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Abstract

In this paper we have provided some of evidence work of the authors R.N.Hasan, O.A Tantawy in 2016 [1] thy given proof of the con-
cept between two bound soft sets & subsets of soft elements real numbers also was concluded an upper bound and lower bound by using

two sequences of soft element real numbers which is

(1)sup(f, /A @7 /A)<supf, /A ®supi,/A)
(11 )inf(F, / A @inf 7,/ A) Zinf(7, I A @1, | A)

In this paper, supposed to extend R.N.Hasan, O.A Tantawy work but here we are given new notion and proof for upper limit superior and
lower limit inferior with two sequences and subsequences for the conclude new proof after recalled that, which is upper limit superior
and lower limit inferior By this we have proved above new two theorems and one proposition & strengthen the example.
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1. Introduction

In recent paper R.N.Hasan, O.A.Tantawy 2016 [1] pointed at a
concept between two sequences and subsequences clarify the im-
portance and prove the upper bound and lower bound

(1)sup(f, /A @7 [A)<sup(F, /A @supi /A)
(11 )inf(7, / A @inf 7, / A) Zinf(F, | A®7 | A)

Bu using supremum & infimum in [2] 2012 Sujoy Dos and
Syamal Kumar Samanta used the concepts soft real numbers &
soft real sets also studied convergence theory of sequences of soft
real sets which is limit of soft theory and sequence also given
many important notation in same time and in same paper he's stud-
ies limit theorem of soft sequences and a generalization soft simi-
larity of two soft real numbers the soft set theoretic approach for
dimensionality reduction and supremum & infimum has potent
applications in many different fields which is include the smooth-
ens of functions , game theory , operations research, and in [3] soft
set theory is applied to commutatives ideals in BCK-algebra it was
suggest the notion of soft limit for function F at the point see

definition (3.3.1) the upper (8,2’) -soft limit of function F at a

point X soft limit and The lower (8,2’) -soft limit of func-

tion F at a point X soft limit, the collection of all these soft limits
forms the notions of upper soft limit of the function F is studied .
The notions of commutatives soft ideals and commutative idealis-

tic soft BCK-algebras are introduced and the notion of positive
implicative ideals and introduced their basic properties are derived
in [4] M. Irfan Ali Introduce some notion such as the restricted
intersection, the restricted difference and the extended intersection
of two soft sets also given notion of complement of a soft set, and
proved that certain De Morgn's lows hold in soft set theory with
respect new definitions.

2. Preliminaries

2.1 Least Upper Bound and Greatest Lower Bound in
soft Real Analysis

Definition 1.1.[1] A soft subset of soft elements Real
numbers F, < (R, E) iscalled soft bounded

From above iff there exists a soft Real number
r={(.,{r.}).e €E}. suchthat

a={e,{x.}).e esE}<fvaéeF,.

ie. Ve eEF, (e) <T,

A soft subset of set elements Real numbers F, < (R,E)
is called soft bounded from below ifand only if.
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There exists a soft Real number I ={(e,{r,}),e € E} such
that

B={E.{y.D.e cE}>FVBEF,.
ve cEF, () >
A soft subset of soft elements Real Numbers

F, < (R,E) iscalled soft bounded if it is both soft bounded
From above and below .

Definition 1.2. [1] Let F, < (R, E) be a soft subset of
soft element real numbers which is bounded from above.

The soft least upper bound % ={(e.{r.})},of ,F, which

is denoted by SUpP FA is a soft element real number satisfying
the following Two condition:

1-%, <1/ V% cF,
2-1f /A< 1, VU, eF, then T/ < i/t

These two condition can be formulated in another equivalent form
to give another equivalent definition For SUp FA

Proposition 1.3. [1] Fora bounded from above soft subset
FA of soft element real number,

If and only if: % =supF,, Iff

1-r A is an upper bound for F,

2_Vv E/A\ ={(e, .{c.,, D)} = Othe soft element real number

r g/
/A @ /A\ is not upper bound for F, .

Proof. Straightforward ,Another equivalent form of the definition

Proposition 1.4. [1] For abounded from above soft subset
F, of soft element real number,

% SUpF, Ifandonlyif .

1- fA is an upper bound for F, .

2 —V% < 03 a soft element real number '% € F, such

B/ st/ g/ ;
that A > /A (S} A is not an upper bound of FA .
Proof. Straightforward

Definition 1.5.[1] For abounded from above soft subset
FA of soft element real number sup FA € FA
Then we write: SUp F, = maxF,

In this case the maximum of the soft real subset FA exist

Remark 1.6. [1] We notice that the soft least upper bound of
bounded form above soft subset is one

Its upper bounds and therefore we can say that it is the minimum
of its upper bounds and write.

—mingi/ -a/ 21 o/ =

supF, mln{/A\ /A < AV A EF,}

As a dual of the soft least upper bound of soft subset of soft real
number ,we have the concept of the greatest soft lower bound.

Definition 1.7.[1] Let F, < (R,E) be asoft subset of soft
element real numbers with is bounded from below, the soft great-

est lower bound rﬁ/A ={e,.{m, H}.of ,F,.

which is denoted by : r% —infF,.

is a soft element real number satisfying tow conditions:
1-a@/ASm/A,Va/AEF,,

2—1If @/ASA/A,Ya/AEF, Thenm/ASiA/A.
These two condition can be formulated in another equivalent form
to give another equivalent definition For inf FA.

Proposition 1.8. [1] For a bounded from below soft subset FA
of soft element real number,

% =SupkF,, Ifandonlyif
1-m/A,is

a lower bound for F, ,

2_V E/A\ ={(,.{e. D}~ Othe soft element real number

~/A F
m/A @ &/A isnot alower bound for ~ A,
Proof. Straightforward Another equivalent form of the definition

Proposition 1.9.[1] For a bounded from below soft subset of
soft element real number,

% SupF, Ifandonlyif.

1-r ’a isa lower bound for F,

Z—V% S 03 a soft element real number %EFA

7S/

such that A > A@ A is not an upper bound of
F,.

Proof. Straightforward

Definition 1.10. [1] For any soft set of soft elements real
numbers F, define © F,.

oF, ={-a/A:—-a/A EF,}.

Proposition 1.12. [1] Let F, < (R,E) be asoft subset of
soft real numbers which is bounded then
© F, isalso Bounded and For which we have :

(DsupoF, =—inf F,
2Inf o F, =—supF,.

Proof: (1) Let inf F, =mi/A them from the equivalent defi-

nition of infimum
we get:
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(i )rﬁ/A < d/AV&/A € FA,And

(i )V &/A >0,3,asoft, real ,number, 3/A e F,,such,that B/A Zri/A o
g/A,

Multiplying by -1 we get :

()=@/A Z-M/AV-G/A € And

(i )V &/A >0,3,as0ft, real ,number —3/A € ®F, ,suchthat —3/A S —m/A

Og/A’ (2) is similar to (1).

1.13. [1] Properties of Supremum and Infimum in soft Real
Numbers

O.A.Tantawy and R.M. Hassan is given some Pasic properties of
supremum and infimum in soft Real Numbers are given in details.

Proposition 1.15. [1] Suppose that F, G are non-empty soft
sets of soft element real numbers

such that & < /3 forall & & F,,And 3 EG,. Then
F, <infG,.

Proof: Fix 3 EGy .since @ < 3 forall & EF, . itfol-

lows that ,g is an upper bound of F, so, sup Fy

s finite and SUP < B Hence sup F, is alower bound of,
2 -
G, soinf G, Isfinite and supF, <infG,.

Definition 1.16. [1] If F, &(R,E) and F E[R]5, then
we define

Fola ={Zé[R],E :izfof,for.every,yéFA}.

Proposition 1.17. [1] If F >0, then

sup(F o Fa) =FsupF,,inf(F | F, =finfF,.

If £ <0, then

sup(F o, Fa) =Finf F,,inf(F  F, =fsupF,.
Proof: the result is obvious if F=0. if > 6, then (f (0]
7)< a ifandonlyif 7 < a/F,

which show that & is an upper bound of r (0] FA, if and only
if & =T isan upper bound of F, so sup(f [6)

F,) =FsupF,.If ,F Z0,then(F 7 2a.
pEal,

if then if and only if so @ isan upper bound of T

OFA’

ifand only if & =T isalower bound of F,, , so
sup(f ¢ F,)=rinfF,.

the remaining results follow similarly,

Definition 1.18.[1] If F,,G, & (R, E), ,then we define

F, @G, ={f E[R]% :F =@ ® f3 for some
aeF,,BeG,},

Fi g Gs ={7 €[R]% :7 =@, j,for some.
aeF,, feG,},

Proposition 1.19. [1] if F, ,G , are non-empty soft real sets

then,
sup(F,,.G;) =supF, @supG,,inf(F, .G, ) =inf F, @infG,.

sup(F,,Gg ) =supF, supG,;,
inf(F, ,Gg) =inf Fa oSUPGg.

Proof; the soft set F, @Gy s bounded from above if and

(S}

onlyif F, and G are bounded from above ,

So, SUP(F, @G, ), exists if and only if Both SUPF, and
SUpG, exist, in that case & € F, , And ,ﬁ €G, . Then,
a® fsupF, ®supG,,

So, SUp F, @supG; , is an upper bound of F, @G, and
terefore SUP(Fa ©Gg) <supF, ®supG,.

To get the inequality in the opposite directing, suppose that
&> 0. then there exist @ & F,.and B EG, such that

& >supF, e%,ﬁ S supG, e%.

It foIIov~vs that

a®p>supF, @supGg 2.

Forevery & > 6, which implies that

sup(F, ®G,) =supF, ®supG,.

Thus,

sup(F, ©G; ) =supF, ®supG;.

It follows that

sup(F, e G;)=supF, ®sup( e G;)=supF, e
infG;.

The proof of the results for iNf(F, ®G;),And,inf(F, e
G B ) and is similar, or we can apply the results for the super-

momto © F, andG,

Example 1.20.[1] Let {f, /A},And{i,/A},neN bea

sequence of soft element real numbers.
Then

(Dsup(f, /A @7, /A) <supf, /A ®supf, /A,
(2)inf £ /A @inf £ /A <inf(F, /A @ /A).
Proof: in fact ,let

m/A=supf /A,n/A=supi /A,and,e/A =sup(f, /A®F /A).
and itisthen required to show that:

&/A <Mi/A ®A/A.

From the definition we get
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r /A<m/A,vn,and,i /A <n/A,vn

Thus, r/A®i /A®NA/A,VneN

Hence /A @1/A s an upper bound for the soft real num-
bers ﬁ1 /A (—Bfn/A and consequently is greater than or equal
to the least Upper bound &/ A t he proof of (2) is similarly

Proposition 1.21. [1] let F,,and,G; bounded soft subset
of soft elements real numbers
Such that F, &Gy then we get;

infG, <inf F, <supF, <supG,

Proof: let Gy =M then form the definition we get
m<a,vVaeG,

Consequently,

m<aVackF,

Hence is a lower bound for the soft subset. It follows then that
Clearly, inf F, <& <supF,.VaeF,

Finally, letSUpG, =F,then

F>a,Vva €G; therefore

F>a,v aéF,

Hence © is an upper bound for the soft subset FA ,and then
F>supF,.

3. Main Result

Theorem: let {X;.1} be a soft convergent subsequences of soft
real sets converging to soft real sets X, then

liminf |< X, a(A)—<x (1) >| =0 forevery A €A .

Proof : since X,~X for each A € A then we can Express that
limsup <X, (4) >=sup <X (4) > and also can say

that iMinf <x, (1) >=inf <X (1) > for every
AeA, limjsup<x,,;(1)>-sup<x(4)>=0

supposethat L € A, sSup<X,,(A)>=M_ (1) for
all n €N and SUp <X (1) >=M (1)

IirT1|M A)—M™M (ﬂ,)| = 0O for arbitrary some €>0
there is a + ve integers m such that
—eM, ., (1)—M (1) <eforall N =M ,in same way we

<X, yA)>and, x"e<x, (1) >

n+1

can choose Xr'] 1
Such that

M, ,(A)—-€ld <x!, <M (1) and
M (A)-eld<x' <M (1) >
n—e—el4M, (1) -M (1)]
—eld<[X! ,—X"SM (AD)]-M (A)+eld<e+e /b

Forall N >m since €> 0 is arbitrary, thus we have

n+l

liminf|<x,.,(4)-<x(1)>/=0, VAecA

Remark: if {X, .,
—X and X (1) #0,VA €A forany L €A

} be subsequence of soft real numbers such

that X
then
Ux,,, ~1/x.

n+1

Theorem: suppose H A G g are non-empty soft sets of soft ele-
ment real numbers such that

aef VYaeH, ad G,
Let >, 1-sup H, >infG; is upper bound,
2—inf H, <supG is lower bound

Proof: clearly @ €H , andalso @ > § VS €F, itis
follows that & is upper bound of Gg then

sup Gg is finite and SUPG, <,

hence sup Gg is a lower bound of Hg, so inf H, is finite and we
getthatsup H, >infG, .

Proposition: ifa H ,,G are non-empty soft real sets then
limsup{H , .G, }(4) = limsup{H , (1)} +limsup{G, (1)}
=limsup{H , (1) +limsup{G, (1)}

=[limsup{H , (1) =sup, inf, ., x, (D)]+[IIM{G (A1)} =[sup, inf, ., X, (A)]
And

liminf{H , G, }(4) = iminf{H , (A)}+liminf{G, (1)}

= liminf{H , (A)}+liminf{G, (1)}

=[liminf{H, (2) =inf, sup,.., X, (A)] +[liM{G, ()} =inf, sup, ., X, (4)]

Proof: in a soft sets

limsup{H , (1)} + limsup{G; (1)} is a bound from
above ifand only if limsup{H , (1)} and

limsup{G; (1)} is bound from above it is also should be
limsup{H ,,G; (4)} exists if and only if both
limsup{H , (1)}and limsup{G; (1)} exists

Here we can say that the case & € H , And 8 EG then

a+ f limsup{H , (1) +limsup{G, (1)} . so
limsup{H , (1) + limsup{G; (1)} is an upper bound of
(H , + G, ) and therefore limsup{H , +G_,}A) <
limsup{H , ()} +limsup{G; (1)}

Will be getting that inequality in the opposite direct in suppose
that & = 0, then there exists & & H , and 5 G, such that
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a > limsupH , —% . B 5 limsupG, —g thus fol-

lows that every & =0, it is implies that & + ﬂ~
limsup{H , (1) + limsup{G; (1)}—& for every

£20,that isimplies
limsup{H , +G,}A) >

limsup{H , (A)}+limsup{G, (1)}

Thus
limsup{H , +G }(A) = limsup{H , (1)} + limsup{G (1)}

We get that limsup{H , —G;}(1)
- limsupgH , (1)} + limsup{G, (A)}
=supH, —infG,

Example: let {X , /a},{y, /b} n €N be atwo sequence of
soft element real numbers then

1~ limsup{x, /a(A)}+{y, b(A)}<limsup <fx, /a(i)}+|imSUp{yn/b(i)}
2-liminf{x, fa(4)}+liminf{y,, b(A)}<liminf <{x, /a()}+{y, b(A)}>
Proof: (1) let 7/a = limsup{x,, /a(1)} and

@/a=limsup{y , /b(A)}and
Let £/a = ”fDSUp{X n /a}+{yn /b}(/i) and it is that the

required to prove that E/a < i/a+ (b/a from the definition

weget {X /a(A)}<i/a ,vn,and{y, /b(A)}<ep/a,
vn

Thusis {X , /a(A)}+{y, /b (D)}+p/a

VN €N Hencethe 7/a+@/a isan upper bound for the soft
real numbers X , /a(4)}+{y , /b (4)}also and consequent-

ly is greater than or equal the least upper bound 5/6. prove (2) is

similarly.
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