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Abstract 
 

In this paper, we consider an impervious Oblate spheroid placed in a fully saturated porous medium, where in the flow is governed by 

Brinkmann flow equation. We  assume that the  spheroid is performing rectilinear harmonic oscillations along the axis of symmetry with 

a speed u.  The flow is studied under the Stokesian approximation. The expressions for the velocity and pressure fields are obtained in 

terms of Legendre  functions,  associated Legendre functions and  Radial and Angular spheroidal wave functions. We obtain an expres-

sion for the drag experienced by the spheroid, and  numerically study its variation with respect to the flow parameters and display its 

variation  through graphs. 
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1. Introduction 

A class of problems of interest for researches in fluid mechanics 

over  years is constituted by the oscillating flows generated by the 

rectilinear or rotary oscillations of axially symmetric bodies in an 

infinite expanse of viscous liquid  which is otherwise at rest. 

When we review the equations describing such  flows, we recog-

nize that the equations are not solvable unless some simplifying 

assumptions are made.  One such simplifying assumption is that 

nearer to the oscillating body the viscous terms in the governing 

Navier-Stokes  equation predominate over the acceleration terms.  

Neglecting the acceleration terms ( which are also called inertial 

terms) we get a linearized version of the equations for the deter-

mination of the flow field . The assumption is referred to as 

Stokesian assumption and this is allowable when the maximum 

distance travelled by a fluid particle nearer  to the oscillating body 

over one period of motion is smaller than the characteristic length 

corresponding to the body as observed by  Pozrikidis [1].   Sir 

G.J.Stokes about one and half centuries back studied the flow 

generated by the oscillations of a pendulum    under this assump-

tion [2]. 

In 1950's   Kanwal studied the oscillatory flows generated by the 

rotary and longitudinal oscillations of axisymmetric bodies in a 

viscous liquid which is otherwise at rest. The bodies considered 

there in are sphere, spheroid ( both  Prolate and  Oblate ) ,  elliptic 

cylinder and a flat plate [3]. In some incompressible fluids of dif-

ferent kinds are  also studied in  [4,5,6] . The authors have earlier 

studied the Stokes flow past a Prolate spheroid and Oblate sphe-

roid in Brinkmann medium, Rectilinear oscillations of a prolate 

spheroid in a saturated porous medium [7,8].In this paper  we  

propose to study the rectilinear oscillations of an oblate  spheroid 

placed in a porous medium where in the flow field is governed by 

Brinkmann equations. We obtain the components of velocity and 

the drag experienced by the spheroid and  study the  variation of 

the drag numerically with respect to the  porosity parameter and 

size of the spheroid and frequency parameter. 

 

2. Mathematical Formulation 

 
Consider the flow of an incompressible viscous fluid in a (saturat-

ed) porous medium due to the rectilinear oscillations of an Oblate 

spheroid along its axis of symmetry. Let the spheroid oscillate 

with speed of oscillation Ueiωt. The schematic diagram of the flow 

as shown in Figure.(1) 

 

 
Fig. 1: Schematic Diagram of the Flow 

 

Let c be the semi focal distance of the ellipse generating the oscil-

lating oblate spheroid. Equations describing the viscous fluid flow 

in the porous region are . 0q           (1) 

*
( )

dq
p q q

dt k


                (2) 

where k* is the permeability of the porous medium.  Let   , ,    

denote a spheroidal system of coordinates with  ,e ,ee   as unit 

base vectors and   1 2 3h ,h ,h as a scale factors. The flow generat-
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ed by the oscillations of the spheroid is assumed to be axially 

symmetric and in view of this, all the flow field variables are in-

dependent of the angular coordinate variable  .  we assume that 

the velocity 

  ( , ) u( , ) ( , )i t i tq q e e v e e 
         

 
                            (3)       (5.3) 

In view of the continuity equation (5. 1), we introduce stream 

function ( , ) i te     through  

2 3 1 3;h h u h h v
 

 

 
  

 
          (4) 

Let the pressure p be written as ( , , ) ( , )ei tp t P                    (5) 

Using (3), (4) and (5) in equation (2) after cancellation of i te  and 

that equation by eliminating pressure we get 

         4 2

*

1
0

i
E E

k


 



 
   
 

                         (6)  

   Here 2E is the Stokes steam function operator given by 

2 3 2 1

1 2 1 3 2 3

h h h
E

h h h h h h   

       
                

                       (7) 

Introducing  

2

2 *

1i

c k

 


                                    (8) 

Here  we note that   is a non-dimensional  parameter  depending 

on the oscillation parameter PT and porosity parameter Pe defined 

by  
2 *

2
; Pe

c k
PT

c




                                (9) 

Here ,     is genuinely  complex .      is real if 0PT   ie., if 

there is no oscillation.  2 is purely imaginary if we have non-

porous medium.   For numerical work we take  as the square 

root of 
1

iPT
Pe

  whose real part is +ve. 

(6) can be written as  

2
2 2

2
0E E

c




 
  

 
 

                                                 (10) 

3. Solution of ψ: 

Let 1 2    be the solution of (10) is obtained by super 

imposing the solution of 2 0E    and 
2

2

2
0E

c




 
  

 
 

 

We note that ψ has satisfy the following conditions 

1.Far away from the oscillating body there is practically no flow 

and the function 0   

2.At the boundary of oscillating body we adopt the no slip condi-

tion:  the velocity of a fluid element on the body equals that of the 

oscillating body 

Let us  introduce    sinh ; cost                                      (11) 

With this, the scale factors of the coordinate system turn out to be  

2 2
1 2h h c t     2 2

3 1 1h c t                                     (12) 

Hence (7) Becomes 

   
2 2

2 2 2

2 2 2 2 2

1
1 1 t

c ( t )
E

t


 

  
    

    

                (13) 

3.1 Solution of  2

1 0E    which satisfies the regularity condi-

tion in the flow field and vanishing of velocity far away from the 

body   is seen to be 

 2 2 2 (1) (1)
1

1

( 1)(1 ) (i ) ( )n n n

n

Uc t A Q p t  





          (14) 

Here  (1)

nQ (s) and (1) ( )nP t are associated Legendre functions of the 

second and first kind respectively, and is given by  

 (1) 2( ) ( 1) ( )n n

d
Q i Q i

d
  


   , (1) 2(t) (1 t (t)n n

d
P P

dt
                        (15) 

3.2 Solution of   
2

2
22

0E
c




 
  

 
 

 which vanishes far away 

from the body and is regular on the axis of symmetry is given by 

 

 
(3) (1)2 2 2

2 1 1

1

( , ) ( 1)(1 ) (i , ) (i , )m m m

n

t Uc t B R S t     





     (16) 

where 
(3) (1)
1 1(i , ) ; (i , )m mR S t    are oblate radial and angular wave 

functions respectively [7]. 

 

These are respectively same as the prolate radial and prolate angu-

lar functions  (3)

1 ( , )nR i  ,and (1)

1 ( , )nS t   which are given by 

(3)
1 ( ,i )nR   

1
'

2 1

0,1

( 1)( 2) ( )n m
r

r

i r r d 








 
  
 
 

  

1
'2 2

1
33
20,1

2 1
( 1)( 2) ( )K ( )m

r
r

r

r r d


 
 






 
   

 
 

    

                                                                                                    (17) 

'
(1)1 1

1 1

0,1

( , ) ( )P (t)m
n r r

r

S t d 







                                            (18) 

Here  3

2

( )
r

K 


 is modified Bessel function of second kind, and  

(1)
1P (t)r

 is the associated Legendre function of the first kind.  The 

coefficients 1d ( )n
r i  in the above expansions are   constants de-

pending on the parameter i and the suffix r has the value 1,3,5,--

---  or 0,2,4,----depending upon the odd or even nature of (n+1) as 

in [7]. 

 

The solution of (10) which vanishes far away from the oscillating 

body and is regular in the flow region is given by 

2 2 2 (1) (1)

1

( , ) ( 1)(1 ) (i ) ( )n n n

n

t Uc t A Q p t   





      

      (3) (1)2 2 2
1 1

1

( 1)(1 ) ( ,i ) ( , )m m m

m

Uc t B R S t   





         (19) 

Here   {
nA } and {

nB } are all determined subject to the bounda-

ry conditions. 



642 International Journal of Engineering & Technology 

 

4. Boundary Conditions 

In view of the no slip conditions on the boundary, 

we require that 

2
0

0
2 2
0

( 1)
u( , t)

( t )

U t








                                                             (20)        (5.28) 

2
0

0
2 2
0

(1 )
v( , t)

( t )

U t 





 


                       (21) 

Rewriting these in terms of  , we need  

0

2 2
0( 1) tUc

t  







 


                        (22) 

0

2 2
0(1 t )Uc

 




 


  


                      (23) 

Using (19) and (22), and later multiply with ( )np t  ,integrate from 

-1 to 1  w.r.t.  t. On simplification we get 

 

(1) (3) 1 2

1 1 0 1

1

1
(i ) ( , ) ( ) ( 1) (24)

2n

m

n m m n n

m

A Q B R i d i     






   
 

Using (19) and (23), and later multiply with ( )np t  ,integrate from 

-1 to 1  w.r.t.  t. On simplification we get 

(3)2 1
11

1

( 1) (i ) ( 1) ( , ) ( )m
n n m nm

m

d
A n n Q B R i d i

d
    









    
   

   0 1n             (25) 

Eliminating An from (24) and (25) We get  

(3) (3)1 (1) 2
1 1 1

1

( ) (i ) ( 1) ( , ) ( 1) (i ) ( , )m
m n n nm m

m

d
B d i Q R i n n Q R i

d
       









      
  

  

2 2
1 0 0 0 1 1(i ) ( 1) ( 1) (i ) n

d
Q Q

d
     



 
    
 

2
0 1 0 1 1( 1) (i ) (i ) n

d
Q Q

d
    



 
   

 
 

1
2
0

1

( 1)
n





                               (26) 

Hence
mB ’s can be  determined by using the infinite system of 

non homogeneous linear equations in  
mB given by 

1

1

mn m n

m

B b





                                                                           (27)      (5.38) 

Where  

nm 
1

1( )m
nd i               

(3) (3)(1) 2
1 1(i ) ( 1) ( , ) ( 1) (i ) ( , )n nm m

d
Q R i n n Q R i

d
      



       
  

 

                    (28) 

   1
2
0

1

( 1)
n nb 





                  (29) 

 

5. Pressure Distribution  ( , t)P   

The equations that lead to the determination of pressure distribu-

tion are (3), (4), (5) and (2) and these can be rewritten as 

 2

*
1 2 3 2 3

1 1p
i E

h h h h hk

  
  

  

    
    

    
            (30) 

 2

*

2 1 3 1 3

1 1p
i E

h k h h h h

  
  

  

     
    

     

                                (31) 

Using the expression for    in (30) and simplifying, we get  

2

1

( 1) ( ) ( ) Anarbitraryconstantn n n

n

U
p A n n Q i p t

c








    

                         (32) 

6. Evaluation of Drag on the Spheroid 

The drag on the spheroid is given by 

0
i tDrag D e                                                        (33) 

where  

1
2 2 2 2

0
1

0 2 ( 1) ( 1) t (1 ) tc t dD t t    


     
          (34) 

After considerable manipulation   this reduces to the seemingly 

simple form 

2
2 2 2 1

0 0 0 0
2
0

4 1
2 1 1

3 2 1

A U
D c

c

 
   



 
    
  

         

     
2 2

2
0 0 1

8 1
1

3 2

c U
A

c

  
 

 
   

 
          

      2 2
0 0 1

8 1
1

3 2
Uc A


   

 
   

 
 

        2 2
0 0 1

1
1

8 2

3

i tDrag
A e

Uc

  



 
   

 
                      (35) 

                     1 2
i tK iK e    

                      1 2 cos sinK iK t i t     

                     1 2 1 2cos sin sin cosK t K t i K t K t        

 

Real part of drag  2 2
0 0 1

1
1

2

i tRe A e   
 

   
 

 

7. Numerical Work and Discussion 

To understand the variation in drag with respect to permeability 

parameter  and size of the spheroid 0s  we resort to numerical 

work. Since Bn’s are zero when n is even, we suppress the even 

suffixed Bn’s in system (27). We truncate the system to 5 by 5 

system and resort to numerical determination of B1, B3, B5, B7, 

and C9 as in the earlier chapters.  Then using these values and a 

consequence of the equation (24) with n=1, we determine A1 nu-

merically. Thus, the formula in (35) allows us to estimate the drag 

on the spheroid numerically.  For numerical evaluation we have 

taken   

0.001,0.015,0.02,0.03,0.04,0.05,0.06,0.07,0.08   
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0 0.2,0.3,0.4,0.5,0.6,0.8,0.9,1.0,1.2      

  and  
5

, , , , ,
12 6 4 3 12 2

t
     

   

 Fig 2, 3, 4 and 5 shows the variation of drag for different values 

of size 0  of the spheroid for fixed values of  and t  . We see 

that as the size of the spheroid increases the drag is seen to be 

increasing. 

 

 Fig 6, 7, & 8 show the variation of drag for different values of . 

We note that as the permeability parameter  is increasing, for a 

fixed value of 0 and t  the drag is seen to be increasing. 

 

 Fig 9,10,11,12 and13 shows the variation of drag for different 

values of t  for fixed values of   0  and     it seems to be fre-

quency (sine or cosine) curve. 

 
Fig. 2: Change in drag w.r.to  at fixed values of   0 = 0.2 and t . 

 

 
Fig. 3: Change in drag w.r.to    at fixed values of   0 = 0.5 and t  

 

 
Fig 4: Change in drag w.r.to    at fixed values of   0 = 0.8 and t  

   
Fig. 5: Change in drag w.r.to   at fixed values of   0 = 1.2 and t  

 

 
Fig. 6: Change in drag w.r.to 0  at fixed values of    = 0.001 and t . 

 
Fig. 7: Change in drag w.r.to 0 at fixed values of   = 0.002 and t  

 
Fig 8: Change in drag w.r.to 0  at fixed values of    = 0.003 and t  
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Fig. 9: Change in drag w.r.to t  at fixed values of   = 0.01 and 0 =0.3 

 

     Fig. 10: Change in drag w.r.to t  at fixed values of    = 0.05 and 0 =0.8 

 
       Fig. 11: Change in drag w.r.to t  at fixed values of     = 0.05 and 

0 =1.2. 

 
Fig. 12: Change in drag w.r.to t  at fixed values of   = 0.08 and 0 =0.8. 

 
    Fig. 13: Change in drag w.r.to t  at fixed values of    = 0.1 and 0 = 0.8 
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