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Abstract 
 

An idempotent of a semigroup T is an element e in T such that 2 .e e  In many semigroups, idempotents can be recognized easily. Thus 

it plays an important role in the structure of semigroups especially on regular semigroups. This article reviews about some research work 

done about the structure of regular semigroups with a special emphasis on its idempotents. 
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1. Introduction  

Regular semigroups can be considered as the core semigroups 

since groups are regular semigroups with a unique idempotent. 

The idempotents play a predominant role in the structure of regu-

lar semigroups. Several authors have extensively studied about its 

properties. The set E of idempotents of a semigroup T can be par-

tially ordered by defining e f if and only if .ef fe e   In 1972, 

Fitz Gerald deduced that the subsemigroup generated by the 

idempotents of a regular semigroup is itself regular.  

Different classes of regular semigroups were defined based on 

some properties of idempotents. Inverse semigroups, orthodox 

semigroups, locally inverse semigroups, idempotent generated 

regular semigroups, etc are some of them. Inverse semigroups 

were introduced independently by Wagner (1952) and by Preston 

(1954). A semigroup T is an inverse semigroup if and only if it is 

regular and its idempotents commute. If T is an inverse semigroup 

then the partial order on E reduces to ef e  and E then becomes a 

semilattice, with .e f ef   

Locally inverse semigroups and orthodox semigroups are regular 

generalisations of inverse semigroups. A regular semigroup T with 

set E of idempotents is called locally inverse if eTe is an inverse 

semigroup for every e in E. An orthodox semigroup is a regular 

semigroup in which the idempotents form a subsemigroup. This 

class of semigroups is due to Hall (1969) and Yamada (1970). In 

an orthodox semigroup T, the elements aea', a'ea and e' are idem-

potents for all    ,  ,  '  and ' .a T e E a V a e V e     

A band (a semigroup in which every element is an idempotent) B 

is (left, resp. right) regular if it satisfies the identity (efe=ef, resp. 

efe=fe) efege=efge. Similarly, a band B is called (left, resp. right) 

normal if it satisfies the identity (aef=afe, resp. efa=fea) 

aefb=afeb. If each R-class of a regular semigroup contains a 

unique idempotent, then it is said to be R-unipotent. The class of 

L-unipotent semigroups can be defined dually. Venkatesan (1974) 

proved that R-unipotent semigroups are orthodox with a left regu-

lar band of idempotents. R-unipotent semigroups can be redefined 

as a regular semigroup T in which the set of idempotents forms a 

left regular band. 

Several researchers have studied the structure of regular semi-

groups based on certain identities satisfied by the set of idempo-

tents. Chrislock (1969) dealt with semigroups which satisfy the 

identity ,xaby xbay called the medial semigroups and showed 

that regular medial semigroups are those semigroups which are 

orthodox normal bands of abelian groups. Yamada (1967) found 

the structure of generalized inverse semigroup. A generalized 

inverse semigroup is a regular semigroup in which the set of 

idempotents satisfies a permutation identity

1 2 1 2n p p pnx x x x x x   where 1 2, )( , , np p p is a non-trivial 

permutation of (1,2, , ).n  

 

Theorem 1 

The following conditions on a regular semigroup T are equivalent:  

(i) T is a generalized inverse semigroup.  

(ii) The set of idempotents of T is a normal band.  

(iii) T is orthodox and locally inverse semigroup. 

Thus, a generalised inverse semigroup can be redefined as a regu-

lar semigroup T with its idempotents form a normal band. Yamada 

(1973) studied about the structure of orthodox semigroups whose 

idempotents satisfy the identity abaca=abca. The set of idempo-

tents of an orthodox semigroup T satisfies abaca=abca if and only 

if T is isomorphic to a subdirect product of a left inverse semi-

group ( ,     , )aba ab a b E   and a right inverse semigroup 

,  ( ).,aba ba a b E    

By giving some conditions on idempotents of a regular semigroup 

to obtain idempotents such as medial, weak medial, normal, quasi-

normal, middle unit, weak middle unit, one-sided identity, identity 

etc we will get some other classes of regular semigroups. A semi-

group has a middle unit u if aub ab for all a and b.  

An idempotent u of a regular semigroup T will be called a weak 

middle unit if (     ) (    ( ))  '    '  and ' ' .x T x V x xux xx x ux x x    

Blyth and Almeida Santos (1993) have shown that the existential 

quantifier can be replaced by a universal quantifier when u is the 

biggest idempotent of T. Janet E. Ault (1974) proved the follow-

ing theorem. 

 

Theorem 2 

Let T be a regular semigroup with middle units. Then  
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(i) The middle units of T form a band, and the middle units are 

maximal idempotents of T. 

(ii) If e is a middle unit, then f is a middle unit if and only if f is 

an inverse of e. 

(iii) If x has an inverse x' with xx' (x'x) a middle unit, then xy (yx) 

is a middle unit for any inverse y of x. 

McAlister (1981) has shown that T is both naturally ordered and 

orthodox if and only if the biggest idempotent u is a middle unit. 

McAlister and McFadden (1983) have shown that a regular semi-

group can be naturally ordered in such a way that it has a biggest 

idempotent if and only if it is locally inverse and contains a weak 

middle unit. Blyth and McFadden (1983) introduced a new type of 

idempotent in a regular semigroup called medial idempotent. An 

idempotent u of a regular semigroup T will be called medial if it is 

such that (   )  x E x xux   where E is the subsemigroup generat-

ed by the set E of idempotents of T. Thus every medial idempotent 

is a weak middle unit. 

A middle unit of a band is medial. Also if u is a medial idempotent, 

then ,   and Eu uE uEu are subbands of T. As a result, the subsemi-

group E of T containing a medial idempotent is periodic and 

combinatorial. A medial idempotent u will be called normal if the 

subband uEu is commutative. Blyth and McFadden have got a 

condition under which a regular semigroup which contains a nor-

mal idempotent is orthodox. 

 

Theorem 3 

Let T be a regular semigroup containing a normal idempotent u. 

Then 

(i) T is orthodox if and only if u is a middle unit. 

(ii) T is inverse if and only if u is an identity element. 

Further, Blyth and McFadden have described idempotent- gener-

ated regular semigroups that contain a medial idempotent in terms 

of bands with one sided identities. Also, they have described a 

method for constructing all regular semigroups that contain a 

normal idempotent in terms of idempotent-generated regular 

semigroups with an identity. 

Loganathan (1987) has constructed a semigroup ( , )W W E T  in 

terms of idempotent-generated regular semigroup ,E with a medial 

idempotent u, and of the orthodox semigroups with identity T, 

such that .E uEu Thus he has modified method of [4] and 

showed that every regular semigroup T with a medial idempotent 

u is of the form W. Later Hysa (2012) studied about ( , )W W E T

constructed by Loganathan and proved that it is a regular semi-

group with a medial idempotent. S. Hussain, T. Anwer and H. 

Chien (2010) have studied the properties of regular semigroups 

that contains a medial idempotent. Xiangfei Ni and Haizhou Chao 

(2017) have tried to characterize normal idempotent in different 

ways. They have obtained a non-orthodox non-idempotent gener-

ated regular semigroup which contains a normal idempotent and 

investigated different properties of a regular semigroup having a 

normal idempotent. 

 

Theorem 4 

An idempotent u of a regular semigroup T is normal if and only if 

uTu is a multiplicative inverse transversal for T. Also, the identity 

of a multiplicative inverse transversal 0T of T is a normal idempo-

tent of T. 

Since a regular semigroup T with an inverse transversal is locally 

inverse if and only if it is a quasi-ideal of T [5], we will get that a 

regular semigroup which contains a normal idempotent is locally 

inverse. 

 

Theorem 5 
Let u be a normal idempotent of a regular semigroup T. Then the 

following are equivalent. 

(i) T is an orthodox semigroup. 

(ii) (   )   .x T uxu E x E      

(iii) (   , )       .e f E uefu E ef E       

Thus the above conditions are equivalent to u being a middle unit 

by Theorem 3. The building bricks used by Blyth and McFadden 

for constructing every regular semigroup that contains a normal 

idempotent, were the idempotent generated regular semigroup and 

an inverse semigroup with an identity. But Xiangfei Ni and 

Haizhou Chao have characterized the same by means of a left 

inverse semigroup and a right inverse semigroup. 

Blyth and Almeida Santos (2002) introduced the notion of skew 

pair in the sense that an ordered pair (e, f) of idempotents of a 

regular semigroup is called a skew pair if ef E whereas .fe E

Indhira and Chandrasekaran (2011) introduced the concept of 

regular idempotent and studied properties of regular semigroups 

with regular idempotent. An idempotent u of T is called a regular 

idempotent if     fu f ufR L for each .f E If u is a regular idem-

potent of T then T can be described in terms of 0  T uTu  which is 

a regular subsemigroup of T. Now, if u is a medial idempotent, 

then        fuf f f f   implies     fu f ufR L for each f E and 

therefore u becomes a regular idempotent of T. Thus the class of 

regular semigroups having a regular idempotent includes the class 

of regular semigroups with a medial idempotent as well as with a 

middle unit. 

Xiangfei Ni, Haizhou Chao (2016) have introduced the concept of 

a quasi-normal idempotent of T. An idempotent element u of T is 

said to be quasi-normal idempotent if eue=e for every e E and 

uEu is a semilattice. Thus every normal idempotent is a quasi-

normal idempotent. They have shown that the converse is also true. 

Xiangfei Ni and Xiao Jiang Guo (2018) have introduced the con-

cepts of weak medial idempotent and quasi-medial idempotent of 

regular semigroups and explored some of the properties of these 

idempotents. They have constructed several regular semigroups 

having weak medial idempotents and quasi-medial idempotents 

and obtained the structure theorem for all regular semigroups with 

a quasi-medial idempotent which will help to determine  whether a 

regular semigroup contains a multiplicative inverse transversal or 

not. 

Thus the idempotents are seen to be immensely useful in the study 

of the structure of regular semigroups. We have obtained several 

classes of regular semigroups by giving different types of re-

strictions on the set of idempotents and this lead us to complete 

determination of the structure. The concepts discussed above can 

be extended in different ways not only in regular semigroups but 

also to some other classes of semigroups and the researches are 

still going on. 
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