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Abstract

This work presents forward kinematic position analysis of a spatial three degree of freedom parallel manipulator, which has three sym-
metric loops. The three loops consist of an actuated sliding links- rotational and spherical joints. The actuated sliding links are attached to
inclined base platform via rotational joints. The limbs are connected from rotational joints to moving platform by spherical joints. The
degree of freedom of a spatial parallel manipulator is analyzed via kutzbach criterion. The forward kinematic position analysis carried
out by using 3-coupled trigonometric equations which are formulated with side and behaviour constraints of the manipulator. There are
many difficulties in solving the system of non-linear equations in kinematics of manipulator therefore by using MATLAB the three non-
linear coupled algebraic equations are solved. The forward position kinematic analysis part is used in the development procedure of spa-

tial parallel manipulator to check, the required and obtained positions of the moving platform of the developed manipulator.

Keywords: Forward kinematics; position analysis; spatial parallel manipulator; 3- degree of freedom.

1. Introduction

The parallel manipulators perform the task of controlling the mov-
ing platform with respect to the base frame. The six degree of
freedom spatial parallel manipulators such as Stewart —Gough
platform type and Stewart universal type test machines [1,2] suffer
the difficult in position kinematic analysis. For several applica-
tions like air craft simulation require less than 6 -dof. Therefore,
less than six degree of freedom spatial parallel manipulators have
been developed. Yangmin Li and QingsongXu[3,4] proposed kin-
ematic analysis of 3-dof translational parallel manipulators which
are moving in rectangular coordinate system. Meng-Shiun T sai[5]
proposed the analysis of a 3-PRS parallel mechanism which indi-
cate the analysis of mechanism. J.A.carretero [6] proposed analy-
sis and optimization of parallel manipulator in which prismatic
joints are actuated. Lee and Shah[7] proposed analysis of 3-dof
parallel actuated manipulator, in which the motion will be con-
strained .Yangmin Li and QingsongXu[8] presented the analysis
of 3-PRS parallel manipulator in which the sliding joints were
actuated. Xin-JunLiu and Farhad Tahmasebi[9,10] performed new
parallel manipulators using the Grubler mobility criterion as it
may be demonstrated that the mechanism has 3-dof. The purpose
of this work is to develop an analytical method and systematic
design procedure to analyze the basic forward position kinematics
of 3-dof spatial parallel manipulator. The geometric method is
applied to formulate 3-coupled trigonometric equations by consid-
ering with side and behaviour constraints and equations are solved
by vector technique. The nonlinear equations which are very diffi-
cult to solve, therefore by using MATLAB the three non-linear
coupled algebraic kinematic equations are solved.

2. Geometry Description of Spatial 3-Dof Par-
allel Manipulator

The spatial three degree of freedom parallel manipulator consists
of a moving platform which is connected to a fixed base by three
similar supporting limbs with three symmetric loops as shown in
Fig 1. In these three loops the number of rotational joints, type of
joints and number of sliding joints and number of moving limbs
are same and equal to the dof of the moving platform of the ma-
nipulator. The actuated sliding joint of each limb is inclined from
the fixed link of base platform by an angle oj; for i" position of
limb. The sliding joint is actuated on a limb of fixed length via a
rotational joint and limbs are connected to the moving platform by
spherical joints. The fixed platform co-ordinate reference frame
0O{x, y, z} is considered at the centre of A'*B,B,B5. Similarly the
moving platform co-ordinate reference frame P {u, v, w} is con-
sidered at the centre of AleS,;S,S5. Consider x-axis in the direction
O—B{ and the u-axis in the direction P_Sl). For each actuation along
three loops the distance between B; and Py, is denoted by

d, as in Fig. 1. The Fig.2 and Fig. 3 repre-

d“ |j=1,2,3 and i=1,2,3,4 etc
sent the position vector of fixed platform vertices Bj|j_123and

moving platform vertices Sj|], with respect to fixed base

=1,2,3
frame centre O {x,y, z} and moving platform frame centre P {u, v,
w} can be expressed as follows:

OB; = g1,0B; = g,,0B; = g3,0S; = h;,0S; = h,,08; =
h;,OP = E’,OS]1 = q_]l’
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2.1. Geometry Diagrams of Spatial 3-Dof Parallel Ma-
nipulator

i#iss
Fig. 2 Geometry of
moving platform

Fig. 3 Geometry of
fixed base platform

2.2. Degree of Freedom of Spatial Parallel Manipula-
tor

The degree of freedom is the number of input parameters required
to specify the configuration of a spatial parallel manipulator com-
pletely. The equation depends on number of links, number of
joints and type of joints incorporated in the selected spatial paral-
lel manipulator. The spatial parallel manipulator consists of eight
links, three rotational joints, three sliding joints and three spherical
joints. The dof of spatial parallel manipulator can be calculated by
using Kutzbach criterion.

f=6(M—-1)—5j1 -4, —3j3—2j,—js =6(8—-1) —5%6—
4%x0—-3%3-2x0—-1x0=3 1)

Where f denotes dof of a spatial parallel manipulator.

n denotes number of links of a manipulator.

j1 represent the number of links or joints which losses 5dof
jo represent the number of links or joints which losses 4dof
j represent the number of links or joints which losses 3dof
ja represent the number of links or joints which losses 2dof

js represent the number of links or joints which losses 1dof

3. Forward Kinematic Position Analysis

First a set of actuated inputs are given, then the position and orien-
tation of the moving platform are obtained by forward kinematic
analysis. Let dT, | j=1,2,3 and i=1,2,3.4 etc 0€ the vectors of the three
actuated input joint variables along the inclined fixed limbs at an

angle of & with respect  to ﬁj j=123 and
[P Pi Pi Wi 6; ¢i]T are the vectors of constrained and
unconstrained Cartesian variables which describes the position
and orientation of the moving platform with respect to fixed coor-

dinate system. Let o;; | j=1,2,3 and i=1,2,3,4 etc D€ the angle made by
the i position of the limb Pr.S) lj=123 with respect to i actua-
tion along the inclined fixed limb i.e. BjA; lj=1 23, then the posi-

tion vector of spherical jointO_S]’ | j=1,2,3 With respect to the fixed
coordinate system can be expressed as

q, = [(g]- + djj cos § + L cos(Ej — (x]-i)) cos Bj]i + [(g]- +
dji Cos E] + L] COS(E]' - (in)) sin B]]] -+ [dll sin E] + L] Sln(E] -
aji) |k )

Where j=1, 2, 3and i=1,2,3,4 etc

Consider at p; |j=1,2,3 are 0°,120°%,240%nd g, =g, = g5 =
gl =L,=L; =L,§ =&-& =& then Eq. (2) can be written
as

qq = [(g + dyjcos§ + Lcos(§ — ay)) cos By Ji + [(g +
dqj cos & + Lcos(€§ — oq;)) sin B1]j + [dy; sin€ + Lsin(€§ — ay;)]k
3

Gz = [(g + djj cos § + Lcos(§ — ay;)) cos Bli + [(g +
dyi cos & + Lcos(§ — ay;)) sin B,]j + [dy; sin € + Lsin(€§ — ay;)]k
4)

q3; = [(g + d3; cos & + Lcos(§ — az;)) cos B3li + [(g +
ds; cos € + Lcos(€ — ag;)) sin B3]j + [ds; sin € + Lsin(§ — ag5)]k
(5)

The position and orientation of the limbs can be determined by the
geometric distance between two spherical joints that are to be
constant in magnitude. i.e.

[S1S2| = [S2S3| = [SsS:| = V3h
= |qn, — Gl = @2 — G311 = [q3, — 5,1 = V3h (6)

Subtracting Eq. (4) from Eq. (3) then

E - q—zf = [((312 - 1)g + (a2ds; — dai) cos & + L(ag, cos(§ —
o) — cos(§ — O‘zi))) cos ﬁz]i + [((bn —1g+ (bypdy; —

dy;i) cos § + L(by cos(§ — o) — cos(§ — ay))) sin B, ]j +

[(dyj — dy;) sin§ + L(sin(§ — ay;) — sin(§ — o)) ]k (7

Subtracting Eqg. (5) from Eq. (4) then

Qo — Qs = [((323 — g+ (az3dy; — dsj) cos§ + L(azz cos(§ —
azi) — cos(§ — as;))) cos Bsi + [((byz — 1)g + (baadyi —

ds;) cos § + L(b,z cos(€ — o) — cos(§ — az;))) sin B3]j +

[(d2; — dsi) sin§ + L(sin(§ — az;) — sin(§ — azi)]k ®)

Subtracting Eq. (5) from Eq. (3) then
ﬁ - @ = [((313 - 1)g + (ay3dy; — ds;) cos & + L(a;z cos(§ —
;) — cos(§ — asi))) Ccos Bs]i + [((b13 - 1)g + (by3dyi —
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ds;) cos & + L(by3 cos(§ —
[(dy;

1) — cos(§ — az;))) sin Bsj +
—dg;) sin§ + L(sin(§ — ay;) — sin(§ — az;))]k 9)

Eq. (7) can be written as

qu — Gz = [agziLcos B, cos & + L(asp cos(§ — ayy) —

cos(€ — ay;)) cos B,li + [by,iL sin B, cos & + L(by, cos(€ —
a13) — €0s(§ — az;)) sin B,]j + [dyziL cos § + L(sin(§ — ay;) —
sin(§ — az))]k (10)

Eqg. (8) can be written as

G2 — 3, = [az3iL cos B3 cos § + L(azs cos(§ — ay;) —

cos(€ — as;)) cos Bsli + [bys;Lsin B3 cos & + L(b,z cos(§ —
0zi) — cos(§ — az;)) sin B]j + [dasiL cos & + L(sin(§ — ay;) —
sin(§ — az;))]k (11)

Eqg. (9) can be written as

Q1 — Q3 = [a13iL cos B3 cos § + L(ayz cos(§ — ay;) —

cos(& — as;)) cos Bsli + [byziL sin B3 cos & + L(by3 cos(§ —
i) — cos(§ — ;) sin B]j + [dy3iL cos § + L(sin(§ — ay;) —
sin(§ — a3))]k (12)

By substituting Eq. (10) in Eq. (6) then

Cj; sin? ayj + C; cos? ay; + Ch; sin? ay; + Cy; cos? ay; +

Cs; sin ayj cos aqj + Cg; Sin oy sin oy + C7; sin oy cos oy +

Cg; COS ayj Sin ay; + Co; COS a5 COS 0z; + Cqo; SIN 0z; COS 0ty +

C1qj Sin oy + Cipj cos og5 + Cigj Sin ayi + Cpyy cOs 0y + Cis; = 0
(13)

By substituting Eq. (11) in Eq. (6) then

Cy; sin? ay; + Ch; cos? ay; + C3; sin? ag; + Cy; cos? ag; +

Cg; sin a,; cos ay; + Cg; sin o sin az; + C7; sin ay; cos ag; +
Cg; COS Qi sin az; + Cg; COS 0y; €OS 35 + C; Sin a4 cos agj +
Ciqi Sin ayj + Ciyp; cOS oy + Ci54 sinagj + Ciy4 cOS agj + Clsi =
0 (14)

By substituting Eq. (12) in Eq. (6) then
Cfi sin? ay; + C3; cos? ay; + Cy; sin? ag; + Cyj cos? ag; +
Ce; sin ay; cos a5 + Cgj sin ay; sin oz + C75 sin oy cos ag; +
Cgi COS 0y Sin az; + Caj COS 045 €OS az; + Cio; sin ag; cos az; +
Cii sin agj + C%; cos oy + Cis; sin agj + Ciy; cos ag; + Cis; = 0
(15)
Constants are given in appendix
In the Eq. (13), Eq. (14) and Eq. (15) g, L, &, B are the given val-
ues and d;, d;, dszare the assumed i actuated values of the three
successive prismatic actuators, then cj;to ¢y, cfj to cfs; and
cyj to cis; are the constant values, which depends on the above
given and assumed values. The Eq. (13), Eq. (14) and Eq. (15)
contain trigonometric ratios i.e. sine and cosine of two degree
polynomial ~ with 15 terms and three  unknown
ues oy, 0,4, oz; for each actuation. By solving Eq. (13), Eq. (14)
and Eq. (15) for all i actuations the values of three unknowns
a4, 04, 035 are to be determined and from the above calculated
values, qy,,q2, , qa, can to be determined. From the geometry of
the structure of the manipulator

5= G — on B
P _QIl_ORpi 1

Pi=0n - og, hy
1

Pi = Q3 — O, hs

That means

5; =

1, | s | —s
E(QIl +qz t QSl) -
h[cosB; + cos B, + cosB; sinP; +sinP, +sinB;  0]T

(16)

l (o]
3 “Rp;
Consider

Tz = (@ + U1 + T31) = duzssil + Qizayi) + G232k
cos 123 = cos 31 + cos B, + cos B3

sin B1,3 = sin 1 + sin B, + sin 33

Then the Eq. (16) can be written as

[ Pxi] q123x1 uxn Vxi  Wxi] [cos B123
Pyi| = QI23y1 - = uyl Vyi  Wyil | sin [3123 @17
[ Pzi | q12321 Vzi Wz
[Pxi] — (cos 6; — cosy; cos2 |
pX% _ 2 cos d)i ( qjl ¢ ) |
yi| = .

—h cos y; sin ¢;

| Pl U of
Pzi

Uy Uy Wy cOich; + sistisp;  —cOisp; + spisOicd;  sOicp;
Uy Uy ] = [ cPp;so; cpico; —s; ]
Uz Vg —sO;ch; + sp;cOisep;  sO;sp; + sypiclicd;  cOicy;

From Eg. (17)

2cos¢ (COS@ — Cos lIJl cos 2¢ ) = (123xi —

sin {s; sin 0; sin ¢;)h cos P13 —
(— cos 8; sin ¢; + sin Y; sin 6; cos d;)h sin B3

(cos ©; cos ¢; +

(18)
—3h cos Y sin d; = qq23y; — cos Y sin ; h cos B3 —
cos s; cos ¢; h sin B3 (19)

Where
sin d)j — sin y; sin 6;

1+4cos 6; cos

The Eq. (19) can be written as

(h'sin By23) cos? Y — ((hzsyi — hsin B123) cos s cos B; +

(cos B123 — 3)h cos Y sin ys; sin 6; (20)

—Q123yi = 0
The Eq. (18) can be written as
(2 cos Byz3 + 6) hcos® P; + (6h + 2q234i) cOs? P cos B; +
(291235 — 2hcos By23) cos P cos? B; + (2q123xi —
2h cos B123 — 3h)(cos Y; + cos 6;) — (3 + 2 cos By,3)(cosP; +
cos 8; )h cos? j; cos? B; —
(2h'sin B1,3)(cos Y; + cos 6;) cos P; sin P; sin6; = 0

(21)
The Eq. (20) contains 3" degree polynomial with four terms and
the Eq. (21) contains 5™ degree polynomial with six terms and
two unknowns for i'" number of actuations. For each actuation the
values of 6; and s; can be determined.

. sin ; sin 6; .
From sin ¢; = stnbisin® g0 each actuation the values of ob;
14+cos 0; cos

can be calculated.

From Eq. (17) the value of
3Pz = Q1232 + (sin 6; cos ¢; — sin Y; cos 6; sin d;)h cos Biz3 —
(sin 8; sin ¢; + sin Ys; cos B; cos ¢;)h sin By,3 (22)

By substituting the calculated values of 6;,; and ¢; in Eq. (22),
the values of p,; can be determined. Therefore for each prismatic
actuation of the limb, the position and orientation of the moving
manipulator constrained variables py; , pyi ,; and unconstrained
variables 6;, Us;, p; are to be calculated.

4. Conclusion

In this paper the forward position kinematic analysis of spatial 3-
dof parallel manipulator are analyzed. The dof of spatial parallel
manipulator is calculated by using kutzbach criterion. The physi-
cal constraints followed by Euler angle representation are intro-
duced along the plane of spherical joints, actuated sliding joints
and limbs are considered. The forward position kinematic problem
is solved through geometric method by using vector technique.
The purpose of this analysis is to develop an analytical method
and systematic design procedure to analyze the basic kinematics
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of the manipulator, to check the required and obtained positions of
the moving platform of the developed spatial parallel manipulator.

Appendix

The constants in forward kinematic equation are

Ci; = 12(a2, cos? B, sin? §+ b2, sin? Bz sin? E + cos E)
Ch; = L?(a%, cos? Bz cos? §+ b2, sm B, cos E+ sin? §)
C3; = L2(cos? B, sin E+ sin? BZ sin? §+ cos E)

Cyi = L2 (cos? B, cos E+ sin? B, cos? € + sin?§)

Cs; = L2sin 28 (a2, cos Bz + b%, sin? Bz -1)

Cyi = —2L2(a12 cos? B, sin? € + by, sin? B, sin?  + cos? §)
Cy; = —L?sin 2& (a;5 cos? B, + by, sin? B, — 1)

Cg; = —L? sin 28 (a;5 cos? B, + by, sin? B, — 1)

Cé; = —212(ay cos? B, cos? & + by, sin? B, cos? € + sin? §)
Cioi = L2 sin 2E (cos? B, + sin? B, — 1)
Ci1i = L? sin 28 (agpa12; cos? By + bypbyy; sin? B, — dypi cos §)
Cipi = 212 cos € (ajpa42; oS By cos E + by,byy;sin? By cos €
+ dy; sin? &)
Cizi = —L?sin 2§ (a1p; cos® B + by sin? B, — dyp; cOs )
Clai = —212 cos & (a5 cos? B, cos & + by sin? B, cos €
+ d121 sin? ¥)
Cisi = L2 cos E(a121 cos? B, + bZ,; sin? B, + d?,; sin? §) — 3h?
Ci; = 12(a%; cos? B3 sin? & + b3, sin? B sin? € + cos? &)
Cy; = L2(a3; cos? B3 cos? € + b2, sin? B3 cos? € + sin? §)
C3; = L2(cos? B3 sin? € + sin? B3 sin? € + cos? §)
Cyi = L2(cos? B3 cos? & + sin? B; cos? € + sin? ¥)
Ce; = L? sin 2& (a5 cos? B3 + b3; sin? B3 — 1)
C¢; = —212(ay3 cos? B sin? € + b,z sin? B3 sin? € + cos? §)
Cr; = —L? sin 2§ (ay5 cos? B3 + b,g sin? B3 — 1)
Cg; = —L?sin 2§ (a23 cos? [33 + bys sin? B3 — 1)
Co; = —2L2(ay3 cos? B3 cos? §+ b,3 sin? B3 cos? € + sin? )
Cioi = L2 sin 28 (cos? B3 + sm Bs—1)
Ci1i = L? sin 2§ (az3a,3; cos? 83 + basbys sin® B3 — d231 cos §)

Cipi = 212 cos & (agzans; cos? B3 cos§ + bygbys; sin? B3 cos§
+ d23i Sinz E)
Cis; = —L? sin 2§ (az3j cos® B3 + bys; sin® B — da3i cos )

Ci4 = —212 cos & (ay34 cos? B3 cos & + by sin? B cos €
+ d231 sin? )
Cs; = L2 cos E(az31 cos? B3 + b2 sin? B3 + d35; sin? §) — 3h?
CY = 12(a%; cos? B3 sin? € + b2, sin? B3 sin? £ + cos? §)
C2 = L?(a?; cos? B3 cos? € + b?; sin? B3 cos? € + sin? §)
C3 = L?(cos? B3 sin? € + sin? B3 sin? £ + cos? §)
Cyi = L2(cos? B3 cos? € + sin? B3 cos? € + sin? §)
Ce; = 12 sin 28 (a?; cos? B5 + b%;sin? B3 — 1)

Cgi = —2L2(ay3 cos? B3 sin? € + by sin? B3 sin? € + cos? &)
C7; = —12sin 2& (a3 cos? B3 + byz sin? B3 — 1)
Cg; = —L? sin 2€ (a5 cos? B3 + byzsin? B3 — 1)

Coi = —212(ay3 cos? B3 cos? & + by sin? B3 cos? € + sin? §)
Cibi = L2 sin 2& (cos? B3 + sin? B3 — 1)

"o 12 2 2
Cq1i = L? sin 2§ (a13a43; cos® B3 + byzbyz; sin® B3 —
C”I
12i

dy3i cos &)

212 cos € (a;3a13; c0s? B3 cos € + byzbyz;sin? B3 cos €
+ d13i Sin2 E)

Ci% = —12 sin 2 (a;3; cos? B3 + by sin? B3

—dy3;cos &)

Cihi = —212 cos € (a;3; cos? B3 cos & + bys; sin? B3 cos €
+ d131 Sin E)
Crsi = L? cos? § (a25; cos? B3 + by sin? B3 + dZy; sin? §) — 3h?
agpi = (312 -1) (Lcis E) + (f) (ag2dyi —dyp)
1
byy = (b — 1) (Lcis E) + (f) (b1pdy; — dai)

b= ()
a3 = (a3 — 1) (LCDS E) (i) (a23dzi — d3i)
basi = (bz — 1) (LCDS E) + G) (byadyi — ds;)
dazi = (ﬁosg) (di — d3)

azi = (a3 — 1) (LCOS E) + (%) (a13dy; — ds;)
byzi = (by3 — 1) (LCOS E) (%) (byzdy; — dsy)
dyisi = (Lcos E) (dyi — d33)

__cosfBy __cosB, __cosfBy

a1z = cos B, rd23 = cos [33'a13 ~ cos B

b., = sin B, _ sinf; _ sinBy

12 7 sing,” 23 T sinBs’ 13 7 sinfs
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