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Abstract

This work concerned with studying of new difference double sequence spaces concerning with lacunary sequences with respect to double
Orlicz function. Moreover, from this work we proved some inclusion relations involving these spaces.

1. Introduction and Preliminaries

The Banach spaces of real bounded and convergent double
sequences(w, v) = (tym vpm)are  denoted  by2¢,,and2c,
respectively.  Whichdefined the normed by |lu, | =
Supn,m{lun,ml' |Un,m|}Where”u” = Supn,m{l'un,ml}v””v'” =
Supn,m{lvn,ml}

In 1994, Parashar and Choudhary [9] have been constructed
asequence spaces defined by Orlicz functions. The idea of double
sequence spaces has been introduced in 1999 by M. Basarir and O.
Sonalcan [3], also by [1,6,11]and other authors have been studied
anewdifference double sequence spaces. The notion of double
sequence spaces defined by Orlicz function was structured by
[2],[20],[12] and [13], et al.

Definition 1.1

A doublesequence of positive integers 29 = (X, ) is called
lacunary if Ky =0, 0 <X, s <K,y1s+1 aNd A, =K, s —
K151 — @S 77, 8 — oo, The intervals determined by29will be
denOted by Hr,s = (xr—l,s—l':}(r,é)and Zr,5 = 4',5/:}(4'—1,5—1'
According to Freedman et al [5] , we can define the space of
lacunary strongly convergent double sequence 2V by

2Ny = {(“'”):yﬂﬂ’w";b Z Z [[ttnm = £| V |vnm — £|] for some £}

nel,. s mel,- 5

Definition 1.2: [4]

A double Orlicz function is a function F:[0,) X [0,00) —
[0, ) x [0, o)defined by F(u,v) = (Fy(w),F,(v))such that
F;:[0,00) > [0,00)&F,:[0,00) - [0,00) are Orliczfunctions
which are continuous, non-decreasing , even, convex and satisfies
the following conditions:

i) F,(0) = 0,F,(0) = Oimplies thatF(0,0) = (F;(0),F,(0)) =
(0,0)

ii) Fy () > 0, F,(v) > Oimplies

thatF (u, v) = (F;(w), F,(v)) > (0,0) for «w > 0, > 0, we
mean by F (w,v) > (0,0) that F, («) > 0,F,(v) >0

iii) F, () = o0, F, (1) - o0as u - oo, — oo, then F(u, v) -
(c0,00).

Definition1.3:[4]
Let 2w be the spaces of all real or complex double sequence

(/M" U) = (unm"lfnm)'
We can define a double Orlicz function on double sequence
spaces by means of Lindenstrauss and Tzafriri [8]

oo T3 (o (2

n=1m=1
which is called a double Orlicz double sequences spaces 2€ is a
Banach space with a norm:

T

n=1m=1

According to Kizmaz [6], we define a double sequence spaces as

20,(8) = {(u,v) = (“n,mr”n,m):sup“A’“'n,m'r |’Un,m|] < oo}
2¢(d) = {(u, 1) = (Upm Vnm): lr}m [[|Aun,m — |V |vpm — t”] = 0, for some ¢}

2¢4(8) = {(u,v) = (un,mrvn,m):lr}gll [['Aun,m| \4 |”n,m|]] = 0}

Where(A’“’n,m'AUn,m) = (/“'n,m ~— Unt1,m+1 Unm — ’Un+1,m+1)

< 00,0 > 0}

2. Main Results

In this part, we introduce a double sequence spaces andconstruct
inclusion relations between double sequence spaces.

Definition 2.1

Let F = (F,,F,) be a double Orlicz function and p = p, ,, be
any bounded double sequence of strictly positive real numbers.

Then
Pn,m
Au ’
7 (2ten)
nel, s mel, ¢

A Pn,m
VF, <—| 0“"“') ] =0,0>0}

Q
:Fl <|A’un,m_t|>p“'m
Q

2w (F, p)a = {(w, v): Jim Y

29 _ T 1
2w (F,p)s = {(w,v): lim A7, Z Z

nel,. , mel,.

|A47nm - t| Fom
VF, f = 0, for some %, @ > 0}

(CHom
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A Pnm
szs(}" P)a = {(u,v): supﬁrlé Z Z <| n,m|>
nel,. s mel,. 4 e

A Pnm
VTZ(%) ]<00,g>0}

If (u,v) €2w?%(F, p), , we say that (u,v) is lacunaryA-
convergence to £ with respect to the double Orlicz function
= (F1,F,). When F(u, v) = (F,(u), F,(v)) = (u,v) , then
we write 2w2d(p),, 2w?¥(p), and 2wz (p), for the spaces
2wWE(F, p)a, 2WH(F, p)a and 2w2(F,p),, respectively. If
Pom =1 for all n,m , then 2w3®(F, p), , 2w?*(F,p), and
2w23 (F, ), reduce to 2w3%(F), , 2w?P(F), and 2wZd (F), ,
respectively.
We need the following inequality in this paper,

|en,m + dn,m|pn'm
< C(lenm|™™™ + |dam|™™™) )

Wheree, ,, and 4, ,, are complex numbers, C = max(1, 241
and H = sup p,y, < 0

Theorem 2.2

Let F = (Fy,F,) be a double Orlicz function and p = p,, be a
bounded double sequence of strictly positive real numbers.
Then2w2? (F, p)a, 2w (F,p), and  2wZd(F,p), are vector
spaces over the set of complex numbers.

Proof
Let (u,v), (2, ) € 2w’ (F, p), and let o, B € C. Then

]P)nm [P)nm
Au A, '
Jim £ DD [’”1 (Pgem) v () }
nel,. ; mel,. ¢ 1 1
= 0, Ql >0
and
A Pnm A Pn,m

lim A% 7 (@) VF, (M) =0,0,>0
T80 Q2 Q2

nEl, s mel,. 5

Take @ = max{2|alo,, 2|B|e,}. We have

Z [T (IaAun,m + BAmn,m|>p"'m
! Q

nel,. s mel,

- (IaAvn,m + BA%,m|>“”“'m]
2 0

lim A%

7,800

<

< lim A4

7,600

nel,. , meL,,

+ lim AL Z Z

nel,. , meL,,,

- (IAun,m|>"""'m v, (lm,ﬂ)’”"“] .
Q1 Q
|Aﬂ7n,m| Frm
:F' —_—
! Q2
A Pn,m
v, (l %,m|> ]:o.
Q2

S0, a(w, v) + B(p, @) € 2wi’ (F, p) . Therefore 2w3d(F, p), is
a vector space.
Similarly, we can prove the other spaces.

Theorem 2.3
Let F = (F,,F,) be a double Orlicz function. If
supp m (F1 (), Fp (v))Pom < oo for allu > 0,1 > 0, then

2w (F, p)s € 2WZ (F, p)a

Proof
Let(w, v) € 2w?9(F, p)a. There exists some positive g,,0, such

that
(IAun m_tl)p"'m v, (anén - tl)““‘} o
2

lim A% Z Z
7,800

nel,. ; mel,.

Seto = (204,20,). Since F = (F,,F,)is non-decreasing and

convex ,by using (1.1), wehave
|A’unm| Pn,m |A’Unm| Pn,m
F (E2ml) oy, (Eml =
Q Q
Pn,m
<|Aunm—t+t|>
Fl——
nel,. ; mel,. ; Q
Pnm
AMyn—t+1 ’
v (B =)™
Q
Pnm
1 My, —7% ’
< c{sup Al Z Z zpnm[T1<| Ll |>
e nel, ; mel,. , ' &
Pnm
AMym—7% '

e ]

N /ﬁ Z Z |’t’| Pnm
su —_—
4~}5) 8 2]P’nm

nel,.  mel,.
vF <|t|>lp’nm]
\e,
[Ategm — [\
N
nel,. ; mel,. &
|Avy m — £\
Q2
|t| Pn,m |t| Pnm
Z Tl VTZ - <OO
nel,. ; mel,. & Q2

Hence(u, v) € Zw (T P)a. This completes the proof.

sup A,k
7,8

nel,.  mel,.

= sup A%
7,8

< C{suph;k
r,8

+sup A%
1,8

Theorem 2.4
Let F = (F,,F,) be a double Orlicz function and let0 < A =
inf]pn mThen

29(F, p)a © 2w3%(p),if and only if

lim AL z z [F, (£)Pom v F, (£)Pom]

7,800
nel,. ; mel,.

For some £ > 0.

Proof
Let2w?2d (F, p), © 2w2® (p),.Suppose that (2) does not hold.
Therefore there are a subintervall,. ,,,)0f the set of interval

|A’un m

A
I, ;and a numberz, > 0, where £, = %“"“'for all n, m, such

that

-1
A s)0m) Z

NEl (- 5)(m) ME(r-5)(m)

< o 3)

[Fy (£o)Pom v Fy (£5)Pom] < K

Such that m = 1,2,3, ...
Let us define (1w, 1) = (14 m, ¥y m)as following
(etp,0t0),  nmE i gy0m)
Ay 1, AV, = ’
( n,m nm) { (0 0) ) n,m & H(Ma)(m)

Thus by  (3),(u,v) € 2WZ(F, p)a.But(u, v) & 2w (p),.
Hence (2) must be hold.
Conversely, suppose that (2) holds and that(u,v) €

2w29(F, p)a. Then, for each -, s
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|Aun m| Pom |A/U’n m| Pom |Aun_m -t | |A4rn,m — t|
h;.lzs Z Fi T VF, T <X F1 —Q VF, 79 <
nel,. ; mel
1,8 1,8 A/L{/ — t A/l}' _ )t'
< o @ <|F {1 + <7| “'g‘ |>/5} VF, {1 + <7| “"é‘ |>/8} <
Suppose that(u, v) ¢ 2wz® (p),.Then, for some number 0 < & < %[3:1(2) VF,(2)]

1, there is anumbern,, m, such that , for a subinterval T, , of the

|A’“'n m

. A
set of interval I,.,, €< [Sttnm bl ny, <n, my < m. From
! Q

properties of the double Orlicz function, we can write

A Pnm A Pym
[F, (e)Pam v Fy (6)om] < F,y (@) VF, (l”f!“‘l>

Whichcontradicts (2), by using (4). Hence we get 2wZ® (F, p), ©
w39(p),. This completes the proof.

Definition 2.5:[7]

The Orlicz function F is said to satisfy the A,-condition for all

values of x,y, if there exists a constant L. > 0 such that[15 and 16]
F(2x,2y) < LF(x,y),x=0,y=>0

Theorem 2.6

Let0 < 4 = infpy;y < Pom < SUPPpm = H < . For a double
Orlicz function F = (F,,F,) which satisfies A,-condition, we
have 2w2%(p), nga(}“ Pa 2w (p),) € 2w??(F, p), and
2wZ (p)a < 2WE(F, p)a-

Proof
Let(u, v) € 2w?9(p),, then we have

ﬁ;az Z [ﬂ(lAunm fl)"””“ (W—z—ﬂy’m}

nel,. ; mel,.
—0as7r,8 >
for some %.
Let 0 <& and choosed with 1 >§ >0 such that [F,(¥)V
Ft<efor 0<t<8. We can write

@ 2 Pl et
8 2 -
Q

nel,. s mel,.

pn m
A, —t ;]
= A Z > | (M)
nelrs mel,. Q
|A’un m—tl/gs’o" |Avn,m_t|/956
| ]pn m
AV — }
VF, (M) ] .
Q
]pn m
A, —t ;]
+A Z [7—'1 (M)
nelrs meT, e
|A’un m—tl/g>(§" |A”n,m_t|/g>6

o (Bemm =)™

For the first summation above, we immediately write

Aty — £\
oy Y (e

nelr.s mel, ¢ Q
—tl/QSS. |A”n,m_t|/936

e

|Aun,m

<

< max(g, e?)
by using continuity of F = (F;,F,). For the second summation,
we will make followingprocedure. We have

(= (0 ) et

Since F = (F,,F,)is non-decreasing and convex, it follows that

sy

)

Since F = (F,,F,) satisfiesA,-condition ,we can write

o )
e

|A4fn =
)/8} (F1(2)V F,(2)

|Aun m

IA

1 — |

+5L )/8

|Avym —

( )/8} (F1(2)V F,(2)

|Aun m

t|>/8

|A'lfn,m |
v (—Q )/6} (FL(V F>(2)

In this way, we write

F, ('A'”'n,m B t')fp’n,m VF, <|A'lyn,m - t|>fp’n.m]
Q Q

< max(e, ) +
7 <|Aun,m - t|)ﬂ”n,m
Q

+max{1, [L (F(2) v F,(2)) /81" AL
<|M,, m— t|>“ﬂ"rm]
VF,|————
e
Taking the limit as € —» 0and 7, 8 — oo, it follows that (u«,v) €
2w29(F,p)A[15

=Y

nel,. ; mel,.

Following similar arguments we can prove that 2w2®(p), c
2w (F, ), and 2wZd (p)y < 2wWE (F, p)a

After step of this section, different inclusion relations among these
double sequencespaces are going to be studied. Now we have

Theorem 2.7
Let F = (F,,F,) be a double Orlicz function. Then the following
statementsareequwalent
i. 2 (®)a € 2WE (F, p)a
ii. (]p))A c zwoo (Tr ]I»)A
iii. Supm,s o Zneﬂm szJIh5 [Fy(£)Pom v Fy (£)Pom] <
odfor all £>0.

Proof

i) = ii): Let (i) holds. To verify (ii), it is enough to
prove2w§® (p)s < 2w (F, p)a.
Let (u,v) € 2wZ%(p)a. Then,
for0 < ¢,such that

3 3 b ()

nel,. s mel,.

Hence there exists¥ > 0 such that

A Pn,m A Pnm
swp iy Y Y T1<| un,m|> vT2<| vn,m|>
8 Q Q

nel,. , mel,.

there exist >7y,8 =85 ,

<g

<K
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So, we get (u, 1) € 2wZd (p),
ii) = iii): Let (ii) holds. Suppose that (iii) does not holds. Then
for some ¢ > 0

D )P v )] = oo
nel,. ; mel,.
And therefore we can find a subinterval T, ,,0f the set of
interval I»,s such that

-1
A 5)0m) Z

1 Pnm 1 Pn,m
7))
[ m \m
€l ) (m) MEL () (m)

>mm=1,23,.. (5)

sup A%
7,8

Let us define («, v) = (tym, Un,m)as following

0 @
G M EIle
(0,0) ,
Then(u, v) € 2w2®(p) but
which contradicts (ii).

Hence (iii) must holds.

iii) = 1): Let (iii) hold and
(u,v) € 2w (p),. Suppose that(w, v) & 2w2d(F,p)a. Then
for(u, v) € 2w23 (),

sup Ak

1,8

- <|Aun,m|>p"'m v, <|A4rn,m|>p"'m]
nel,. ; mel,. @ @

Letz = KA“""“%‘“)' for each n, m, then by (6)

(A/un,mrA/Vn,m) = {
n,m €& i 5)0m)

by (5),(/11«, U) E Zwi?(?:. [p))A ’

> Fi )P v Fy ()] = oo
nel,. ; mel,.

Which contradicts (iii). Hence (i) must holds.

sup A%
7,8

Theorem 2.8
Let F = (F;,F,) be a double Orlicz function. Then the following
statementsare equivalent.

i) 2w (F, p)a © 2w3° (P)a

i) 2w§(F,p)a © 2W3(p)a

iii) inf,. , A7k Fner, , Zmer, ,[F1 (£)Pnm v Fy (£)Prm] <
oofor all £>0.

Proof

i) = ii): It is obvious.

ii) = iii): Let (ii) holds. Suppose that (iii) does not holds. Then
Z [F, (£)Pnm v F, (£)Pnm] = 0 for some £ > 0,

nel,. s mel,. ¢

And we can find a subinterval I, 5)(,,,)0f the set of interval 1.

such that

-1
A o) om) Z

NEl(r 5)(m) MEL(r5) (m)

=123, .. ]

inf, , Azl

1
[Fy(m)Pom v F, (m)Pnm] < i

Let us define («, v) = (t4ym, Unm) s following

(Q’WL, Q’WL), n,me H(r,s)(m)
(A'M’n,m'A”n,m) - { (0’0) , nm e H(rlg)(m)
Thus, by (7) (u, v) € 2w2°(F, p)abut (u, v) & 2w (p),which
contradicts (ii). Hence(iii) must holds.
iii) = i): Let (iii) holds. Suppose that (u,v) € 2w2(F, p)a.

Therefore,
IAunml)""""" (IA«rnml)“”“'“‘
AL F | — VF, | ——
DIPYACS IS

nel,. s mel,. 5
-0 (8)

Asr, 8 — oo, Again, suppose that (u,v) & 2w3%(p), for some
number € >0 anda subinterval T, ., of the set of interval

|(Aun,m_th”n,m_t)|)

I, s, We have ( > ¢ forall n,m.

Then, from properties of the double Orlicz function, we can write

lTl <|Aun'm|>ﬂﬂn,m y TZ (|Avn‘m|)]]3)n,m
Q Q

Consequently, by (8) we have
lim AL Z [F; (e)Pnm v F, (e)Pnm] = 0

e nel,. ; mel,.

Which contradicts (iii). Hence (i) must holds.

Finally, in this section, we consider that p,,, and q,mymare any
bounded double sequences of strictly positive real numbers. We
are able to prove 2w?*(F, q), S 2w?¥(F, p)only under
additional conditions.

= [Fy (e)Pnm v Fp ()Prm]

Theorem 2.9

i)If 0<infp,, <pPym<1 forallk, then 2w?*(F), <
2w?(F, p)a

i) 0 < Py S SUPPyum = H < oo, then 2w (F, p), <
ZWZB(T)A

Proof
i) Let (w, ) € 2w (F, p)a since 0 < infpyp < Ppm <1 We

get
. |Aunm—t| |Avnm—t|
i Y Y [n (B tl) g (arom = el
nel,. s mel,. 5 Q Q
. |Aunm—t| Pn,m
=

nel,. s mel,. 4

VE, <|Avn,m - t|>p“'m]
Q

And hence (u, v) € 2w?%(F),.
Let 0 <pPum < SUpPpm =H <o , and (u,v) € 2w?¥(p),.
Then for each 0 < & < 1there exists a positive integer 77, 8, such

that )
F, (—lAu“'g — t') VF, (—'Mn’z — t')] <e

<1
for all 7 = 7,8 = &,. This implies that

pn,m _ pn,m
(Bt el

3 )

nel,. ; mel,. ¢

)
Q

Therefore (u, v) € 2w?%(F, p),.
Using the same technique as in Theorem 2 in [14], it is easy to
prove thefollowing theorem.

=Y

nel,. ; mel,.

-1 E
’h’fr',é
ne€l,. ;mel,. ;L

< A7

Theorem 2.10

Let 0 <Pum<qnm for all nm and let (qqm/Pam) be
bounded.Then

ZWZS(TI (ql)A c ZWZS(:FI ]p))A
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