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Abstract

In this paper, we mainly focus on to prove that the graphs, viz., (i)paths, (ii) comb graphs, (iii) cycles, (iv) ladder graphs and (v) P,xP,

graphs are k-Zumkeller graphs.
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1. Introduction

The classes of labeled graphs can be identified through graph
labeling, an interesting and potential research area of discrete
mathematics.  The labeled graphs finds many interesting
applications in science, engineering and technology and we refer
[6] for the same. The basic idea of the graph labeling is found in
[11]. The collection of various graph labeling can be found in [7].
We refer the text book written by Harary [8] for notations and
terminology in graph theory. There is a strong link between
number theory and graph theory, the two interesting topics of
mathematics. The graphs labeled with Zumkeller numbers [13], a
recent development in graph labeling, are potential area of
research. In [1, 2, 3, 4, 9], we have investigated two different
graph labeling viz., (i) Zumkeller labeling and (ii) Strongly
multiplicative Zumkeller  labeling. In [5], we introduced the
k-Zumkeller graphs and proved that the twig graphs are
4-Zumkeller graphs. In this paper, we further prove that the
following interesting graphs, viz., (i) paths, (ii) cycles, (iii) comb
graphs, (iv) ladder graphs and (v) P,xP, graphs are k-Zumkeller
graphs.

2. Zumkeller Numbers

In this section, we see the definition of Zumkeller numbers. In the
year 2003, Zumkeller had generalized the concept of perfect num-
bers [12] and published a sequence of positive integers known as
Zumkeller numbers in A083207 integer (Sloane’s) sequence. A
Zumkeller number [13] n can be defined as follows.

Definition 2.1. [13]

Let n be a positive integer. The integer n is called a Zumkeller
number if the two disjoint sets of positive factors of n should have
the same total. That is, the sum of the positive factors of the two

disjoint sets is equal. The disjoint partition is called as Zumkeller
partition.

For example, the positive integer 30 is a Zumkeller number be-
cause its positive factors are partitioned into A = {6, 30} and B =
{1, 2,3, 5, 10, 15} such that sum of the elements of A is equal to
the sum of the elements of B.

For properties of Zumkeller Numbers, we refer [13].

3. Main Results

This section introduces the concept of the k-Zumkeller labeling of
a graph introduced by us in [5] and we show that certain graphs
are k-Zumkeller graphs.

Definition 3.1. [5]

Let G = (V, E) be a simple graph. A 1-1 function f: V >N is

called a k-Zumkeller labeling of the graph G if the induced edge

function f : E - N defined by f'(xy) = f(X)f(y), xeV, yeV ,

xyeE satisfies the following two conditions:

0] f'(xy) is a Zumkeller number for all xy<E.

(i) The number of different Zumkeller numbers used to label
the edges of G is k.

Definition 3.2. [5]
Let G = (V, E) be a simple graph. If the graph G assumes a k-
Zumkeller labeling then it is known as a k-Zumkeller graph.

For example, a 4-Zumkeller labeling pattern of a graph is given in
Figure 1.
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Figl: A 4-Zumkeller graph

Lemma 3.1.
A sub graph of a k-Zumkeller graph need not be a k-Zumkeller
graph.

Lemma 3.2.
The path P, with n vertices is a 2-Zumkeller graph when n= 1
(mod 2) and n> 3.

Proof.

Let V ={v;| 1 <i<n}bethe vertex setand E = {e; =v; vjs1 | 1 <i
< n-1} be the edge set of the path P,. Define a 1-1 function
f:V —N such that

i+l

fiv))=2*
fiv M):pZH%2 fori=1,3, .. where p <10, p # 2 is a prime

number and an induced edge function f* : E —N such that

(&) = F(vi Visr) = f(v) f(visy) for 1 <i<n-1.

Now (&) = F(v; Vis) = f(vi) (Vi) =27 p2°% =p2% fori=1,
3, 5 .. is a Zumkeller number and constant for
i =13, 5 .. and f(eu) =F (Vi Vied) = f(Vier) T(Viea) =

n—i+2 i+

p27273 = p2"7+5 is also a Zumkeller number and is constant for
i=1,3,5, ... Thatis, only 2-Zumkellernumbers are used to label

all the edges of the path. Hence the path P, having odd number of
vertices admits a 2-Zumkeller labeling. o

Lemma 3.3.
The path P, with n vertices is a 2-Zumkeller graph where n= 0
(mod 2) and n> 4.

Proof.
LetV={vi|1<i<n}and E={e =V Vi | 1<i < n-1} be the
vertex set and edge set of P, respectively. Define a 1-1 function
f:V —N such that

f(V i) =27

fv,,)= pZ%v1 fori=1, 3, ... where p <10, p # 2 is a prime num-
ber and an induced function f : E —»N such that

f'(e) = (Vi Vir) = f(v;) (Vi) for 1 <i <n-1.

Now (&) = F(Vi Vier) = f(v)) f(vier) =27 p2°% =p27 for i=1,
3, 5, ... is a Zumkeller number and constant fori =1, 3, 5, ... and
f'(ein) =F (Vier Viez) = f(Vis) f(Viez) = P22 22 =p2°7 is also a
Zumkeller number and is constant for i = 1, 3, 5, ... That is, only
two Zumkeller numbers are used to label all the edges of the path.

Hence the path P, having even number of vertices admits a
2-Zumkeller labeling.

Remark 3.1.

The total number of different Zumkeller numbers used to label the
edges of the path is 2, which is the degree of the non-pendant
vertices of the path.

The 2-Zumkeller labeling of the paths Py and Py using Lemmas
3.3 and 3.2 are shown in Example 3.1 and Example 3.2.

Example 3.1.
For p = 3 and n = 8, the path Pg is a 2-Zumkeller graph.

3.2% 3.2° 3.2° 3.2% 3.2° 3.2% 3.2°%

Fig. 2: 2-Zumkeller labeling of Pg

Here we use only two Zumkeller numbers viz., 3(2°%) and 3(2°) to
label the edges of the path Pg

Example 3.2.
Forp =5and n =9, the path Pg is a 2-Zumkeller graph.

& 5.27 5.2° 5.27 5.2% 5.2 5.2% 5.2

- - . - - - - '
]

5.2
-

.
2 5.95 52 5.1 o3 5.9% 34

Fig. 3: 2-Zumkeller labeling of Py

Theorem 3.1.
The path P,, with n vertices is a 2-Zumkeller graph where n> 3.

Theorem 3.2.
An even cycle C, is a 3-Zumkeller graph.

Proof.

LetV={vi|1<i<n}and E={e =V Vi |1<i<n-1}u{e, = v,
v;} be the vertex set and edge set of the even cycle C,, respective-
ly. Now the 1-1 function f : V>N is defined as in Lemma 3.3,
and the edge function f*: E —N can be defined as

0] f**(ei) = f**(vi Vier)= f(vi) f(vis1), L<i<n-1and

(ii) T (&n) =F (Vi vo) = f(vn) f(vy).

In Lemma 3.3, it is proved that f (e;), 1 <i < n-1 receive only the

two Zumkeller numbers pZ"Tvz and p2"7v4 .

Now f'(e,) = f'(vy v1) = f(v,) f(vy) = p 2' 2! = p 22 is the third
Zumkeller number.

Hence the even cycle C, is a 3-Zumkellergraph.

Corollary 3.1.
The odd cycle C,,, n > 5 is not a 3-Zumkeller graph.

Remark 3.2.
The odd cycle Cj is a 3-Zumkeller graph.

Example 3.3.
The even cycle Cq is a 3-Zumkeller graph for p = 3.

v = 21 3,2" Uy = 3 _)‘
3,22 3.9
vg = 3.2' o , g =52
i | ; !
vs :'-:23 3.2° "’,-; =322

Fig. 4: 3-Zumkeller labeling of Cs

Here three distinct Zumkeller numbers viz., 3(2%), 3(2°),3(2%) are
used to label the edges of the cycle Cs.

Theorem 3.3.
The comb graph P,o K; is a 3-Zumkeller graph.
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Proof.

Let V ={v;, uj | 1 < i< n} be the vertex set and E= {v; Vi, | 1 <i <
n-1}u{vju; | 1 < i <n} be the edge set of the comb graph. Define
an injective function f : V —NN such that

fiv)=2"
f(vis) =p 2™
flup=p2"™

f(ujg) = 2™ fori=1,3, ...
not equal to 2.

and an edge function f* : E - N such that f'(uv) = f(u)f(v).

The edge labels of the comb graph are calculated as follows.

(i) (Vi Vie) = (i) (Vi) = 2' p 27 = p 2"which is a Zumkeller
number and is a constant,

(i) F(viuy) = f(v;) f(uy) = 2" p 2" = p 2™which is also a
Zumkeller number and is a constant and

(iii) F'(Virt Viez) = F(Vier}) F(Viep) = p 27272 = p 2™?is also a
Zumkeller number and is a constant.

That is, the edges of the comb graph take exactly 3 Zumkeller
numbers.

Hence the comb graph P,o Kj is a 3-Zumkeller graph. o

and p <10 and p is a prime number

Example 3.4.
The 3-Zumkeller labeling pattern of Pgo K; is shown in the
Figure 5.

23 3.96

9 3:2% 395398

3.27 3.27 3.27 3.7 3.27 3.27
3.26 22 3.2 24 3.22 2¢
Fig. 5: 3-Zumkeller labeling of a comb graph
Remark 3.3.

The total number of different Zumkeller numbers used to label the
edges of the comb graph is 3, which is the greatest degree of the
non-pendant vertices of the graph.

Corollary 3.2.
For all n, the ladder graph L, admits a 3-Zumkeller labeling.

Proof.

By joining the vertices u; and u;,; of the comb graph P,o K, in the
Theorem 3.3, we get the ladder graph L.

We follow the same labeling pattern as in the Theorem 3.3.

For the edge ujuj,,, we define the edge function f* as

£7(U; Uiy = F(U) f(Uig) = p 21 211 = p22 s a Zumkeller
number.

Similarly, for the edge ujs; Ui We have

f (u|+1 u|+2) f(u|+1) f(u|+2) 2”1 2n #2 =
which is also a Zumkeller number

Hence the ladder graph L, is a 3-Zumkeller graph. ]

2|+1p2n i— 1_p2n
Example 3.5.

3.927

The 3-Zumkeller labeling of a ladder graph Ls using the above
2 3925 32% 327 22 32° 3273
3.2° [
4

corollary is shown in Figure 6.
-25
[32“
327327 22 3.2° 32°327 2% 32° 32

Fig. 6: 3-Zumkeller labeling of the ladder graph Ls

3.26

Remark 3.4.
In the 3-Zumkeller ladder graph, 3 represents the greatest degree
of the vertices of the graph.

Theorem 3.4.
The square grid P,xP,, for n = 0 (mod 2)admits (n+1) a Zumkeller
labeling.

Proof.
LetV={vj;1<i<n, 1<j } be the vertex set and E = {v;;
Vi1, Vij Visgjy 1 i< n=1, 1 < j<n-1} be the edge set.

Define a 1-1 function f: V —NN such that
Fori=1 (mod 2)
fvyg) =2

fork=1

3.2
Voo :{Zk*lf(v ey ) Prk=l(mod2)and3<k<n+l

2'fv,,,) for j=0(mod 2)
fvy) =1, L
27 fv,;,) for j=1(mod2)

2V j1) Tor j+j=0(mod2)

fviia)
2

Fori=0 (mod 2)

f(vzn) = 2" f(v; n o) forn >4

f(vin}) = 2" f(vi hp) forn> 4, i> 4

f(V nn) — 2n2/2
Define an induced edge function

fE—1322 kel 1D
2'2

n?

Now, the numbers of the form 3.2 2 “ for k eN are Zumkeller
numbers. For completeness of the theorem, it is enough to prove
that the number of Zumkeller numbers used to label the edges is
n+l. Now the total number of edges in P,xP, square grid is
2n(n—-1). Out of these edges,

2

vy) = for i + j=1(mod 2)

n
(i) 2n-3 edges receive 3.2 2 2 forn>4

2

n

n“ n

(ii)2n-3 edges receive 3.22 2 forn>4

n°

2 (m-2
(i) 4m-10 edges receive 3. 22 [ ] for n > m and m is even,
m > 2 and

n
(iv) the edges e;,, and e, 1, receive 3.2 2
Hence the proof.

The 5-Zumkeller labeling of the square grid P4xP, is given in the
following example.

Example 3.6.

The total number of edges in this graph is 2 x 4 x 3 =24. From the
vertex function defined in the above theorem, the range of the
edge set is {3.2%, 3.27, 3.28,3.2° 3.2'%. Out of these 2n-3=2x 4
— 3 =5 edges receive 3.28*2 That is, 5 edges receive 3.2%° and 5
edges receive 3.2°. For m =4, 4m-10 = 4 x 4 — 10 = 6 edges re-

%)

ceive 3.22 =3.2%,

That is, 6 edges receive the Zumkeller number 3.2, 6 edges re-
ceive the Zumkeller number 3.2°, the edges €121 and e, 34 receive
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the Zumkeller number 3.2%. In total 5+5+6+6+2 = 24 edges of
P,xP, receive only 5-Zumkellernumbers.

3_.26 3_-3]0

— —e
327 3 :3.2% 2%
Fig. 7: 5-Zumkeller labeling of the square grid P4 x P4

‘.
322 3.9%

4. Conclusion

In this article, we proved that the graphs viz., paths, cycles, comb
graphs, ladder graphs and square grid P,xP, are k-Zumkeller
graphs.
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