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Abstract 
 
Development of projects on higher speeds of passenger trains on the world railways requires investigation into the balanced combination 

of routes for high-speed and conventional trains considering railway network topology. The objective of the study is consideration of 
railway network peculiarities regarding transportation demand by designing a mathematical model to find an optimal passenger train 
flow distribution. In order to formalize the process of a simultaneous search for the rail passenger network topology and determination of 
the most probable distribution within the formed train flow network for high-speed and conventional trains it has been proposed to use a 
criterion as a system entropy adapted to the rail passenger-oriented transportation. The concept of entropy is based on isomorphism in 
systems, which allows monitoring and implementing the link between a micro and macro level in the passenger transportation system. To 
solve the mathematical model the authors have used an optimization method based on Bacterial Foraging Optimization (BFO). The im-
plementation of the mathematical model based on BFO will make it possible to theoretically substantiate the efficiency of existing and 

promising projects on higher speeds of passenger trains on the rail transport regarding adaptation of the network topology to transporta-
tion demand. 
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1. Introduction 

Implementation of projects on higher speeds of passenger trains 
on the world railways requires investigation into a balanced co-
existence of high-speed and conventional traffic with considera-
tion of rail network topology development. The solution to the 
problem is rather complicated and based on synthesis of investiga-
tion into the theory of traffic flows, transport geography, network 
development and transport economic theory [1-3]. 
The latest achievements in the field of network design problems 

[4-6] confirmed that macro characteristics of a complicated 
transport system are not formed on the base of central top-down 
hierarchical planning, but determined by self-organizing passenger 
flows based on demand for transportation. Artificial demand stim-
ulation methods for passenger trains of technical and economic 
parameters which do not meet the transportation requirements lead 
to re-distribution of flows along the line with possible refusals 
from some categories of passengers to travel, which finally results 
to the whole transport system unprofitability. 

A great deal of investigation concerns a search for a rational dis-
tribution of passenger train routes and rail network topology for-
mation. The work [7] proposing a double-stage optimization mod-
el for planning rail high-speed passenger transportation for Chi-
nese rail network is an example of such research. In the frame-
work of the research [8, 9] the authors made calculation regarding 
the selection of passenger train routes (calculation of passenger 
train plan formation). However, existing methods to find a rational 

rail network topology make it possible to only determine passen-

ger flow distribution within the network regardless transportation 
demand from passengers of different income levels. Besides the 
research was conducted only for high-speed passenger transporta-
tion regardless the existence and development of the conventional 
passenger rail network which always influences the efficiency of 
high-speed transportation. The above mentioned testifies that there 
is a need to make a further research into formalization of proce-
dures to search for a rational rail network topology for high-speed 

and conventional train traffic. 

2. Methodology Adopted 

In order to solve the problem, an entropy model to search for a 
rational passenger train flow distribution, which takes into account 
the rail network topology of high-speed and conventional traffic, 

has been formed. It is based on multi-agent optimization methods 
and demonstrates the performance of a rail passenger transporta-
tion system in terms of transport system development subject to 
demand for transportation. 
The study proposes to use the concept of entropy because of iso-
morphism in systems for investigation into self-organization of 
train flow distribution; it allows researching and implementing 
connection between micro and macro levels in the passenger 
transportation system. On the base of the second law of thermody-

namics, the rail passenger transportation system is presented as a 
closed physical system tending to a steady, equilibrium state, 
when uncertainty, measured as entropy, is maximal [10]. The 
maximum entropy in the system makes it possible to find such a 
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system status, which is characterized by spatial distribution within 
a passenger flow network, and, as a consequence, high-speed and 
conventional train flows, which in terms of probability is reminis-
cent of one possible for a real transport system considering pat-
terns of collective behavior. 

3. Mathematical Model to Design a Rational 

Rail Network Topology of High-Speed and 

Conventional Train Traffic 

In order to formalize the spatial structure of a rail passenger sys-
tem the authors have used the undirected graph G(P,E), where P is 
the multiplicity of nodes corresponding to technical stations with 
the possibility to organize passenger train transportation between 
them (i,j)∈P, where i=1,…,p, j=1,..,p; E is the multiplicity of edg-

es eij, corresponding to rail lines between passenger stations, eij∈E. 

Possible destinations of passenger trains are characterized by in-

tensity of train flows of different types k

ijx , k=1,…,K, k

ijx  0, 

particularly k=1 is the high speed passenger train and k=2 is the 
conventional passenger train. In order to generate a rail network 
topology of different types the authors have proposed to use an 
incidence matrix with type elements. 
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In order to formalize the process of simultaneous search for rail 
passenger network topology and determination of the most proba-
ble distribution of high-speed and conventional train flows in the 
formed network, it has been proposed to use a criterion as the 

system entropy, adapted to rail passenger-focused transportation. 
A mathematical model of a search for a rational distribution of 
passenger train flows is 
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with limitations on passenger flow distribution: 
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and limitations on the carrying capacity of rail sections 
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where 
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 and is presented as 

a probability distribution function which monotonically decreases 

when the expenditures grow and is statistically defined; k

ijа   is 

the capacity of a k-type train of the ij destination;  M is the multi-
plicity of arrival stations; N is the multiplicity of departure stations; 

,depart arriv

i jA A  are total volumes of departures and arrivals, pas-

sengers; max max,k k

ij jiN N   are the maximum number of k-type pas-

senger trains, which can be handled along a section in both (odd 

and even) directions (double track sections); k

stf  is the forecast 

volumes of passenger flows for every departure point S and desti-
nation point t for the passengers intending to travel in a k-type 
train. 

4. Solution to the Mathematical Model on the 

Base of a Bacterial Foraging Optimization 

Method 

In order to solve a nonlinear optimization model of mathematical 
programming (2-7) the study proposes an optimization method 
based on Bacterial Foraging Optimization (BFO) [10]. On imple-
menting the method the procedure, which helps consider features 
of the multi-stage task of train flow distribution in a rail network, 

has been modified, namely, determination of the network topology 
and distribution of passenger and train flows in the network. To 
this effect it has been proposed to present each bacteria (agent) in 
the search space as a set of the parameters of the model consider-
ing limitations on their ranges and reducing them to the numerical 
vector Xh, consisting of three parts 
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where h is the number of bacteria in the population S, h=1,…,S; S 
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of the passenger flow k

stf  between the two shortest routes ob-

tained, bu=[0;1]; W is the total number of specified passenger 

flows k

stf , w∈W. In order to determine part of the flow directing 

along each route it has been proposed to normalize the coefficient 

by the formula 1

1 2

b

b b
 for the first route and 2

1 2

b

b b
 for the 

second route (Fig. 1).  
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Fig. 1: Diagram of determination of passenger flow distribution by the two 

shortest routes. 

 
After decoding the values of passenger flows on the base of coef-
ficient normalization, the matrix is filled out; it defines the value 
of flows on each edge eij of the graph G (Fig.1). 

The third part 3

1 2 1 2

1 2

( , ,.., , ,.., )q q

k k

C x x x x x x

 

  realizes parameters of 

the train flow intensity k

ijx  for each destination q={i,j}, where 

max

kN is the maximum possible value of the number of k-type pas-

senger trains on the rail line q. 
Owing to the BFO method, the task assigned has been solved in 
several stages (Fig. 2). Thus, on the first stage after the determina-
tion of a bacterium’s position, i.e. finding the numerical vector Xh, 
the first part C1 of the vector is being decoded, its parameters 
make it possible to simulate the infrastructure type and evaluate 
how much is the cost of passenger-kilometers vk which corre-
sponds to a k-type train run along the section. On the second stage 

the passenger routes, which satisfy forecasts of passenger de-
mands for transportation from the departure point to the destina-
tion point on the network topology obtained, are being searched. 
To solve the task it has been proposed to use the well known Yen’s 
and Dijkstra’s algorithms [11]. The selection criterion for the 
shortest path is the minimized total cost of passenger-kilometers 
with consideration of the infrastructure type on each section in-
cluded in the route. After calculating the train flow routes, the 

graph’s edges included in the train routes obtained are compared 

with the appropriate values of the train flow intensity k

ijx  on each 

section ij simulated in the part C3 of the vector Xh. Thus, train flow 
distribution with consideration of various infrastructures in the 

network is conducted, and, as a result, the costs of flows differ. 
On obtaining the alternative development of the rail network to-
pology for express and high-speed trains, it has been proposed to 
evaluate it with the target function J(Xh), which transforms the 
task (2)-(8) into an unconstrained optimization task. The target 
function of unconstrained optimization is 
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where λ is the parameter of penalty function, λ>0; hκ(x) limitations 

of the task (3-8) reduced to hκ(x) =0 or hκ(x)≤0, κK. 
 

 
Fig. 2: Sequence of solutions to the task of passenger flow distribution by 

determining a rational rail network topology for high-speed and conven-

tional trains in the BFO method. 
 

The search procedure for the best solution to the task in the BFO 
method is based on analogies with the E.Coli bacterium survival 
in the natural environment [12]. Under such conditions the solu-
tion region can be presented as the environment of bacterial 

clumps with areas of high and low concentrations of useful sub-
stances (best and worst values of the target function of the task). 
The search for the best solution from the bacterium is based on the 
motility of the bacterium which is based on its function to move 
linearly (glidingly) and a random change in the movement (rota-
tion) direction space [12].  
For modelling the interaction between bacteria the BFO procedure 

has used the function ( ) exp(( ( )) ( ))h h h

ar ccJ X M J X J X  , 

where M is the adjustable parameter; JCC(Xh) is the function mod-
elling a signal between cells based on calculation of the amount of 
attractant (useful substance for cells) and amount of repellent 
(harmful substance) and is presented as follows 
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where X is the bacterium’s position in the search space, Rp, XRp, 
dattract is the depth of the agent’s attractant; wattract is the measure of 
width of attractant; hrepellent is the depth of the agent’s repellent; 

wrepellent is the measure of width of repellent. In the framework of 
software implementation the bacteria were not food for one anoth-
er, they eliminated one another due to local consumption. 
According to the environment utility the cells duplicate or are 
eliminated from the calculation. Under such conditions in order to 
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find an optimal solution to the task the calculation of the evalua-
tion function for the cell utility on each step of chemotaxis, repro-
duction and elimination is conducted by the formula 

( ) ( ) ( )h h h

arJ X J X J X  . Besides the target function calcula-

tion, the BFO method used transfer and gliding operations to 

change the position of cells in the search area. If one takes that 
Xh(k,l,n) describes the position of each element of the population 
of bacteria at a k-step of chemotaxis, an l-step of reproduction and 
an n-event of elimination/dispersal, the transfer is calculated by 
the formula [13] 

 

( 1, , ) ( , , ) ( ) ( )h hX k l n X k l n C h k   ,                                     (11) 

 

where C(h) is the step size in a certain direction, which allows 
modelling the process of rotation; φ(k) is the vector of random 

numbers, φ(k) Rp. 
The gliding operation is being realized by the condition: if in the 
position Xh(k+1,l,n) the value J(k+1,l,n) is better than in the posi-
tion Xh(k,l,n), the following step is being done with the same vec-
tor φ and in the same direction, and such a repetition can occur NS 
times. If the condition J(Xh)(k+1,l,n)<J(Xh)(k,l,n) is not fulfilled, 
so φ is re-calculated. All the steps are presented with more detail 
in [12]. 

4.1 Results of the Calculation 

An example of behavior of the mathematical model based on the 
BFO method is implemented in Scilab [14]. Fig. 3 demonstrates 
results of the calculation of a rational network topology of high-
speed passenger transportation for 18 arbitrarily chosen graph 
nodes G(P,E) (heavy lines stand for dedicated high-speed lines, 
thin lines stand for conventional passenger lines). 

 
Fig. 3: Results of the calculation of the rational network topology of high-

speed passenger transportation for 18 arbitrarily chosen graph nodes. 
 

The diagram of the target function change against the number of 
iterations in the BFO algorithm is presented in Fig. 4. 

 
Fig. 4: The target function change against the number of iterations is the 

BFO method in search for a rational high-speed passenger network topolo-

gy. 
 

The results of modelling proved high accuracy and speed in the 
search for a rational rail network topology and distribution of 
high-speed and conventional trains taking into account the demand 
for transportation. 

5. Conclusions  

In this section you should present the conclusion of the paper. 
Conclusions must focus on the novelty and exceptional results you 
acquired. Allow a sufficient space in the article for conclusions. 
Do not repeat the contents of Introduction or the Abstract. Focus 
on the essential things of your article. As isomorphism exists in 
systems for investigation into the self-organizing train flow distri-
bution process, it is reasonable to use the entropy concept which 
makes it possible to research and implement connection between 

micro- and macro levels in the passenger transportation system. 
On the basis of the second law of thermodynamics, the study 
proved that the rail passenger transportation system can be pre-
sented as a closed physical system tending to a steady equilibrium 
state, when uncertainty, measured by entropy, is maximal. 
In order to solve the task of a rational passenger train flow distri-
bution in the network, an optimization criterion, adopted to rail 
passenger-oriented transportation conditions has been created in 

the form of the system entropy. 
An entropy model based on the multi-agent optimization methods, 
namely BFO, has been proposed to formalize the high-speed train 
distribution process in the network. Unlike existing ones, the 
model helps simultaneously determine the rail passenger transpor-
tation topology and the most probable distribution of high-speed 
and conventional train flows in the network, which can occur in a 
real transport system, taking into account the patterns of passenger 

collective behavior. 
The results of modelling have proved high accuracy and speed of 
the approach. While applying the method of bacteria transfer the 
procedure which allows considering features of a multi-stage task 
of train flow distribution in a rail network has been modified, 
namely, the determination of the network topology and distribu-
tion of passenger and train flows. 
The mathematic model designed on the base of BFO helps deter-
mine the most promising variants of passenger train distribution in 

the network with minimal capital expenditures for the network 
modernization and increased economic efficiency of high-speed 
and conventional train traffic by adapting development of the 
network topology to the demand for transportation. 
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