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Abstract

In this paper, we obtain the vertex hyper-Zagreb index for some composite graphs. Using the results obtained here, the vertex hyper-

Zagreb index for some important classes of graphs are obtained.
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1. Introduction

A chemical graph is a graph whose vertices denote atoms and
edges denote bonds between those atoms of any underlying chem-
ical structure. A topological index for a (chemical) graph G is a
numerical quantity invariant under automorphisms of G and it
does not depend on the labeling or pictorial representation of the
graph. Topological indices and graph invariants based on the dis-
tances between vertices of a graph or vertex degrees are widely
used for characterizing molecular graphs, establishing relation-
ships between structure and properties of molecules, predicting
biological activity of chemical compounds, and making their
chemical applications. These indices may be used to derive quanti-
tative structure-property or structure activity relationships
(QSPR/QSAR) for more details see [ Bollobs and Erds [3], Gutman
and Trinajstic[13], Randic [17], Todeschini and Consonni [20]].

For a (molecular) graph G, The first Zagreb index M(G) is the
equal to the sum of the squares of the degrees of the vertices, and
the second Zagreb index My(G) is the equal to the sum of the
products of the degrees of pairs of adjacent vertices, that is,

Mi(G) = > dg*(u)
uev (G)

= 2 (de(u) +ds (v)

uvekE(G)

MyG) = Y dg (u)dg (V).

uvekE(G)

There are different types of Zagreb indices were studied by vari-
ous authors. One of the important version of Zagreb indices, the
vertex first and second Zagreb indices were proposed by Tavakoli
et al.[10]. They are defined as

MLO) = 3 (dg(U)+de(v)),

{uviev(G)

ME G) = Zde (U)de (V) '
{uviev (G)

Shirdel et al. [9] proposed the another version of Zagreb index,
namely, hyper- Zagreb index, which is defined as

HM@) = 3 (dg (U) +dg (v))*.
uvek(G)
Similarly, the hyper-Zagreb co index is defined as

M (G) = Y (dg(u)+dg (v)?.
uvgE(G)
In this connection, we introduce the new version of Za-
greb index called vertex hyper-Zagreb index which is defined as

- % 2
HM1(G) = Z(de (u) +dg (V)"
{u<E(G)
The F -index was introduced by Furtula and Gutman
[4], and it is defined as

F=F@)= Y d*(u)

ueV(G)

= > (0" )+ de* @)

uveE(G)
They established a few basic properties of the forgotten topologi-
cal index and show that it can significantly enhance the physic-
chemical applicability of the first Zagreb index.
Khalifeh et al. [6] obtained the first and second Zagreb indices of
the Cartesian, join, composition, disjunction and symmetric dif-
ference of two graphs. Ashrafi et al. [1] obtained the first and
second Zagreb coindices of the Cartesian, join, composition,
disjunction and symmetric difference of two graphs.
In Fath-Tabar [3] and shirdel et al. [9] the hyper and third Zagreb
indices of some graph operations are obtained. The mathematical
properties for the third and hyper-Zagreb coindices of graph oper-
ations containing the Cartesian product and composition are ex-
plained by Gao et al. [5]. Pattabiraman and Seenivasan [7] ana-
lyzed Bounds of vertex Zegreb indices of graphs for more details
see[ Gutman [8], Gutman [9], ] Gutman ,Das [10],] Gutman, Furtula,
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Kovijanic Vukicevic and popivoda [11], Gutman, Tomovice , [12]].
In this paper, we obtain the vertex hyper-Zagreb index for some
composite graphs. Using the results obtained here, the vertex
hyper-Zagreb index for some important classes of graphs are
obtained.

2. Composite Graphs

Some chemically interesting graphs can be obtained by different
graph operations on general or particular graphs. Thus graph oper-
ations played a important role in chemical graph theory Doslic [3].
In this view, here we obtain the vertex hyper-Zagreb indices of
different types of operations of graphs.

2.1 Join

The join G + H of graphs G and H is obtained from the disjoint
union of the graphs G and H, where each vertex of G is adjacent to
each vertex of H.

Theorem 1.
Let G; be a graph with n; vertex and m; edges, i=1,2. Then

* N _* _ x
HM1 (G1+G2) = HM1 (Gy) + 4n; M1 (G) + HM1 (G) +

__* .

4ni M1 (G2) +mam, (Go)+mMy(Gy)
+N1N,(4n1Ny-2n3-20; +(n1+n2)2)
+4(Nn1+N,)(M1Ny+M,N4)+8Mym,.

Proof of theorem 1. Set V(G;) = {u;,U,,...,un} and
V(Gz) = {Vl,Vz,...,Vm}.
By definition of the join of two graphs, one can see that,

dG,(X)+n,; ifxeV(G)
dG,(X)+n; ifx eV (G,)

de1+c2(X) =

By the definition of vertex hyper Zagreb index,

Z (dg,.q, (U) +dg (v))*
{uVvieV (G+Gy)

= z (d G,+G, (u)+ d<31+<32 (V))z

UV (G)

+ Z(d G146, (u)+ dc;1+c52 (v))?

{uviev(Gy)
+ Z Z (dg i, (U)+dg .6, (v)?

ueVv (Gy) vev(G,)

= D (dg,(U) +dg (v)+2n,)?
VIV (G)

+ 3 (o, (W) +dg, () +2n,)°
{uvieV(Gy)

+ > 2 (dg (W+n, +dg, (M) +n,)?

ueV (G,) vev(G,)

= > ((dg, (W) +dg (V))* +4n,” +4n,(dg, (U) +dg, (V)
Ve

%
HM1 (G1+Gy) =

+ 2 ((dg, (W) +dg, () +4n,” +4n,(dg, (u) +d, (v))
WV (G)

+ Y D(d%, (u)+d%, (v) + (N, +n,)? +2dg (U)(n, +n,)

ueV (G;) vev(G,)

+ 2dGz V)(n,+n,)+ 2dGl (u)dg, (V).
= HM*}(Gy) + 4n%, (0, —1) + 4n, w1 (Gy)
2

+H M*]_ (Gg) + 4n21 n2 (nz _1) + 4n1 MI (Gz)
2

+n, My(Gy) +ny My(Gy) + (ng + ny)°nyn,
+ 4myn,(ny + ny) + 4my(ny + 2)ny + 8myms.

Hence
_* _* _*
HM1 (G1+G2) = HM1 (Gy) + 4nam1 (Gy)

% _*
+ HM1 (G2) + 4nymy (Go)
+ MMy (Gy) + niMy(Gy)
+ N(4n1N-2n1-2n,+(N#0y)°)
+ 4(ny+ny)(Myny+myny)
+8mymy

Example 2.1. The complete bipartite graph K , ; can be defined
as Ky 4= Kfpﬂfq . The vertex hyper-Zagreb index of K, 4 is

Pa(4pg — 2p —2q + (p + A)°).
Example 2.2. Let G be a graph with n vertices and m edges. Then

* * __*
HM  (G+Ky)= HM1 (G) +4p M1 (G) + pMy(G)
+p(p —1)*(2p +5n-2)
+np(4np-2)(n+ p) + (n + p)?)
+2(n +p)(2mp + np(p — 1))
+4mp(p — 1).
Using Example 2.2, we obtain the following examples.

Example 2.3. The Suspension of G is defined as join of G with a
single vertex. The vertex hyper-Zagreb index of G+K, is w1 (G)

+4M1 (G) + My(G) + n(n?+8n-1) + 4mp(p — 1).

Example 2.4. The fan and wheel graphs are defined as
P , +K; and C, +K;. The vertex hyper-Zagreb indices of these
graphs are

(i) AM1 (Co+Ky)=n(n®+24n —13)+4m(n+ 1).
(ii) AM1 (Pa+K)=n(n?+36n-71)+4m(n+1) + 42.

Example 2.5. The Cone graph C,, , is defined as C , + K,,. So the
vertex hyper Zagreb index of cone graph is given
A1 (C +K,)=8n(n-1)(p +1) + 4pn

+p(p-1)%(2p+5n-2)

+np(4np — 2(n + p)+(n + p)?)

+2(n+ p)np(p+1))+4np(p— 1).

2.2 Union

Let G and H be two connected graphs with V (G) and

V (H) vertices, respectively. The union of G and H is the graph
denoted by G UH with the vertex set V(G) U V(H) and the edge
set E(G) U E(H), where V(G) and V(H) are disjoint. The degree
of a vertex u in G UH is degree of that vertex in the components G
and H that contains it. Now we obtain the vertex hyper-zagreb
index of the union of two graphs.

% _ x %
Theorem 2. Let HM1 (G1UG2)= HM1 (G1) + HM1 (G2) +
oMy (Gy)+ niMy(Gy) + 4mym,.

Proof of theorem 2. From the structure of the GUH, we have

HL (GUG) = 3°(d, (u) +d, (V)°
U (6)
Y (e, @)+ dg, ()

WV (G)

+ 2 (dg, (W) +dg, (V)

{uv}eV(Gy)
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+ > > (dg (U)+dg, (v))?

ueV (Gy) veV (G,)

= WX (Gp+ WI (G2)+n;My(G1)+n; M (Gy) +4mym,.
2.3 Cartesian Product

The Cartesian product, G o H, of the graphs G and H has the
vertex set V(G o H) =V(G) xV(H) and (u, xX)(v,y) is an edge of G
oHifu=vandxy € E(H) or, uv € E(G) and x = y. To each ver-
tex u € V(G), there is an isomorphic copy of H in G o H and to
each vertex veV(H), there is an isomorphic copy of G in G o H.

Theorem 3. Let G; be a graph with n; vertex and m; edges,
i=1,2 Then

HM (G1[]G;) = My(G)) [2n%n;—3n, — 18m,]
2

+ MI(GZ) [2n21n2_3n1_ 18m1]
2

—2n3mMy(G2)—2n,m,(G1)
N F(Gy) —ny F (Gy)
+4(n;My+n,my)*+8mymy(nyn,—2)

The proof of the following theorem follows by applying Theorem
4.1 of [5] and Theorem 3 respectively, and using the fact that

HM (G)= AM  (G) - HM (G).

Theorem 4 . Let G;be a graph with n; vertex and m; edges,
i =1, 2 Then FM1 (G:i[JG2) = iHM(Gy) + n, HM(Gy) +

Ml(Gl) [2n22n1 - 31’12 + 6m2] + Ml(GZ) [2n21n2 - 31’11 +6m1] _2[111
2 2

M3(G2) +n; Ma(Gy)] —[nz F(Gy) +ny F(G,)]

+4(n;m, +n,my)*+8mym,(nyn, —2).

By using Theorem 4, we obtain the following examples.

Example 2.6. The C, -nanotorus denoted by TC, (m, n), is de-
fined as the Cartesian product of two cycles.

Then HM1 (Co[] C) = 4nm(8nm + 1).

Example 2.7. The C, -nanotube denoted by T UC,(m, n), is de-
fined as the Cartesian product of two paths. Then

M1 (PalIPm)=4m[6(n’— n)+1]-12m(n’~n) —2(n>-32n+ 5).

Example 2.8. The vertex hyper-Zagreb index of the Cartesian
product of a path and a cycle is AM1 (Pa[JCm)=n?(12m*- 9m +
4)+ 16mn — 21m + 4n — 4m*(6n — 1) + 2.

Example 2.9. The Ladder graph L, made by m square is the Car-
tesian product of P,and Py, The vertex hyper-Zagreb index of L,

is given by FM1 (Ly) = 70n%~ 8n + 6.

2.4 Double Graph

Let G be a graph with V(G) = {vy, Va,..., V,}. The vertices of the
double graph G* are given by the two sets X = { Xy, X,,..., X} and
Y = {y. Y2, Yn}- Thus, for each vertex vie V (G), there are two
vertices x; and y; in V (G*). The double graph G* includes the ini-
tial edge set of each copy of G, and for any edge v; v;€ E(G), two
more edges X; y; and x; y; are added.

Theorem 5. Let G be a connected graph. Then  #w (G*) =

16HM(G)+16 HM (G) +16M,(G).

The proof of the above theorem follows by applying Theorems
2.3 and 2.4 of [8], respectively.

2.5 Corona Product

For given graphs G and H , we define their corona product G - H
as the graph obtained by taking [V (G)| copies of H and joining
each vertex of the i -th copy with vertex v;e V (G). Obviously, |V
(G > H)| =V (G)| (I + |V (H)]) and | E(G * H)| =| E(G)| + [V (G)|
(IV (H)| + | E(H)|). From the structure of the corona product of two
graphs, we have the degree of a vertex x in V (G1° Gy) is given by

dGlDGZ(X): Gl(x )+ IV(G2 )|r ifxeV (Gl)
dG,(X)+1,  ifkeV(Gy.i)i=12..[V(Gy)

where G,; is the i'" copy of G,
The following theorem is presented in [11].

Theorem 6. Let G; be a graph with n; vertex and m; edges, i = 1, 2.
Then
HM (G1°G2)=2[M, (G1)+n, M, (Go)+nim, (G2)
+ M, (G)N1]-F(Gy)— niF(Gy)
+(n1+nyny=3n;-1)My(Gy)
+ny(Ny+N1n;—~4)My(G)
+n%,(ny(n;—1)-2my)
+Ny(Ny(Ny—1)—2my)
+n1n2(8n1m2+3n1n2 - 81’1’12 _3I12)
+2(n1_1)(4m1m2 + 2n2m1 + 2m22n1)
+(ny(ng+1)~D)[ngn°,+4n,my+ nin; +
(6n%my+6n;my+niny(n%+ 1)).
The proof of the following theorem follows by applying Theo-
rem 2.5 of [2] and Theorem 6, respectively.

4nm,] -

Theorem 7. Let G; be a graph with n; vertex and m; edges,
i=1,2.Then
%
AM1 (G1°G,) = (;+1)°HM(G,)
+MHM(G,) +(my+(n+1)*Hm (Gy)
+8myM, (Gp) — na(n+1)°F (Gy)
+(ny+1)*1n,My(Gy)
+(BMy+n®; — my+n,my (Mg —1))My(Gy)
+16m?, +4m,(2m,—2n,+5n,)
+8(Ny*+1)nymy(Ny+my) —32mym,
+4n?, (2m,+ny) +my(My—1)(4m?,+8n%+ 16n,my).

For a given graph G, its t -fold bristled graph Brst(G) is obtained
by attaching t vertices of degree 1 to each vertex of G. This graph
can be represented as the corona product of G and complement of
a complete graph on t vertices. The t -fold bristled graph of a giv-
en graph is also known as its

t -thorny graph.

Example 2.10. The vertex hyper-Zagreb index of the t -fold bris-
tled graph of C, is given by HM1 (Cre K, ) = n?t*+ 10n°t*~ 2nt*+
17n% — 10nt — 8n + 8n’

2.6 Composition

The composition G[H] of graphs G and H with disjoint vertex sets
V (G) and V (H) and edge sets E(G) and E(H) is the graph with
vertex set V(G)xV(H) and (ug, v;) is adjacent with (u,,v,) when-
ever (uj is adjacent with uy) or (u;= u, and v, is adjacent with v,).
From the structure of G[H], the degree of a vertex (u, v) of G[H] is
given by dgpy; (U, v)) =V (H)| dg(u) + dy(v). The following theo-
rem is appeared in Veylaki et al [11].

Theorem 8. Let G; be a graph with n; vertex and m; edges, i=1,2.
Then HM (G1[G2])=n*,My(G1)(n*n1-2n,~12my)

+M3(Gy)(n°1n,—2n;-10n,my)—n*,My(Gy)
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—MiMy(G2)— n*,F(Gy)— n:F(Gy)
+ 4min,(min+ 2m,ng) + 4m%n%,
+ 8m1m2(n1n22*2n2 - mz).

The proof of the following theorem follows by applying Theo-
rem 2.3 of [2] and Theorem 8, respectively.

Theorem 9. Let G; be a graph with n; vertex and m; edges, i=1,2.
%
Then HM1 (Gi[G.]) = n,HM(Gy) + niHM(G,)

+n%M;(G1)(N2n1—=2)+ My (G)n1 (nyn,—2)
—n*,My(G1)—n1M,(G,)—n*,F(Gy)—niF(Gy)
+4myn?,(myn%+2myn; ) +4m%n?;
+8mlmzn2(nln2_2).

Using Theorem 9, we have the following examples.

Example 2.11. The vertex hyper-zagreb indices of P,[P,] and
Ci[C] are given by

- %
(i) AM1 (PalPr]) = 4m*(n*=n—1)
+m3(20n*+ 22n)- 4m?(3m*+n—7)+4n(n—1)-16m + 20mn.

(i) AM1 (Co[Crl) = 4m*(n?-n+1)
+ 4m*(5n°— 4n) — 8m?(n*+ n —16)
—4n%(2m - 1) +4m(3n — 4).

Example 2.12. The open fence graph is defined as P,[P,]. Similar-
ly, the closed fence graph is defined as C,[P,].

The vertex hyper-Zagreb indices of the open and closed fence
graphs are given by

(i) AM1 (Pa[P2]) = 228n%+ 132n — 168.
(i) M1 (Co[P2]) = 168n%+ 17n.
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