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Abstract

Let & be a graph with vertex set ¥, aset 5 = ¥ is said to be a power dominating set (PDS), if every vertex 1t € 17 — 5 is observed
by some vertices in 3 using the following rules: (i) if a vertex ¥ in & is in PDS, then it dominates itself and all the adjacent vertices of
17 and (ii) if an observed vertex ¥ in (& has k=1 adjacent vertices and if k — 1 of these vertices are already observed, then the
remaining one non-observed vertex will also be observed by 17 in (3. The degree d(’ﬂ':] of a vertex 77 in 7 is the number of edges of (3

incident with 7 and any two adjacent vertices I and ¥’ in & are said to hold equitable property if [ (1) — d(¥)| =< 1. In this
paper, we introduce the notions of equitable power dominating set and equitable power domination number. We also derive the equitable

power domination number of certain graphs.
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1. Introduction

All the graphs considered in this paper are simple, finite and undi-
rected. One can refer [3, 2, and 4] regarding domination, power
domination and degree equitable power domination in graphs. The
concept of domination in graphs was introduced by Hedetniemi &
Laskar in 1990, then the equitable domination and equitable dom-
ination number of certain graphs was studied by Swaminathan et
al. In the year 1998, Haynes et al. introduced the notion of power
domination in graphs and power domination number of graphs.

We first recall the definitions of domination, domination number,
equitable domination, equitable domination number, power domi-
nation, power domination number. A dominating set of a graph

G = [V; E:] is a set 5 of vertices such that every vertex ¥7 in
I — 5 has at least one neighbor in 5. The minimum cardinality
of a dominating set of & is called the domination number of {r,

denoted by ¥z (G:]-The problem of finding a dominating set of
minimum cardinality is an important problem that has been exten-

sively studied. A dominating setS = Vin G(V, E'} is said to
be equitable dominating set if for every ¥ € 17 — 5 there exists
an adjacent 1 £ 5 such that the difference between degree of Ut
and degree of ' is less than or equal to 1, that is

|d(u) —d(¥)| = 1 The minimum cardinality of an equi-
table dominating set of G is called equitable domination number
of G, denoted by ¥,z (G ). AsetS & V' s said to be a power
dominating set (PDS) of & if every vertex t € I — 5 is ob-
served by some vertices in 5 using the following rules:

If a vertex 7 in & is in PDS, then it dominates itself and all the
adjacent vertices of 17,

If an observed vertex ¥ in G has k = 1 adjacent vertices and if
k — 1of these vertices are already observed, then the remaining
non-observed vertex will also be observed by ¥ in . The mini-
mum cardinality of an power dominating set of & is called power

domination number of G, denoted by ¥4 (G ).

In this paper, we introduce the notions of equitable power domi-
nating set, equitable power domination number besides determin-
ing the equitable power domination number of certain graphs. We
also investigate the equitable power domination number of mid-
dle graph of certain graphs.

2. Main Results

2.1. Equitable Power Domination Number of a Graph

Definition 2.1:

A power dominating setS SV inG = (V,E) s said to
be equitable power dominating set, if for every vertex
7 € V' — 5 there exists an adjacent vertex 1t £ 5 such that the
difference between degree of & and degree of 1" is less than or
equal to 1, that is [ (2t} — d(¥)| = 1. The minimum car-
dinality of an equitable power dominating set of & is called the
equitable power domination number of G, denoted by Vepa (G).
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Note that equitable power dominating set & of a graph & is not
unique.

Definition 2.2 [3]:
If any two distinct vertices of a graph & are adjacent, then G is
said to be a complete graph and it is denoted by ffn.

Definition 2.3 [3]:
A Path F'n is a graph whose vertices can be listed in the order

Ty, V5, s Uy, such that the edges are {7 V;gq } where
i = 1,2,....n—1

Theorem 24: Let &G be a graph. Then
Tpd [:G:] = Tﬂ'pr:.! (Gj

Proof

Let & be a graph  with vertex et
V(E:] ={ﬂirﬂg;---,ﬂn}andforanyk <1, letSbea

power dominating set with ¥pg(G ) = k Let G— 35
= {Wiy Way v, W } When constructing an equitable power
dominating set 5 of (5, the following two cases arise:

Case (i): When |[d(v;) —d(w;)| = 1frl = i = n
andl = j =t

It is clear from the definition that |S| = |5'], hence
¥pa (G) = Vena (G)-

Case (ii): When |d[vi]— d[wjﬂ = 1 for some
Ljjl=i<nandl< j=<t

Then one must choose W;to be inS". Hence |5| < |5f|-

Therefore ¥p g (G) = Vena (G).

Remark 1:
Let Py, beaPath. Then ¥,q (P,) = ¥opq(P,) forn = 1,

Remark 2:
Let Cp be a cycle. Then ¥,4(C,) = ¥.pa(C,) for
n = 3.

Remark 3:
Let K, be a complete graph. Then ¥pq (K,) = Yepa (K)
forn = 1,

Theorem 2.5:
Let G be a graph. If [d () — d(¥)| = 2 for every pair of
adjacent vertices & @nd ¥in G, then Yopa (E) =,

Proof

Let G be a graph with vertex set
V(G) = {v, vy, vy, } Let
d(iﬂl:];d[iﬂg:], ey fi[iﬂn] denote  the  degrees of

Ty Vg s Uy respectively. Without loss of generality, let
vy € G with d(iﬂij = k be in an equitable power dominat-
ing set 5 of G with | 5| # ¢ . As all the adjacent vertices of
v, are either of degree = Kk + 2 or = k — 2, the equitable

property does not hold  good. This is be-
cause [d () —d(w; )| =2, for some i, 2= i=<n,
Therefore these vertices?”;'s, 2 == { < 1 which are adjacent to
17; must be in 5. If all the vertices of {7 are observed, then we are
through. If not, let 77, be the next non-observed vertex of & with
degree d(¥7;, ) = M to be added in S. Now all the other adja-
are either of degree = "+ 2 or =
1 — 2 and the equitable property does not hold good as it was

cent vertices of 17,

the case of vertex 1%;. Hence all the adjacent vertices of 173, will
be in 5. Continuing the same process for the remaining non-

observed vertices of G, we obtain that | S| = 7. Thus
TEI',‘EIE.' (Gj = M
Remark 4:

Let G be a graph with ¥4 (G) = k and H be a subgraph of G.
Then equitable power domination number of H need not be less

than or equal to k.
For example see Fig.1, equitable power domination number of the

complete bipartite graph & = Ka,a and its sub graph

4‘

(8) Yeps(G) =2 (D) Yepa(H) = 4

Fig.1: Equitable power domination number of G and its subgraph H

2.2. Equitable Power Domination Number of Certain
Classes of Graphs

In this section we determine the equitable power domination num-
ber of certain well-known graphs such as paths, cycles, complete
graphs etc.

Definition 2.4 [1]:
A complete bipartite graph, denoted Kmm, is a simple bipartite
graph with bipartition (X, ¥') in which each vertex of X is joined
to each vertex of ¥ .

Theorem 2.6:
LetCp , 7 = 3beacycle. Then Vopa (C,) =1

Proof.

Let £, be a cycle on 7t vertices with vertex set V' (C,,) =
{11‘1,11‘2, vy Uy ]- Without loss of generality, let for any
L1 < i< mnetS = {v;}. AsC, being the 2-regular
graph, it is easy to see that ¥’; equitably power dominates
;4 and V;141. Moreover ¥;_4 and ¥7;44 equitably power
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dominates its neighbors namely %%;_5. and ¥;42, respectively.
This process continues until all the vertices 77;, 1 = i = n
are observed. Therefore ¥y (C,) =1

Definition 2.5 [10]:
Any two distinct vertices of a graph & are adjacent then (5 is said
to be complete graph and it is denoted by Kn.

Theorem 2.7:
For a complete graphf,,, ¥op g (K,)=1.

Proof.

Let K, be a complete graph on ™ vertices with vertex set
V(K,)={vy,v5 ..., ¥, }tis clear from Definition 2.5
thatd(v;)= n—Lland also |d(v;) —d(v,_4)| < 1
forall 1 = I = 7. Therefore it is enough to choose any one
of the vertices of K, to be in equitable power dominating set S of
5. This is because the chosen vertex, say ¥y, equitably power
dominates all the other vertices of K. Hence Vepa (fi'n:] =1

Theorem 2.8:

Let Kmm , 7.1 = 2 be aacomplete bipartite graph. Then
_ m+n iflm—mn| =2

CRES PR A

Proof.

Let Kmm be the given complete bipartite graph with vertex set

V (Kpn) =Va U Vs, where ¥y = {uy,uy, ..., u,} and

5 :{iﬂl, Vg ey Uy }are the two partition sets of fi'mm. Then
the following two cases arise:

Case 1:

lm—n| = 2.

It is clear from Definition 2.4 that & (ui:] = Tt forevery i; in
Vi and d(v;) = m for every v; in V;
|m - ﬂ| = 2, equitable property does not hold good between

Since

the vertices of partition ¥5 and V5. Then all the vertices of ¥y
and ¥5 must be chosen to get the desired equitable power domina-
tion set 5.

Case 2
: lm—nl< 2
Without loss of generality, let S = {ui,ﬂi}- Choosing one

vertex from each partition is well enough to get the required equi-
table power dominating set 5. Therefore, ¥y [Kmn) =2

Definition 2.6 [10]:
The wheel graph with Tt spokes, Wl,n is the graph that consists
of a cycle €, and one additional vertex, say L, that is adjacent to

all the vertices of the cycle C,,.
It is interesting to note that

Yepd [Wl,:a) = Yepd [W1,4) = 1 as choosing any one
rim vertex or the central vertex in Wl,n gives the required equita-

ble power dominating set 5. For#t = 5, we have the following

theorem.

Theorem 2.9:
Let W), be a wheel graph. Then ¥.pq [Wl,n) = 2 for
n = 5

Proof.

Let W1,n be the given wheel graph with the vertex set
V(W) = { V00,70,
tral vertexand ¥7;, 1 = I =
degree of the central vertex ¥ is Tt and the degree of each vertex
in the rim is 3, it is clear that |d (v} — d({v;)| = 2 for
1 = i = 7. Hence the central vertex 5 and anyone of the
rim vertices must be chosen to form an equitable power dominat-

ing set 5. This is because a vertex from the rim, say ¥y , paves a
way to equitably power dominates all the vertices in the rim using

the similar argument that of Theorem 2.6 and %73 dominates itself.
Therefore ¥epg [:Wl,n) =2

, U, } where ¥g is the cen-
T are the rim vertices. Since the

Definition 2.7 [12]:
The gear graph G,, is a graph obtained from the wheel graph

W] ., by subdividing each edge of the outer 72 —cycle of W] ,,
just once. One can easily obtain that

Yend (Gﬂj = VYepa (Gc}j =1 forn = 5

Theorem 2.10:
Let G,, be a gear graph. Then ¥spq (G,) =2 forn = 5.

Proof.
The proof is similar to the proof of Theorem 2.9.

Definition 2.8 [14]:
The Ti-ladder graph can be defined as P5 XE, where B, is a
path. It is therefore equivalent to the 2 X 1 grid graph.

We label the vertices of the first and second copy of B, as
I ] I .
fvy, v, vy, Jand (v vy, v, ) respectively. we
W — ] ¥ ] I
callaset W = {wy, 0, 01,0, ¥y, V10 0 0y 1

Theorem 2.11:
For the 7. — ladder graph Py XF, = ¥.pa (P, XP,) =
{1 when S ={v € W}

2 otherwise

Proof.

Let P; XP, be the given Ti-ladder graph as defined in Definition
28. Note that |G| = 2n. Now one can see that
ld(v) —d(vie )| = 1 Jd(v) — d(vi )l
=1 for 1 =i <n—1 , and
ld(v,)—d(v,)] <= 1 forl =i < n. LetS be

the equitable power dominating set of &. Now the following two
cases arise:

Casel:
when 5 ={v;v € W}
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Without loss of generality let S = {iﬂl} It is quite easy to see
that 77y equitably power dominates ¥’ and 1?1’ , 1:'1" equitably
power dominates T'; ' Moreover 175 equitably power dominates
5 V3 equitably power dominates ¥4 and so on. Also %5 ! equi-
tably
natesiz‘r;“and so on. Therefore it is enough to have only one vertex
v € WinS Thus¥,pq(Py XP,) = 1.

power  dominates E?EJ , E?EJ equitably  power

Case 2:
whenS & V-—-W
Consider § = {iﬂg } then %73 equitably power dominates ¥'5

i .
T4 and V'3 . Now there are two non-observed vertices for the

already observed vertices ¥'; 174 and 75 ! None of them equita-
bly power dominates any other vertices. Hence we must choose

one more vertex to be in 5 say ' ' Now 173 and ’Li'glJ equitably

power dominates every vertices of G = P; XE, Hence

Vepd (P, XP,)=2.

Definition 2.9 [13]:
The Ti-barbell graph is a simple graph obtained by connecting two
copies of a complete graph K, by a bridge.

Theorem 2.12:
Let G be a Tt-barbell graph. Then Tﬂ?,d( G)=2 for
n = 2.

Proof.

Let G be the given Ti-barbell graph with vertex set V(G:] =
{U Ty e, Uy, 1:!1’,1:!2 L, ’L:J;.gJ }. By the Theorem 2.7, it is
clear that Yepa (Knj = 1. Now 5 contains exactly one vertex
from V', say 774, then this vertex 7%y equitably power dominates

all the adjacent vertices of 7y. And also %’y equitably power
dominates the vertex which is the end vertex of the bridge con-

necting the second copy to the first, say 1"1" which has

1n— 1 = 2 non-observed adjacent vertices. Now i:’{ cannot
equitably power dominates any of its adjacent vertices because it
violates the Definition of PDS. Therefore we must choose at least

one vertex from the second copy of complete graph K. Hence
Tﬂ*pd [:G:] =2

Definition 2.10 [2]:
A windmill graph, denoted ¥ (k, Tl:] consists of n copies of
complete graph fi'k connected to a common vertex of degree

n(k — 1)

Theorem 2.13:
Let W;(k,m) be the windmill graph.
Ta'pd (Wd(krﬂjjz n+ 1f0rﬂ,k = 2.

Then

Proof.
It is clear from the Definition 2.10 that W (%, 72} consists of 71-
copies of Kk connecting to the common vertex with degree

ﬂ(k - 1:], say .

Fig. 2: Windmill graph W (5,4)

By the Theorem 2.7 it is clear that ¥zpg (Kn] = 1. Therefore
one has to choose at least one vertex for each copy of K}, to be in
5. And these Tt vertices do not equitably power dominate the
common vertex ¥y because the degree difference between the

common vertex and any other vertices of ¥t copies of K, exceeds
2 which clearly violates the required equitable property that is

|d(v,) —d(v); vE V—1w, | = 2. Thus one has to
choose ¥ to be in the equitable power dominating set 5 to get
the desired result. Therefore ¥pq (W (k,m)) = n+ 1.

2.3. Equitable Power Domination Number of Middle
Graph of Certain Graphs

Definition 2.11 [1]:

The middle graph M (G of a graph G is the graph whose vertex
set is V'(G) W E(G ) and in which two vertices is adjacent if
and only if either they are adjacent edges of &+ or one is a vertex
of & and the other is an edge incident with it.

Theorem 2.14:
Let B, be a path. Then ¥apq (M (B, )) = nforn 2 3.

Proof.
Let B, be a path on “71” vertices Ly, g, v, Uy and T — 1

edges namely €4, €4, «.., €,,_1- The middle graph of a path B,,,

denoted M(B,) is defined as follows:
V[M(Pnj:] = V('P?‘EJUE(P?‘EJ = L’rj_UL'r:, where
Vi = {upug.u, and V3 = {egeq, e, 4}
and E(M(B,)) = E;VE,, where
Ei={eiei+1,1£ iﬂﬂ—z} and
E, ={ueg; 1<i=nl<js=n-1

whenever |i — j| = 1} It is interesting to see that there are
7 — 2 vertices are of degree 2 in ¥ of M (P,,) and the remain-
ing two vertices namely 1t and 15 are of degree one. Moreover
there are . — 3 vertices are of degree one in V3 of M(E,, ) and
the remaining two vertices namely €4 and £, 4 are of degree 3.
In order to obtain equitable power dominating set S of M (B, ),
the vertices 14 and U, must be in 5 as there are no adjacent
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vertices of T4 and Ti; satisfy the required equitable property.
Similarly vertices Uy, 3 = j = m — 2 must be in 5 as
there are no adjacent vertices yield the equitable property. Now
one can choose either 145 or €4 to be in 5. So we choose 45 to be
inS. Now U 5 equitably power dominates €4, €4 equitably pow-
er dominates €5, €5 equitably power dominates €5 and so on.
This is because [d(e;) — d(e;)| = 1. Similar process holds
good for choosing i,y or €,,_4 to be in 5. We choose 1,y
to be in 5. Hence we get 5 = { 1y, U5, ..., Uy, J. There-

fore Yopa (M(F,)) = |S| = 7. Hence the theorem.

Theorem 2.15:
Let C,, be a cycle. Then ¥apq (M(C,)) =
n = 3.

n+1 for

Proof.
Let C,, be a given cycle on Tt vertices 14,1, s L, and Tt
edges €4,€4, ..., €,,. The middle graph of cycle C,;, denoted

M(C,) is defined as follows:
V(M(C,)) = V(COVUE(C,) = V, UV, | where
i = {upugeuy} and Vo = {eg,e; .6,
E(M(C,)) = E;VE,, where
E, ={e;es;1 £i £ n—1} and
E; = {ue;;1 =i = n, whenever |{ —j| =<1}

Note that |V (M (C,, ) )| = 2n. Then one can observe that
there are T vertices are of degree 2 and the other 1t vertices are of
degree 4. Now to obtain the equitable power dominating set 5 of
M(C,), we must choose 1;'s, 1 = [ = # which are of
degree 2. This is because there are no adjacent vertices of 1i;'s,

1 = i = mn satisfy the equitable property. Next there are 7
non-observed vertices are of degree 4. Choosing any one of these
1 vertices namely €45, ..., €, to be in 5 gives rise to the
required equitable power dominating set 5 of M(C,,). This is
because any one of the &;,'5,2 < [ = n —1of M(C,)
equitably power dominates its adjacent vertices €;_41 and €;44.

Now €;_4 and €;44 equitably power dominates its non-observed
neighboring verrtices. Hence

S ={ujuz,.,u,e ;1< i <nk |S| =

n+ 1.
Thus ¥apa (M(C,)) = n+1.

Lemma 2.1:
Let Ky, be a star. Then M (K ) contains K, 11 as its sub

graph forall. = 1.

Proof.

Let KLn be a star graph with the common vertex L and pendant
Let €4, €4, -
KLn - Note that all the edges of KLn are mutually adjacent to
each other and so by the definition of middle graph there will be
an edge between every pair of edges €;'s ; 1 <= { = T of
Ky, in M[KLH). Moreover the common vertex u incidents

vertices ThqsThayswun, Uy «» €4, be the edges of

with every other edges of fi'm. So again by the definition of
middle graph, there will be an edge between the common vertex i
and newly added vertices (which were originally edges of KM)
of M(K,,,). Thus the common vertex U together with newly
added vertices of M (K, ) forms a complete graph Ky,
which is a sub graph of M (KLH:]. Hence the lemma.

Theorem 2.16:
Let Ky, be a star. Then ¥apa (M (Ky,))

n = 2.

=n+1 for

Proof.
Let KLH be the given star graph with pendant vertices

Uy, Ugy ey Uy and the common vertex 1. The edges of Km
are €4,€3, ..., €, The middle graph of a star graph K ,,, de-

noted M(K,,) is defined as follows:
v(M(K,))= v v U, where
Vi ={upug o uyfandVy = {eg,ey ., 8,3 And

E[M[KLn]] = E; U E, UE;, where E; = {g, € ;
for all i # j}, E; = {ue;; 1 =i<n} and
Ey = {u;e; 1 = © =< 7 }itis interesting to note that
all the pendant vertices of Ky ,, are of degree one in MKy, ).
The remaining common vertex 1t together with the newly added
vertices of M (K} ,,) forms a complete graph Ky, by the
Lemma 2.1. By Theorem 2.7, it is enough to choose any one of
the vertices of Ky 4, in M (K, ) to be in 5. Moreover all the
pendant vertices 14,15, -.. , U, must be in 5 because there are
no adjacent vertices satisfying the required equitable dominating
property. Hence 5 ={u,uyus ..,U,}  and
|S| = m+ 1. Hence the proof.

3. Conclusion

In this paper the notion of equitable power domination in graphs
has been introduced besides investigating the equitable power
domination number of various classes of graphs. Establishing
equitable power domination number of other classes of graphs is
open and this is for future work.

Acknowledgment

We would like to show our gratitude to A. Parthiban (Assistant
Professor in Mathematics, School of Basic Science and Humani-
ties, Lingaya’s Vidyapeeth, Faridabad) for sharing his pearls of
wisdom with us during the course of this research and also we
would like to offer our special thanks and deep gratitude to Dr. N.
Gnanamalar David for his valuable and constructive suggestions.

References

[1] Hamada T & Yoshimura |l (1976), Tra versibility and

connectivity of the middle graph of a graph, Discrete Math.,
Vol.14, pp. 247-256.
[2] Bermond JC (1979), Graceful Graphs, radio anten-

nae and french windmills, Graph
pp. 18-37.

Theory and Combinatorics,



354 International Journal of Engineering & Technology

[3] Bondy JA & Murthy USR (1986), Graph Theory  withAp-
plications, Elsevier, North Holland, New York.

[4] Baldwin TL, Mili L, Boisen MB Jr & Adapa  R(1993),
Power system observability with minimal phasor measurement
placement, IEEE Trans, Vol. 8, pp. 707- 715.

[5] BarreraR & Ferrero D (2011), Power domination in cylin-
ders and generalized petersen graphs, Networks, Vol. 58, pp. 43-49.

[6] Brueni DJ & Heath LS (2005), The PMU placement problem,
SIAM J. Dis  crete Math, Vol. 19, No.3, pp. 744-761.

[7] GeraR, Horton S & Rasmussen C (2006), Dominator color-
ings and safe clique partitions, Congressus Numerantium, Vol. 181,
pp. 19-32.

[8] Hedetniemi ST & Laskar RC (1990), Bibliography on domi-
nation in graphs and some basic definitions of domination parame-
ters, Discrete Mathematics, Vol. 86, No. 1-3, pp. 257-277.

[9] Hosoya H & Harary F (1993), On the matching properties of three
fence graphs, J. Math. Chem. Vol. 12, pp. 211- 218.

[10] Narasingh Deo (1994), Graph theory with applications to engineer-
ing and computer science, New Delhi.

[11] Swaminathan V & Dharmalingam KM (2011), Degree equitable
domination on graphs, Kragujevac Journal of Mathematics, Vol. 35,
No. 1, pp. 191-197.

[12] Anitha A, Arumugam S & Mustapha chellali (2011), Equita-
ble domination in graphs, Discrete Mathematics, Algorithms and
Applications, Vol. 03, pp. 311.

[13] Agasthi P, Parvathi N & Thirusangu K (2017), On Some labelings
of line graph of barbell graph, International Journal of Pure and
Applied Mathematics, Vol. 113, No. 10, pp. 148-156.

[14] Chen, Yichao, Gross, Jonathan L Mansour & Toufik (2013),
Total embedding distributions of circular ladders, Journal of Graph
Theory, Vol. 74(1), pp. 32-57.


https://en.wikipedia.org/wiki/Discrete_Mathematics_(journal)

