

[
 
 
 
 
 
𝜙
𝜃
𝜓
𝜔𝑥
𝜔𝑦
𝜔𝑧]
 
 
 
 
 

+

[
 
 
 
 
 
 
 
0 0 0
0 0 0
0 0 0
1

𝐼𝑥
0 0

0
1

𝐼𝑦
0

0 0
1

𝐼𝑧]
 
 
 
 
 
 
 

[

𝑢𝑥
𝑢𝑦
𝑢𝑧

] (9) 

 

where 𝑠𝜙 = sin𝜙 , 𝑐𝜙 = cos𝜙 , {𝐼𝑥 , 𝐼𝑦 , 𝐼𝑧}  are the principal mo-

ments of inertia, and {𝑢𝑥, 𝑢𝑦 , 𝑢𝑧} are the control inputs to the sys-

tem to be designed via the parallel distributed compensation ap-

proach in Section 4. 

If small angles and 𝐼𝑥 = 𝐼𝑧  are assumed, then the model can be 

reduced to a quasi-linear system: 
 

[
 
 
 
 
 
 �̇�

�̇�
�̇�
�̇�𝑥
�̇�𝑦
�̇�𝑧]
 
 
 
 
 
 

=

[
 
 
 
 
 
 
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

0 0 0 0 0 (
𝐼𝑦−𝐼𝑧

𝐼𝑥
) �̇�

0 0 0 0 0 0

0 0 0 0 (
𝐼𝑥−𝐼𝑦

𝐼𝑧
) �̇� 0 ]

 
 
 
 
 
 

[
 
 
 
 
 
 
𝜙
𝜃
𝜓

�̇�

�̇�
�̇�]
 
 
 
 
 
 

+

[
 
 
 
 
 
0 0 0
0 0 0
0 0 0
𝐼𝑥
−1 0 0

0 𝐼𝑦
−1 0

0 0 𝐼𝑧
−1]
 
 
 
 
 

[

𝑢𝑥
𝑢𝑦
𝑢𝑧

]. (10) 

 

Defining 𝑧1 = −(
𝐼𝑦−𝐼𝑧

𝐼𝑥
) �̇�  and 𝑧2 = (

𝐼𝑥−𝐼𝑦

𝐼𝑧
) �̇� , then, the state-

space system can be rewritten as 
 

[
 
 
 
 
 
 �̇�

�̇�
�̇�
�̇�𝑥
�̇�𝑦
�̇�𝑧]
 
 
 
 
 
 

=

[
 
 
 
 
 
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 −𝑧1
0 0 0 0 0 0
0 0 0 0 𝑧2 0 ]

 
 
 
 
 

[
 
 
 
 
 
 
𝜙
𝜃
𝜓

�̇�

�̇�
�̇�]
 
 
 
 
 
 

+

[
 
 
 
 
 
0 0 0
0 0 0
0 0 0
𝐼𝑥
−1 0 0

0 𝐼𝑦
−1 0

0 0 𝐼𝑧
−1]
 
 
 
 
 

[

𝑢𝑥
𝑢𝑦
𝑢𝑧

]. (11) 

 
In order to construct a T–S fuzzy system that exactly represents 
the nonlinear system, Eq. (10), we consider an axisymmetric 

spacecraft with principal inertias 𝐼𝑥 = 𝐼𝑧 = 3102, 𝐼𝑦 = 564, and 

assume the bounded domain 𝒳  is defined by 

�̇� ∈ [−0.0002,0.0002] , and �̇� ∈ [−0.0002,0.0002] . Then the 
minimum and maximum values of 𝑧1  and 𝑧2 can be obtained as 

follows: 

 

min𝒳 𝑧1 = min𝒳 𝑧2 = −
9

55000
, max𝒳 𝑧1 = max𝒳 𝑧2 =

9

55000
.(12) 

 
The membership functions that describe the fuzzy sets on the 𝑧1 

and 𝑧2 universes are given by [8] 

 

𝜇NEG(𝑧1) =
max𝒳 𝑧1−𝑧1

max𝒳 𝑧1−min𝒳 𝑧1
, 𝜇POS(𝑧1) =

𝑧1−min𝒳 𝑧1

max𝒳 𝑧1−min𝒳 𝑧1
, (13) 

𝜇NEG(𝑧2) =
max𝒳 𝑧2−𝑧2

max𝒳 𝑧2−min𝒳 𝑧2
, 𝜇POS(𝑧2) =

𝑧2−min𝒳 𝑧2

max𝒳 𝑧2−min𝒳 𝑧2
. (14) 
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Fig. 2: Fuzzy sets on the universes of 𝒛𝟏 and 𝒛𝟐. 

 

The rule base of the T–S fuzzy system is 

 𝑅1: If 𝑧1 is NEG and 𝑧2 is NEG, then �̇�1 = 𝐀1𝒙+ 𝐁𝒖, 

 𝑅2: If 𝑧1 is NEG and 𝑧2 is POS, then �̇�2 = 𝐀2𝒙+ 𝐁𝒖, 

 𝑅3: If 𝑧1 is POS and 𝑧2 is NEG, then �̇�3 = 𝐀3𝒙+ 𝐁𝒖, 

 𝑅4: If 𝑧1 is POS and 𝑧2 is POS, then �̇�4 = 𝐀4𝒙+ 𝐁𝒖, 
where 
 

𝐀1 =

[
 
 
 
 
 
 
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

0 0 0 0 0
9

55000

0 0 0 0 0 0

0 0 0 0 −
9

55000
0 ]
 
 
 
 
 
 

, 𝐀2 =

[
 
 
 
 
 
 
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

0 0 0 0 0
9

55000

0 0 0 0 0 0

0 0 0 0
9

55000
0 ]
 
 
 
 
 
 

𝐀3 =

[
 
 
 
 
 
 
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

0 0 0 0 0 −
9

55000

0 0 0 0 0 0

0 0 0 0 −
9

55000
0 ]

 
 
 
 
 
 

, 𝐀4 =

[
 
 
 
 
 
 
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

0 0 0 0 0 −
9

55000

0 0 0 0 0 0

0 0 0 0
9

55000
0 ]

 
 
 
 
 
 

 (15) 

 
This T–S fuzzy model exactly represents the nonlinear system, Eq. 

(10) in �̇� ∈ [−0.0002,0.0002], and �̇� ∈ [−0.0002,0.0002]. 

4. Control system design 

This section presents the design procedure of parallel distributed 
compensation for the T–S fuzzy model of spacecraft attitude dy-
namics.  

4.1 Parallel distributed compensation 

The design approach of parallel distributed compensation (PDC) 
was originally proposed by Kang and Sugeno [10] to provide a 
systematic procedure to design a set of linear controllers in form 
of a fuzzy system based on a given T–S fuzzy model. The design 
procedure was then improved by Tanaka and Sugeno [11] and the 
duo analysed the stability of the fuzzy PDC-based control system. 

Later, Wang, Tanaka, and Griffin [12] coined the design proce-
dure ‘parallel distributed compensation.’  

In a way, the working principle of a fuzzy PDC is similar to the 
gain scheduling, because it continuously varies the linear control-
ler gains depending on the state of the system process. In the PDC 
design, each control If-Then rule is constructed from the corre-
sponding rule of a plant fuzzy model in Eq. (5), or more specifi-
cally each rule’s consequent is a control law designed to stabilize 

the linear state-space,�̇�𝑖 = 𝐀𝑖𝒙 + 𝐁𝑖𝒖 in the corresponding conse-
quent of the plant fuzzy system. Hence, the rule premises of the 
fuzzy controller share the same fuzzy sets with the plant fuzzy 
system. 

For a nonlinear system given by the T–S fuzzy model in Eq. (5), 
the pole placement technique can be used to design the PDC, 
which is another fuzzy system with R rules of the form [8, 9]: 
 

𝑅𝑖 If 𝑧1 is 𝑀1
𝐾 ∧…∧ 𝑧𝑛 is 𝑀𝑛

𝐿 , Then 𝒖𝑖 = −𝐊𝑖𝒙 (16) 

 
where 𝐊𝑖  are the local feedback gains to be determined to ensure 

that the eigenvalues of 𝐀𝑖 −𝐁𝑖𝐊𝑖  stays in the left half-plane of the 

complex plane. 

The output of the fuzzy controller is 
 

𝒖(𝑡) = −
∑ {𝜇𝑖(𝑧(𝑡))[𝐊𝑖𝒙(𝑡)]}
𝑅
𝑖=1

∑ 𝜇𝑖(𝑧(𝑡))
𝑅
𝑖=1

= −[∑ {𝐊𝑖𝜉𝑖(𝑡)}
𝑅
𝑖=1 ]𝒙(𝑡). (17) 

 
Remark 1: Although the feedback gains 𝐊𝑖  in the fuzzy controller, 

Eq. (17) are designed using the pole placement technique to en-

sure local stability of 𝐀𝑖 −𝐁𝑖𝐊𝑖 , the global design conditions are 
needed to guarantee the global stability and control performance, 

which will be provided in Section 5. 

4.2 Stable controller design via pole placement 

Given the integrated state-space model (combined kinematics and 
dynamics) 
 

�̇�𝑖 = 𝐀𝑖𝒙 + 𝐁𝒖, (18) 

 
and the desired transient and stability performance 
 

�̇�𝑖 = −𝚲𝒙, (19) 
 
where the stabilizing matrix 𝚲 contains elements such as the de-

sired damping term2𝜁Ω and the stiffness term Ω2 

 

𝚲 =

[
 
 
 
 
 
 
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
Ω𝑥
2 0 0 2𝜁𝑥Ω𝑥 0 0

0 Ω𝑦
2 0 0 2𝜁𝑦Ω𝑦 0

0 0 Ω𝑧
2 0 0 2𝜁𝑧Ω𝑧]

 
 
 
 
 
 

, (20) 

 
then, by equating Eqs. (18) and (19), a state feedback controller 
can be computed: 
 

𝒖𝑖 = 𝐁−1(−𝚲−𝐀𝑖)𝒙. (21) 

 
Thus, we can design a parallel distributed controller 
 

𝒖𝑖 = −[

𝑘𝑝𝑥 0 0 𝑘𝑑𝑥 0 −𝐼𝑥𝑧1
0 𝑘𝑝𝑦 0 0 𝑘𝑑𝑦 0

0 0 𝑘𝑝𝑧 0 𝐼𝑧𝑧2 𝑘𝑑𝑧

]𝒙 = −𝐊𝑖𝒙, (22) 

 
which places the closed-loop eigenvalues of each consequent of 

the spacecraft T–S fuzzy system at the desired poles 𝜆 that satis-

fies the equation 
 
𝚲𝒙 = 𝜆𝒙. (23) 

 
The rule base of the fuzzy PDC controller is designed as 

 𝑅1: If 𝑧1 is NEG and 𝑧2 is NEG, then 𝒖1 = −𝐊1𝒙, 

 𝑅2: If 𝑧1 is NEG and 𝑧2 is POS, then 𝒖2 = −𝐊2𝒙, 

 𝑅3: If 𝑧1 is POS and 𝑧2 is NEG, then 𝒖3 = −𝐊3𝒙, 

 𝑅4: If 𝑧1 is POS and 𝑧2 is POS, then 𝒖4 = −𝐊4𝒙, 
where  
 

𝐊1 = [
0.0124 0 0 11.2913 0 −𝐼𝑥min𝒳 𝑧1
0 0.0023 0 0 2.053 0
0 0 0.0124 0 𝐼𝑧min𝒳 𝑧2 11.2913

]

𝐊2 = [
0.0124 0 0 11.2913 0 −𝐼𝑥min𝒳 𝑧1
0 0.0023 0 0 2.053 0
0 0 0.0124 0 𝐼𝑧max𝒳 𝑧2 11.2913

]

𝐊3 = [
0.0124 0 0 11.2913 0 −𝐼𝑥max𝒳 𝑧1
0 0.0023 0 0 2.053 0
0 0 0.0124 0 𝐼𝑧min𝒳 𝑧2 11.2913

]

𝐊4 = [
0.0124 0 0 11.2913 0 −𝐼𝑥max𝒳 𝑧1
0 0.0023 0 0 2.053 0
0 0 0.0124 0 𝐼𝑧max𝒳 𝑧2 11.2913

]

. (24) 
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4.2 Integral control action 

If the performance of the fuzzy PDC results in unsatisfactory 
steady-state error, then an integral control action can be introduced 
into the control loop. Steady-state error is often reduced, if not 

totally eliminated, by the integral control action, but care must be 
taken because it raises the system order by one, thus resulting in a 
higher-order system that tends to oscillate unstably. 

5. Stability analysis 

According to the stability theorem in [11] that follows directly 

from the Lyapunov stability theory, all 16 of the following linear 
matrix inequalities (LMIs) must be satisfied by one positive defi-
nite symmetric matrix 𝐏 

 
(𝐀1 − 𝐁𝐊1)

𝑇𝐏+ 𝐏(𝐀1 − 𝐁𝐊1) < 𝟎, (𝐀3 − 𝐁𝐊1)
𝑇𝐏+ 𝐏(𝐀3 − 𝐁𝐊1) < 𝟎

(𝐀1 − 𝐁𝐊2)
𝑇𝐏+ 𝐏(𝐀1 − 𝐁𝐊2) < 𝟎, (𝐀3 − 𝐁𝐊2)

𝑇𝐏+ 𝐏(𝐀3 − 𝐁𝐊2) < 𝟎

(𝐀1 − 𝐁𝐊3)
𝑇𝐏+ 𝐏(𝐀1 − 𝐁𝐊3) < 𝟎, (𝐀3 − 𝐁𝐊3)

𝑇𝐏+ 𝐏(𝐀3 − 𝐁𝐊3) < 𝟎

(𝐀1 − 𝐁𝐊4)
𝑇𝐏+ 𝐏(𝐀1 − 𝐁𝐊4) < 𝟎, (𝐀3 − 𝐁𝐊4)

𝑇𝐏+ 𝐏(𝐀3 − 𝐁𝐊4) < 𝟎

(𝐀2 − 𝐁𝐊1)
𝑇𝐏+ 𝐏(𝐀2 − 𝐁𝐊1) < 𝟎, (𝐀4 − 𝐁𝐊1)

𝑇𝐏+ 𝐏(𝐀4 − 𝐁𝐊1) < 𝟎

(𝐀2 − 𝐁𝐊2)
𝑇𝐏+ 𝐏(𝐀2 − 𝐁𝐊2) < 𝟎, (𝐀4 − 𝐁𝐊2)

𝑇𝐏+ 𝐏(𝐀4 − 𝐁𝐊2) < 𝟎

(𝐀2 − 𝐁𝐊3)
𝑇𝐏+ 𝐏(𝐀2 − 𝐁𝐊3) < 𝟎, (𝐀4 − 𝐁𝐊3)

𝑇𝐏+ 𝐏(𝐀4 − 𝐁𝐊3) < 𝟎

(𝐀2 − 𝐁𝐊4)
𝑇𝐏+ 𝐏(𝐀2 − 𝐁𝐊4) < 𝟎, (𝐀4 − 𝐁𝐊4)

𝑇𝐏+ 𝐏(𝐀4 − 𝐁𝐊4) < 𝟎

. (25) 

 
Using a numerical LMI solver, it can be verified that the following 
symmetric matrix 𝐏 

 

𝐏 = 108 ⋅

[
 
 
 
 
 
0.0000 −0.0000 0.0000 0.0003 0.0000 0.0000
−0.0000 0.0000 −0.0000 −0.0000 0.0042 −0.0000
0.0000 −0.0000 0.0000 0.0000 0.0000 0.0003
0.0003 −0.0000 0.0000 1.5520 −0.0000 0.0000
0.0000 0.0042 0.0000 −0.0000 2.1548 −0.0000
0.0000 −0.0000 0.0003 0.0000 −0.0000 1.5520 ]

 
 
 
 
 

  

 
is positive definite because all its eigenvalues are positive 
 
𝜆 = {144.5244, 144.5244, 2260.3, 1.5520 ⋅ 108 , 1.5520 ⋅ 108 , 2.1548 ⋅ 108}  

 
and it satisfies all these 16 LMIs. Therefore, we are guaranteed 
that the designed fuzzy PDC controller is able to drive the Euler 

angles to converge to zero in the above closed-loop control system. 

6. Numerical results 

In this section, the effectiveness of the proposed control scheme is 
demonstrated by numerical simulations. The spacecraft is assumed 
to travel in a circular orbit with an altitude of 499.075 km, with 

the orbital period of 5667 seconds and to track the Sun at 360° per 
orbit. The simulation settings for the attitude control system are 
shown on Table 1. 
 

Table 1: Simulation settings for attitude control system 

Parameters Values 

Spacecraft’s  

principal moments of 

inertia (kg-m
2
) 

[

𝐼𝑥
𝐼𝑦
𝐼𝑧

] = [
3102
564
3102

] 

Solar array moment 

of inertia (kg-m
2
) 

𝐼𝑎 = 7.35 

Orbital velocity 

(rad/s) 

𝜔⨀ = 0.001108732 

External  

disturbance torques 

(Nm) 

[

𝑇𝑑𝑥
𝑇𝑑𝑦
𝑇𝑑𝑧

] = [

2.4 sin(𝜔⨀𝑡)

2.4 sin(𝜔⨀𝑡) + 1.8 cos(𝜔⨀𝑡) + 6

1.8 cos(𝜔⨀𝑡) + 6

] ⋅ 10−6 

Desired attitude 

pointing accuracy 
0° ± 0.1° 

Initial attitude of the 

spacecraft [

𝜙(0)

𝜃(0)

𝜓(0)
] = [

3°
6°
9°

] 

PDC gains See Eq. (24) 

Integral gain (pitch-

axis only) 

𝑘𝑖𝑦 = 4.0672 × 10
−7 

 

 

 

 

 
Fig. 3: Time responses of Euler angles under fuzzy PDC only (a & b) and 

PDC with integral control action (c & d). 

 

A set of subplots in Figure 3 show the time responses of the Euler 
angles, where Figures 3a and 3b are under fuzzy PDC and Figures 
3c and 3d are under fuzzy PDC with integral action. For compari-
son purposes, the subplots are split into transient and steady-state 
responses. The fuzzy PDC is able to stabilize the spacecraft atti-
tude in the presence of external disturbances as shown in Figures 
3a and 3c, and the results are consistent with the stability analysis. 
In Figure 3b, however, it is relatively easy to observe that the off-

set on the pitch attitude at steady-state is fairly significant when 
compared to the other two Euler angles. If the pitch accuracy is 
unsatisfactory, the integral action can be introduced to the pitch 
dynamics to alleviate the offset as shown in Figure 3d. 
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(a) Transient response of Euler angles under fuzzy PDC only
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(b) Steady-state response of Euler angles under fuzzy PDC only
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(c) Transient response of Euler angles under PDC with integral action
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(d) Steady-state response of Euler angles under PDC with integral action
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Fig. 4: Relative nominal orientation of the solar arrays (a) and angle of 

incidence on the solar arrays (b). 

 
On the Sun-tracking performance, both solar arrays are able to 
track the Sun with a good precision. From the measured angular 
velocity of the solar array 𝜔𝑎, and computing sin(𝜔𝑎𝑡) for track-

ing the apparent trajectory of the Sun, the relative nominal orienta-
tions of the solar arrays are plotted on Figure 4a. As expected 
from Eqs. (3–4), the solar arrays can only follow the Sun's trajec-

tory, but cannot track the Sun perfectly, because the differential 
torque is constantly generated to stabilize the attitude error, even 
in the eclipse phase. 

Another way to measure the performance of the solar array in 
Sun-tracking is the angle of incidence between the incoming Sun-
light and the solar array. Figure 4b shows the angle of incidences 
are regulated under 0.5° and this is highly desirable because a 5° 
Sun pointing error will cause a drop in the power generation by 
0.4% due to cos(5°) = 0.996. 

7. Conclusion  

In this paper, we have designed a fuzzy controller to deal with the 
spacecraft combined attitude and Sun tracking control problem, 
which is a nonlinear system, via the parallel distributed compensa-
tion approach. The dynamics of a rigid spacecraft is characterized 
using a Takagi–Sugeno fuzzy model. The main contribution of 
this paper is about providing a simple yet systematic framework 

for the modelling, design and stability analysis of a nonlinear 
spacecraft attitude control system using fuzzy logic. The parallel 
distributed compensation approach shares the same problem-
solving philosophy as the principle of divide and conquer. The 
stability condition to ensure asymptotic stability is highlighted. 
Numerical simulations on the spacecraft with CASTS configura-
tion have shown that both the attitude and Sun trajectory tracking 
capabilities are well achieved using the proposed fuzzy PDC 

scheme with the integral control action. 
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(a) Solar Array Tracking of Sun path
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(b) Angle of incidence between incoming sunlight and the arrays
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