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Abstract

In this manuscript, we work to accomplish the Krasnoselskii's fixed point theorem to analyze the existence results for an impulsive
neutral integro-differential equations with infinite delay and non-instantaneous impulses in Banach spaces. By deploying the fixed point

theorem with semigroup theory, we developed the coveted outcomes.
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1. Introduction

In this paper, we consider the impulsive neutral integro-
differential equation with infinite delay of the model

% [w()-G(t, Wy, (HiW)(1))]= Aw(t) + Go(t, wy, (Haw)(1)) +

G3(ta Wi, (H3W)(t))r te (Sirt i+l]r i= 01..N, 1= [O!T] (l)
wt)=h;(t,wy) forte(t;,s;],i=1.2,...N, (2)
Wo=¢ € B, (©)

where the operator A is the infinitesimal generator of a analytic
semigroup {T(t)}:o in a Banach space X having norm Il and M is
a positive constant to ensure that ||T(t)|| <M, Gj: 1 X B x X —
X, j = 1,23 are given X- valued functions, H; j = 1,2,3 are
described as (H; w)(t) :fot ej(t, s, w, )ds where g;: D x By >X,j =
1,23;D={(t,s) eI x1:0<s<t< T}are suitable functions, and
By, is a phase space characterized in preliminaries. Here 0 =ty < t;
<t, <+ <ty <ty = T. For any continuous function w indicated
on (-, T] and any t > 0, we represent by w; the part of By
specified by wy(0)=w(t+0) for 6 € (-0, 0]. The following wy(*)
denote the history of the state from time -co, up to the current

time t.

The study of abstract differential equations with non-instantaneous
impulses was initiated recently by Hernandez and O’Regan in [1].
Lately, M. Pierri, D. O'Regan and V. Rolnik [3] study the
existence results of some abstract differential equations with non-
instantaneous impulses with the help of fractional powers of
operators and semigroup theory.

Our objective here is to give existence results for the given
problem by using semigroup theory. In section 2, we recall some
preliminary results and definitions which will be utilized
throughout this manuscript. In section 3, we present and prove the
existence of solutions for the given problem. Our approach here is

based on Krasnoselskii’s fixed point theorem. Finally in section 4,
an application is given to demonstrate the gained results.

2. Preliminaries

Let X be a Banach space provided with the norm I-l. Consider the
analytic semigroup {T ()}, bounded linear operators in X. Let A :
D(A) — X be the infinitesimal generator of {T(t)}o. Then it is
possible to determine the fractional power A® for 0 <a < 1, as a
closed linear operator on its domain D(A)%, being dense in X. If
X represents the space D(A)* endowed with the norm
lIx1*=[14 “x]|, x € D(A?).

Then the following properties are well known. With this
discussion, we recall fundamental properties of fractional
powersA® from Pazy [2]. Now we consider the space

B},= PC((-o0, T), X)={w: (-0, T]—X such that wyeC(l,X) and
there exists w(t;) and w(ty),wo =@ € By, k=0,1,2,..m}
Where w, is the restriction of w to I, =(t, tx4+1], set || - ||B;1be the
seminorm in By, defined by ||W||BL:||¢||Bh+ sup{jw(s)|: S€ [0, T]}
, W E By,.

3. Existence results

Definition 3.1: A function w: (-o0,T]—X is called mild solution of
model (1)-(3) if wo=¢ €Bh on (-0,0] w(t)=h;(t,w,) for t €
(ti ,si] and for each i = 0,1,...N, the constraint of w(.) to interval
(0, T] — {tq, t2, t3, ty, ..... t,, } is continuous and for each s€[0,T)
the function AT(t-s)G4(s, ws,fot e; (s, T,w,)dT) is integrable and
sub-sequent impulsive integral equation is
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t
T(O[d (0) — G1(0,,0) + & + f At,ds
0

t t
+ f§3ds + f §4ds,t € [O,tl]
0 0

h;(t, wy), t € (t;,s;] fori=1,2,3,...,N.
W(t)= 1( t) (1 1]

t
T(t — ) [h(s;, wy) — & + & + f At,ds

Si

t t
+ f§3ds + f§4ds te (Si'ti+1']
Si Si

Where & = T(t — )G (s,Ws .J; ex (t,5,wy))ds for j =2,34 and
k=123, & =G1(t,wt,f0t ey (t,s,wo)ds) and &5=Gy(s;,Ws,
f()Si e; (55, T, wy))dr.

In order to study the existence results for the problem (1)- (3) we
need to list the following hypotheses:

(H1) For the infinitesimal generator A of a compact analytic
semi-group O€ g (A) there exist conststants My and M, such that
IT®llLx <M, forallt>0,M, = ||A7F||,

and ||(A)1# T(ts)| < (t'i':)‘f_ﬂ O0<t<T.

(H2) For the continuous function Gq:1x By, X X — X there exist a
positive constant Be(0,1), Kg, > 0,Kg > 0 and Kg . > 0such
that Gy is Xg- valued and for all (t, ;) € IX By, X,y€X, j=1,2;
()||APG1(t, @1, %) — ABGl(tKPZ;Y)”x < Kg,ll@1— @2llg, +
Kgllx - yllxxyeX;
(ii) [|APG1 (t, @, 0)||, < K, ll@llg, +Kg, and Kg, =

maxe; [|APG4(t,0,0)]|.

(H3) For the continuous function G:1 X By X X = X is strongly
measurable and we can find mg,:[0,T] - (0,) and a non-
decreasing function Qg,: [0, )~ (0, o) such that for all ('t, ¢;)
€ IXBy, j=1.2; x in X [|G2(t, @, X)[Ix < mg,(O)Qq, (o]l +
IxIDs,-

(H4) There exists positive constants Kg, > 0, KAG3 >0 and
Kg, > 0and the continuous function Gz: Ix By, x X - X for all
( t, @j) € IX By, j=1,2;such that 0]
1G3(t, @1,%) — G3(t, @2, Y)|Ix < Kg, @1 — @2|lp, +Kg,|Ix —
yllx , Xy € X;
(ii) |1APG3(t, @, 0)[Ix < K, |l@llp, +Kgq and K¢, =

maXx [|G1(t,0,0)]l .

(H5) For
Kp, > 0,which is considered as a constantand I =
1,2,..,N, such that [[hi(t,@1) —h;(t, @2)llx < Kp, ll@1 —
@2|lg,, for each t € (t;, s;] and all @4, @, € By,

(H6) The functions e; : D X By, — Xare continuous and there
exist constants Ke, >0, K¢ > 0to ensure that |le;(t,s, @) —
ej(t,s, W)llx < K¢ ll@ — W|lp, (t5)€ D, @, ¥ € Bf; and K; =
max ||e;j(t,s,0)||x, j=12,3.

(H7) The following inequalities holds: Let M;[Ky (Diq +

* M- 6 —
Ca)+ K JH(Mo (1M [ (Ke, +Kg, TKe,)

Diq + p;M;Tmg,(8)Qc, [(1+TK,,) Dig+p2]+ MM, T[( K¢, +
“Kg, T Ke,) Dig+p;]< q,t € [0, T] where

plz[(KG1+KEITKe1) cn+KEITK;1+K*G1]:
P2=Cn+TK, TK;Z,
P3= [(KG3+K/(;3TKe3) cn+K/(;3TK;3+KE3]-

Theorem 3.1. Suppose that the hypotheses (H1)-(H7) hold. Then
the structure (1)-(3) has a unique solution on I. Then

M;_gT#
B

A" =D} {Mlxhi + ((1 + M;)M, + > [Ke, + Ke, TKe, | +

M;D;[Kg, + KGaTKes]} <1 @)

Proof:
The problems (1)-(3) will be transformed into a fixed point
problem. Consider the operator ®: By, — By, by

(@w)(® t t
TO[P(0) — G4 (0, ¢, 0] + & + f A, ds + f £,ds
0 0

t
+f &,ds forte [0,t,],
0

= h;(t, w), t € (t;,s4], fori=1,2,...,N,

t t
T(t — s)[hi(si ws,) — &] + & +f A%,ds +f E,ds

t
+ f £,ds , for te [si tiyl. )
Si

Obviously the fixed points of the operator & are mild solutions of
the model (1)-(3).

If w(.) fulfills (5), we can easily split it as w(t) = u(t) + v(t),
for all t €], this means wy = u; + v. Let By = {u € Bj:uy =
0 €Bp}. Let |l.llgybe the seminorm in By described by

lullgy = supterllu(®llx + lluollp, = supterllu(®llx, u € By as

aresult (B, |l . ”B{,’) is a banach space.

Consider B, = {u € By: |lullx < q} for some q = 0; then for
each q, Bq c By is clearly bounded closed convex set. For
u € By, llus + vsllp, < Dillullx + (D1M; + D3)ll¢lls,.

In the event that [|ullx < q,q > 0 then

”us + Vs”B]1 = D; + ¢ (6)

where ¢, = (DiM; + D3)ll¢llg,. We introduce the operator
®:By —» By where @ maps By(0,By)) into B4(0,By). For any
u(.) € By,

t t
_T(t)Gl(O, o, 0) + El + J‘ AEZdS + J’ §3d5 +
0 0

t
f £,ds ,forte [0,t],
0

h;(t, ue + v, t € (t;, s4], fori = 1,2, ..., N,

t
T(t— si)[hi(si, ug, + Vsi) - ES] +& + f At,ds +

Si

t t
f £,ds + f gds fortelsutd  (7)
Si Si

Where &, = G, (t, u; + vy, fot e; (t,s,ug + VS)dS),

@ =

S
& = AT(t—s)G, (s, ug + st e; (s, t,up + VT)d‘E),
0
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& = T(t—s) Gy(s,ug + vg, fos e (s, T, ug + vy)do),

£, = T(t-s) G5(s, ug + vg, fos es(s, T, ug + vy) dt) and

& = Gy(si, U, + Vs;, Jy eq(si T, g+ ve) dr). From this, it is
understood that the operator ® has a fixed point if and only if ®
has a fixed point. Give us a chance to demonstrate that ® has a
fixed point. Now, we enter the main proof of the theorem. To
apply Krasnoselskii’s fixed point theorem, we introduce the
decomposition

d =3, o} + 3}, &7

t t
STOG,(0,8,0) + & + fzz ds + fa s,
forot € [O,tl],0

0, forte€ [t,tiyq], 120
hi(t, Ug + Vt)l for t € (tii Si],i = 152: ey N:

(@fw® = ;
T(t—s)[hi(si, us, +vs,) — & +& + f &, ds
Si
t
+ IE‘L ds,
Si
for t € [Si,ti+1],i =12,..,N.
Jy&s ds,t € [0,t,],
(‘Dlzu)(t): O, for t € (ti' Si],

fsti g ds, for t € [s;,ti4q],i=12,..,N.

For better readability, we divide our results into four steps.
Step 1: First we show that ®{u(t) + ®7u(t) € By,
whenever u € By. Forall u € By, we have
(i) || @fu(® + dfu®|| < MM, [Kg, ll@ll 5, + Kg,] +

B ~
[MO + Ml‘;T] [(Kg, + R, TKe; ) Diq+p;] +

Mo M; T [(Kg, + Kg,TKes ) Dig+ ps| + M;Tmg,(s)Qg,
[(1 4+ TKe;)Diq + p.] < q,t € [0,t,],

(i) || @fu(® + P7u®)| < Kp,(Diq+cy) + Kj <q,

fort € (tir Si]-

(i) || ®ful® + d2u®]| < M;[Kp,(Diq +cn) + K | +

L —s:)B _
(Mo(l + M) + W) [(Kg, + Rg, TKe, )Diq +

p1|+M; (tis1 — smg, (s)Qg, [(1 + TKe,)Diq +
p2l+MoM; (tiy1 — si)[(Ke, + Kg,TKe; )Diq +ps] <q,
fort € (Sirti+1]-

(i) || ®fu(®) + @Fu(®)|| < M, [Ky,(Djq +cn) + K, | +

M,_g T - .
(Mo(l + M)+ B‘* ) [(Kg, + K, TKe; )Diq +

p1]M1TmG2 (s)Qg,[(1 + TKe;)Diq + p2]+M0M1T[(K63 +
Kg,TKe; )Djq+ps] < g t €[0,T], where  py,py psare
independent of . dividing both sides by g, we have ®lu(t) +
®7u(t) € By.

Step 2: Next we will show that ®* = YN ®! is a contraction.
From the definition of ¢lu(t), ®1u(t) and the assumption of (H,),
(H,) and (Hg), we get

M @ + PPu®)| < D;[(Mo + Ml}fTB) (Ke, +

K, TKey ) +MoM;T[Kg, + K, TKes]lllu —llg,t € [0,t,].
(i) || (@fw)(® — (@D ®]| < DiKp,lu—llgr, t€ (& s,
(il || @Hu)(© = (@I O] < D{MiKs, + (Mo(1+ M) +

. —s:)B —~
W) [Kg, + R, TKe; [+MoM; (ti4; — 5:)D3[Kq, +

KG3TK‘33]}>< [lu— 1_1”13;.’, t€ (s, tiv1)

) [| (P10)® = (@} DO < DMKy, + (M1 + M) +
M;_g TP = B =
%) [Ke, + K¢, TKe; |[+MoM; Di[Kg, + Kg,TKes|}Hlu—
tllgy,t€ (0,T] < A*|lu — ullgy, where A" = Di{M; Ky, +

B ~
(Mo(l + M) + %) [Ke, + g, TKe, |+MoM;D;[Kg, +

Kg,TKes|}< 1. $lu(t) is a contraction.
Step 3: Next we will prove that ®? is compact and continuous.
We split the proof into three parts

Let the sequence uy, such thatu, — u in By,. Then for
all te 1 by the definition of ®2u(t), ®? u(t) and by assumptions
H(3) and H(6)
[(@Zum)(®) — (PFu)(@®)|| < Myty|Ga(s,ul + v, fos e, (s, 1,
u? + v )dt — Gy (s, ug + vg, fos e, (5,7, ug+vode| ,te [0,t4]
[[(PFum)(®) = (PFu)O < Mitiss = s0) [|Ga(s uf +
Vs, fos e, (s, 7, ull + v)dt — Gy (s, ug + vg, fos e, (s, T, ug +
vodr|| ,t€ [s;, tiy1] and Gy, Gz are continuous, we know that
[[(@Zum)(® — (@Zu)(t)|| -0 as n— oo,u, —» u which shows
that &2 is continuous.
(b) ®?maps bounded sets into bounded sets in B;,
It is sufficient to demonstrate that for any R > 0,there exists
R’ > 0 such that for each u € By = u € By" :|lull pc <R, we
have ||®?u || 5 » < R’. From the definition of ®?u (t),
ll(@ “sw® || < Mitimg, (5)6, [(1+Ke,) Dy Q+p], te [o,t1],
[l(@ *sw® || < Ma(tirs = smg, ()%, [(1+Ke,)Dr Q+p2],
t€ [si, tizq],
(@ WO <M Tmg, ()2, [(1+K,)DrQ+p2] <Rt €
[0, T].
Then we conclude that @2 maps bounded sets into bounded sets.
(c)Finally, we exhibit that &2 maps bounded sets into
equicontinuous set.

For, interval te [s;, tis1], si <l <1, <tjyq, i= 1,...,N, for
every u(t) € By, by definition of (d 2,u)(t) and hypotheses H(3)
and H(6),

(I(@% w)() — ®%u)(y) || < Myl —1;) mg, (5)Q, [(1 +
Ke,Diq + p2]+(1; — s)lIT(; —s) — T(; —s) || mg,(s)Qg,
+[(1+K,,) D1g+p,], t € [s;, tis1], as 1; — Ithe right hand side
tends to zero is equicontinuous.

Step 4: d7 maps B into a precompact set in By,

Now, we shall prove that®? is relatively compact in @2,
Obiviously @2 is relatively compact in By, for t = 0,0< ¢ < t, for
UEB,. We define

(P u)(1)=T(e) fOt_ST (t —s — &) Gy(S, ugtvs, fos e, (s, T, ug +
vo)dt ds.

For the reason that T(tf) is compact operator, V.(t) =
{( q)iz,s u)(t):ueBy}is relatively compact in X for every is
relatively compact inX for every € , for every 0 < ¢ <t,
for eachu e B,

l(@2u)® - (@7u) |

t
< f M;mg, (8)Q,[(1 + Ke,)Diq + p,]ds
t

—€
< €[A] = Oase = 0.

which are relatively compact sets arbitrarily close to the set
Ve (t),t > 0asaresult Ve (t) is relatively compact in X. From the
above steps, it follows by the Krasnoselskii’s fixed point theorem,
we get that ® has at least one fixed point u(t) € B; . With these, a
fixed point of the operator @ is the mild solution u of the problem
(1) - (3). This finishes the verification of the hypothesis.
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3. Applications (4]

To epitomize our hypothetical results, now, we consider the
following INIDE with infinite delay of the structure

2luw {[1, a1t xs = 0P (uls,x)ds +
fot f_sm K, (s, OP,(u(r, x))dtds}] = ;—;u(t, x) {f_tm a,(t,x,s —
9Q, (u(s,x))ds + fot f_soo K, (s, 1)Q,(u(t,x))dtds +
{f_tm az(tx,s — Qs (uls,x))ds +
fot f_soo K3(s, D)Qq(ulr, x))dtds}} ,X€[0,m],t € [0,b],t # ty,

(8)
u(t,0)=0=u(t,m) =0,t=>0 9)
u(t,x) = @(t,x),t € (—x,0],x € [0,], (10)

u;(t,x) = f_toon(ti —s)u(s,x)ds, (t,x) € (tj,si] x [0,m],  (11)

The prefixed real numbers are 0 <t; <t, <. <t, <b and
@ € By, . Let X = L?[0,n] whose norm is |- |2 and determine
the operator A: D(A) € X —» X by Aw = w" with the domain
D(A) = {(wEX: w,w' are absolutely continuous, w" €
X,w(0) = w(m) = 0}. Then Aw = X%, n®(w,wy) wp,w €

D(A), in which wpy(s) = /(%) sin(ns),n = 1,2,..,

is the orthogonal set of eigenvectors of A. T(Hw =
Y e ™ (w, wy)wy, forallw € X, and every t > 0. For each
w € X, (A)zw = XL () (w,wy)w,  and ”(A)E =1,

g([0,b] X By X 12) € D(—A)3,

[1(A)2Gy (t, @1, 1y)x — (A)2Gy (t, @2, 12)X < Ni[|l@g — @2]llp, +
|y — pzl]for N; > 0and

1 1

[[(A)2G3(t, @1, u1)x — (A)z G (t, @z, Hp)X < N2[||(P1 = @.]|lg, +
[ny — Hz|]f01' N, > 0.

The continuous functions Q;,i = 1,2 are defines for each (0,x) €
(—o0,0] x [0,7],and

0<Qi(u®®) <TII (f_ooo e?8||u(s, )|l.z ds)and the continuous
non decreasing function is defined as II: [0, ] — (0, ) and we
can take Qg, (r) = II(r) in (H3). Presently we can see that

T 0
HGZ(tr @, HZ(P)HLZ = f <J‘ a; (tl X, e)Ql((\o(e)) (X)de
0 —00

1

2 2
+ (quo(e))(x)> dx
< {[f(,“(ml(t, 0 dy [+ [[7(ma (t))iax]g}n(ncpuh)
< [ (®) + Vrm, (01 (lelln) < m®lell)

Since II: [0, ] — (0,%) is a continuous and non decreasing
function, We can take m(t) = {m;(t) + vVmm,(t)}. Along these
lines the condition (H3) holds. Hence by theorem 3.1, we
comprehend that the system (8)-(11) has a unique mild solution on
l.
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