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Abstract 
 

Graph drawing is the most important area of mathematics and computer science which combines methods from geometric graph 

theory and information visualization. Generally, graphs are represented to explore some intellectual ideas. Graph drawing is the fa-

miliar concept of graph theory. It has many quality measures and one among them is the slope number. Slope number problem is an 

optimization problem and is NP-hard to determine the slope number of any arbitrary graph. In the present paper, the investigation on 

slope number of bipartite graph is studied elaborately. Since the bipartite graphs creates one of the most intensively investigated clas-

ses of graphs, we consider few classes of graphs and discussed structural behavior of such graphs. 
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1. Introduction 

Graphs are objects that models social networks, communication 

networks, social networks etc., and arises in other area of mathe-

matics such as probability, geometry, number theory etc. The most 

common representation of a graph is by means of diagrams. Draw-

ings of graphs have created extraordinary interest due to its exten-

sive applications to explore different concepts and objects in com-

puter architectures, VLSI circuits, networks etc. There are some 

aesthetic criteria to have some nice drawing such as straight line 

segments, few edge crossings, symmetry etc. In a straight line 

drawing, edges are drawn by straight line segments not necessarily 

by horizontal or vertical line segments.  

The study of straight line drawing using few slopes is related to 

the study of the slope number. The slope of an edge in a straight 

line drawing is the family of all straight lines parallel to this edge 

[2]. Motivated by this fact, the slope number problem has been 

chosen for investigation. Wade and Chu were the first to define 

the slope number in 1994 [4]. Though it is NP-complete, it is NP-

hard problem to find the slope number of an arbitrary graph [1]. 

Bipartite graphs are extensively used in modern coding theory 

apart from being used in modeling relationship. In line of thought, 

we have chosen bipartite graphs for investigation. In the present 

paper, we have discussed the structural behavior of bipartite 

graphs and investigated the slope number of few bipartite graphs 

such as crown graph, hypercube, ladder graph, grid graph and star 

graph. This represents the slope number of bipartite graph with 

large and small slopes. Also the characterization of such graphs 

with respect to edges, diameter, edge coloring is explored. 

 

 

 

2. Overview of the Paper: 

A graph is an ordered pair G=(V(G), E(G)) where V(G) is the 

vertex set whose elements are vertices and E(G) is the edge set 

whose elements are edges. A graph of H = (V(H),E(H)) is a  sub-

graph of G, if V(H)   V(G) and E(H)   E(G). In a graph G, the 

greatest distance between any pair of vertices of G is called the 

diameter of G and is denoted by diam(G). An edge coloring of G 

is a coloring of edges such that no two edges receive same color. 

A matching M in G is a sub-graph of G such that every edge 

shares no vertex with any other edge. A maximum matching is the 

maximum cardinality of edges in M. In this paper, we presented 

the slope number which is large for hypercube and crown graph, 

since the structural behavior of the graphs are similar. Also, the 

slope number is discussed which is small for ladder graph, grid 

graph and star graph. 

3. Slope Number 

The slope number of a graph G is the minimum number of distinct 

edge slopes required to draw the graph G 

 

 
Fig. 1: sl[G]=4 
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From the  figure (1), Let S1 be the slope of an edge V2V8. Let S2 

be the slope of an edge V2V3. Let S3 be the slope of an edge V2V4 

and S4 be the slope of an edge V4V5. The slope number of the 

graph is 4. 

 

3.1 Theorem [4]: 
Let G be a complete graph Kn on n vertices. Then sl[G]=n, if  n 3. 

4. Slope Number of Crown Graph: 

Crown graphs are of major attention in the concept of word repre-

sentation graphs. Crown graph is a graph attained from the com-

plete bipartite graph Kn,n by removing a horizontal edges and is 

denoted by Hn,n. The number of vertices in the crown graph (n > 2) 

is 2n and the number of edges is n2-n. The maximum and mini-

mum degree of the crown graph is  n-1. Therefore, every crown 

graph is a n-1 regular graph. The diameter of crown graph is 3, if 

n  . Figure 2 is the crown graph on 8 vertices. 
 

 
Fig. 2: Crown graph on 8 vertices 

 

4.1 Theorem:  
 

Every crown graph has exactly n distinct slopes i.e, sl[Hn,n] = n. 

 

Proof: 

Let G be crown graph on 2n vertices.  

Arrange the vertices in a cyclic order. Label the vertices of G as 

V1, V2…V2n in a clockwise direction. Choose Vi such that 1 i n, 

which is the rightmost vertex, From Vi draw the edges successive-

ly of length 2n which completes the cycle. Since each vertex of 

the cycle has degree 2, it shares atmost n distinct slopes. It is 

known that Hn,n is n-1 regular. Draw the edges parallel to the 

slopes of G. In order to preserve the degree of Hn,n each pair of 

vertices uses the slopes which is already used by the vertex of the 

cycle. Hence n slopes suffice to draw G.  sl[Hn,n] = n 

Hence the proof. 

 

4.2 Theorem:  
 

Let G be a crown graph. Then slope of the graph is odd or even, if 

and only if it has even number of edges. 

 

Proof:  

Assume that G has n slopes (odd or even). 

To prove that G has even number of edges. 

Let S = {S1, S2 ,…,Sn}be n slopes of the graph. 

By theorem 4.1, sl[Hn,n] = n. Since the edges of the graph is n2-n, 

the number of edges of G is always even. 

 

Conversely, Assume that number of edges of G is even. 

To prove that G has n slopes. Since the maximum degree of Hn,n is 

n-1 regular, atmost two edges incident to the same vertex is dis-

tinct. It is known that G has even number of vertices. Therefore, 

the edges incident to each vertex of G has n slopes.  

By theorem 4.1, sl[Hn,n] = n. 

Hence the  proof. 

 

 

 

4.3 Theorem:  
 

If G is a crown graph with n slopes, then G is n-1 edge colorable. 

 

Proof: 

Assume that G has n slopes. Let S = {S1, S2 ,…,Sn}be n slopes of 

the graph. 

To prove that G is n-1 colorable. 

Since G is n-1 regular, it admits n-1 colours 

  G is n-1 colourable 

Hence the proof. 

 

4.4 Observation:  
 

If G is a crown graph with diam[G]=3, then the slope number is 

always n. 

 

4.5 Theorem:  
 

Let G be a crown graph. Then    [G] = sl[G]. 

5. Slope Number of Hypercube: 

The n-dimensional hypercube is a graph whose vertices are 2n and 

edges are n2n-1. It is a simple graph which consists of two copies 

of Qn-1 connected together at corresponding nodes. The diameter 

of Qn is n. Figure 3 is the hypercube on 8 vertices.  

 

 
Fig. 3: Hypercube on 8 vertices 

 

5.1 Theorem [3]:  
 

If Qn is a graph of hypercube of dimension n, then sl[Qn] = n. 

 

5.2 Observation:  
 

Every n-dimensional hypercube of maximum degree has  (G) 

distinct slopes. 

 

5.3 Theorem:  
 

Let G be n-dimensional hypercube. Then sl[G] = n, if and only if 

it has even number of edges. 

 

5.4 Theorem:  
 

If G is a hypercube of n-dimension with n slopes, then G is n-edge 

colorable. 

 

5.5 Observation:  
 

Let G be a hypercube of n-dimension. Then diam[G]= [G]=sl[G] 

 

5.6 Observation:  
 

Let G be n-dimensional hypercube graph. Then   [G] =         . 
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6. Slope Number of Ladder Graph and Grid 

Graph.  

Grid graph is the cartesian product of path graphs on m and n 

vertices such that Pm Pn. It is denoted by Gm,n.. The ladder graph 

is a special case of grid graph. The ladder graph is a graph which 

is a cartesian product of two path graphs such that Pn P2 and is 

denoted by Ln. The vertices and edges of Ln are 2n and n+2 edges. 

In a drawing of grid graphs and ladder graphs, only two slopes 

suffices i.e set of vertices passing through horizontal and vertical 

line segments. Refer figure 4 and figure 5. 

                    
Fig. 4: Ladder graph on 10 vertices      Fig. 5: Grid graph of P5 P5 

 

6.1 Theorem:  
 

For every n N, sl[Ln] = sl[Gm,n].  

 

6.2 Theorem:  
 

Let G be a ladder graph and grid graph. Then sl[G] = 2, if and 

only if it has odd or even number of edges. 

 

6.3 Theorem:  
 

If Ln is a 2 slope graph, then G is 3-edge colorable. 

 

6.4 Theorem:  

 

If G is a ladder graph with diam[G]=n, then the slope number is 

always 2. 

 

6.5 Observation: 
 

Let G be a ladder graph on n vertices. Then   [G] = diam[G]. 

 

7. Slope Number of Star Graph.  

 
A star graph is a graph on n vertices, where n vertex has degree n-

1 and the other vertices have degree 1. It is denoted by Sn. The 

diameter of star graph is 2. Figure 6 is the illustration of star graph 

on 8 vertices. 

 

 
Fig. 6: star graph on 9 vertices 

 

7.1 Theorem:  
 

Let G = K1,n. Then sl[G] = ⌈
 

 
⌉ 

 

7.2 Theorem:  

 

Let G be a star graph. Then sl[G] = ⌈
 

 
⌉, if and only if it has odd or 

even number of edges. 

 

7.3 Observation:  
 

Every star graph has ⌈
 

 
⌉ distinct slopes i.e sl[K1,n] = ⌈

 

 
⌉ 

 

7.4 Theorem: 
 

Every star graph with ⌈
 

 
⌉ slopes is n-edge colorable. 

 

7.5 Observation: 
 

Let G = K1,n , then sl[G]=⌈
 

       
⌉.  

8. Conclusion: 

Thus we have showed the results on slope number of bipartite 

graphs with large and small slopes and its characterization on 

edges, diameter, edge coloring is also discussed. Still more proper-

ties and characteristics on slope number of other graphs are yet to 

be investigated. Also, this problem is worth considering for Cay-

ley and Non-Cayley graphs. 
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