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Abstract

In this paper, we propose new technique for solving time fractional gas dynamics equation using Laplace-Adomian Decomposition
method coupled with fractional complex transform. It is found that the tested examples reveal the present method is more reliable and

does not require strong assumptions.

Keywords: Gas Dynamics equation, Laplace-Adomian decomposition method, Fractional derivative, Fractional complex transform.

1. Introduction

In this paper, we consider the time fractional nonlinear gas
dynamics equation:

9%u

o= ~uu tku(l-uw +glxt) t>0, O0<as<1 (1)
Subject to the initial condition
u(x,0) = £(x) ©

Where g(x,t) , the source term and k is suitable constant.
The different types of gas dynamics equations in mathematical
physics have been handled by Evans et al [1] and Elizarova [2].
Numerical solution of nonlinear gas dynamics equations was
studied by many researchers. Das and Kumar [4] have applied
differential transform method (DTM) to solve the nonlinear gas
dynamics equations. Later, the same type of problems was solved
by applying fractional homotopy analysis transform method by
Rashidi et al [5]. In 2013, Jagdev Singh et al [19] have given the
numerical solution of (1) by homotopy perturbation method
coupled with Sumudu transform. Aminikanth et al [23] have
solved the same type of problem by new homotopy perturbation
method via Laplace transform. Recently, Tamsir et al [6] solved
the  similar type of problems by fractional reduced differential
transform method (FRDTM).

For the past two decades, many researchers have paid attention in
studying the coupling technique i.e., combination of two analytic
methods to solve nonlinear problems The Laplace Adomian-
Decomposition method is one such technique introduced by
Khuri[16] used to solve the class of nonlinear differential
equations. Later many researchers have handled this technique to
investigate many nonlinear problems. For example, Wazwaz [13]
used Adomian decomposition method coupled with Laplace trans-
form technique for handling nonlinear Volterra integro-differential
equations. The similar numerical technique was investigated by
Susmita Paul et al [12] for solving Lokta-Volterra Prey Predator
model which is dynamic in nature. Ongun [10] and Nurettin
Dogan[11] proposed this technique for solving the mathematical

model for HIV infection of CD4*Cells. Later the same method has
been applied for solving nonlinear fractional diffusion wave
equation by Jafari [14] and nonlinear partial differential equation
by Arun kumar et al [15].

2. Brief Analysis of Complex Fractional
Transform

2.1. Jumaries Fractional Derivatives

Jumaries fractional derivative is a modified Riemann-Liouvilles
derivative of order 'a ' defined as

Dé"fl(t) =

o (€= O Q) ~ £(0)]dg

1 d

Cah t =0 @ - fOldg, 0<a<1 @)

\[Fem ] ™,

a<0

m<a<m+1l m=>1

where f: R — R is a continuous function.
We list some important properties for the modified Riemann-
Liouvilles derivatives as follows:

()DE(c) = 0,a > 0,c is a constant @)

@@)DE[cf ()] = cDEf(t),a >0 )
apf — r+p) B-

(ii))DftP = Tipa) tPF~% B>a>0 (6)

()DE[f (g O] = [DEF(O]g(©) + fF(ODF g (D] @)
WDE[f(h(®))] = f(h(©))DEA(E) @)
2.2 Fractional Complex Transform Method

The fractional complex transform is the simplest approach in frac-
tional calculus which converts the fractional differential equation
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into integer order differential equation making the solution Where F(x,T) = L1 [EL[ G, T) + f(x)]]
procedure extremely simple [19, 20, 21, 22].The fractional ’ 5P
complex transform was The Adomian Decomposition presents the recursive relation
first proposed by Zeng Biao Li et al [20] and is defined as
uy = F(x,T) (23)
T = at® (9)
r+a Upyy = L1 EL(An)] — kLt EL(un)] n=01.2,.. (24)
_ bxF
X= r1+8 (10) Utilizing the Adomian polynomials (18) - (21) in to the recursive
relation (24), we get
y =22 (11)
ey up = L7 [FLA0)]| = kL [ELuo))| (25)
dz%
ri+é U, = L_l [iL(Al)] — kL_l [iL(ul)] (26)
Where a, b, ¢, d are unknown constants and 0 < a,8,y,6 < 1
-1 |1 —-1[1
Uy = L1 [;L(AZ)] — kLt [;L(uz)] @7

3. Basic Idea of Laplace-Adomian Decomposi-
tion Method

In this section, we discuss the general procedure for numerical
treatment of initial value problem of fractional gas dynamics
equation (1)

Applying the complex transformation [31], we get the following
nonlinear differential equation:

a—uz—uux+ku(1—u)+g(x,T) T>00<a<1

pre (13)

Applying Laplace transform on both sides of (13) and using dif-
ferential property, we have

L(w) =L(ku? —wwy) = SL@) + LG T + fF(0]  (14)

According to Adomian decomposition method, the solution u (x, T)
can be expanded as an infinite series
u(x! ) T) = Z?lo=0 Up (x' T) (15)

Where u,, for n > 0 can be computed recursively and ku? — uu,
is decomposed as
ku? —uu, = ¥, A, (16)

where 4,, n = 0,1,2 ... are Adomian polynomials of g, uy, us, ...
defined by

Ay = 2 k(S22 w)” - (S04 (B4 w,)] (D)

The first few Adomian polynomials are given by

Ay = kud —uouo, (18)
Ay = 2kuguy — ugly, — Uglg, (19)
Ay = 2kugu, + kuf —uguy, — uguy, — uzug, (20)
Az = 2kugug + 2kujuy — ugUs, — WUy, — Ul

—UzlUg, (21)

And so on.
Now, applying inverse Laplace transform to both sides of (14) and
using (15) and (16), we have

ot = L7 [FLER0 An)] = L7 [ L(E o0 )]

+F(x,T) (22)

4. Numerical Applications

Example 4.1. Consider the time fractional gas dynamics Eqn. (1)
with g(x,t) = 0,k = 1and u(x,0) = f(x) = e ™* =y,

we utilizing the egqns.(23) and (25) — (27), we can obtain the first
few components of series solution:

U, =e”* (28)

u, =Te™ (29)
TZ

U =e* (30)

Uz = T—Be"‘ (31)

Substituting the above components in to the Egn. (15), we have

u(x,T)ze‘x+e‘x( e )+£( & )2

F1+t3),z 2 \I'l+a
e—x tll
+ ()

That converges to the exact solution
ulx,t) =e**twhena =1
which is the same solution as obtained by DTM[4], FHATMI5],
HPTM[7], HPSTM[8], HAM [9], RDTM[17] and LTNHPM [23] .
Example 4.2. Consider the nonhomogeneous fractional gas
dynamics equation (1) with g(x,t) =—e'*, k=1 and
u(x,0)=f(x)=1—¢*
Utilizing the egns. (23) and (25) — (27), we can obtain the first few
components of series solution:

(32)

u0=1_e—x+T
u1=u2=u3="'=0

(33)

Substituting the above components in to the Egn. (15), we have

ulx,t) =1-— eﬂﬁ(ﬁ) (34)
that converges to the exact solution

u(x,t) =e**twhena=1

which is exactly the same as the result obtained by

DTM [4], FRDTM [6], RDTM[17]and LTNHPM [23].

Example 4.3. Consider the nonlinear fractional gas dynamics
equation (1) with k = loga

g(x,t) = 0and u(x,0) = f(x) =a™*

By utilizing the Egns. (13) and (15) — (18), we can obtain the first
few components of series solution given by
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uy=a”* (35)

u, = Ta *loga (36)

uy = a"‘(Tzl'oga)2 (37)
—X(T 1 )3

Uz = % (38)

And so on

Finally, substituting the above components in to the Egn. (15), we
Have

u(x,T) = a™ +a *loga (riu) + az_'!"(loga)z (r1t+a)
a™* 3(_t% 3
+5 (logay* (7177) +++ 39)

that converges to the exact solution

u(x, t) =e*twhena =1

which is exactly the same as the result obtained by
FHATM [5], FRDTM [6], HPTM [7] and RDTM[17].

5. Conclusion

In this paper, Laplace-Adomian decomposition method has been
successfully applied to solve time fractional gas dynamics
equation via fractional complex transform. The present technique
shows great potential to handle fractional nonlinear differential in
simple manner, does not require linearization, discretization and
small perturbation.
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