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Abstract

This article emphasizes the characteristics and nature of asymptotic stability of solution of Lyapunov type matrix Volterra integro-

dynamic system on time scales.
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1. Introduction

Integro-differential equations occur as mathematical models in
mechanics, mathematical biology and many other diverse
disciplines quite frequently. The origin of the study of integral and
integro differential equations may be traced back to the works of
Lotka, Fredholm, Volterra etc [9]. From these initial steps, the
theory and applications of integro-differential equations have
emerged as new area of investigation. Later the study of
qualitative properties of Integro-differential equation has drawn
the attention of many mathematicians. Burton studied the stability
theory of Volterra integro-differential equations [2, 3]. Grossman
and Miller observed the asymptotic behaviour of solutions of
Volterra integro-differential system [4].

The theory, proposed by Hilger [5], of time scales as a tool to
unify the discrete and continuous calculus, is now a well
established subject. For further study on dynamic equations,
inequalities, linear system of equations on time scales, one can
refer [1] and reference there in. In [7], basic properties of
quantitave and qualitative results for Volterra integral equations
on time scales were introduced by Kulik and Tindell.. Recently,
Lupulescu, Ntouyas and Younus have discussed the asymptotic
stability and boundedness of Volterra integro-differential
equations on time scales [8]. The importance of lyapunov type
system is useful in many branches of Science and Technology and
particularly in Control theory and Systems Engineering. Inspired
by the quite interesting nature of this problem, an effort, to study
the asymptotic stability for the system given below, is made.

X0 = 40X+ X8
4
+ Jr [Ey (e X (s) + XK (t.5)]As + F(r,

ts
}; ':.tl}:' = E o
@)

where 0 = t, € T" is fixed, 4, B and F are an (n ¥ 1) continuous
matrix functions on T, K, (t.s) and K, (t.5) are an {n x n)
continuous matrix functions on

Q={tseTxTigp= s =t =}

2. Preliminary Results

Throught this paper T denotes time scale( closed arbitray and
nonempty subset of the real numbers).

Definition 2.1: ([1]) The mappings & and p : T — R where T is
any closed subset of reals, are defined as {t) = inf{z € T:s = {}
and pit) =sup{s eT:s = th

Definition 2.2: ([1]) A non-maximal element t in T is called right
dense if «(t) =t; right scattered if (&) = t; left dense if
pit) = t and left scattered if p(t) = t.

Definition 2.3: ([1]) If T has a left scattered maximum M, then
T =T —{M]}, othejrwise, T"=T. f T has_ a right scattered
minimum m, then T* = T — {m}, otherwise, T* = T.

Definition 2.4: ([1]) The function w™:T%— R¥ defined by
w'(e) = pig(t),t) for t € T is said to be graininess. If ¢ is right
dense, then u™ = 0 and if t is right scattered, then p* = & {t) — t.

Definition 2.5: ([1]) A functions f:T — R is said to be
differentiable at ¢t € T, if there exists an @ £ & such that for any
g0 there exists a neighbourhood XN of t satisfying
[Fioien = fis) — (o(t)— el = |o(t)— =| forall s € W,

Theorem 2.6: ([1]) If 4 is differentiable at t €T, then
AT (1) = A(t) + p(t) A2 (1),

Theorem 2.7: ([1]) Suppose 4, & and £ are differentiable {n = 1)
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matrix-valued functions. Then

(a) (A + B)* = 4% + B

(b) (@A) = 4™ if @ is constant;

(c) (ABY* = A*B7 + AB* = 4"B* + 4" B:

(d) (ABC)* = A*BC + ABAC" + A"BC* = A*BC + A"B*C
+A7BCA,

Lemma 2.8: ([1]) If p, g € C,4(T. ). Then

pleito)

63 te) = (p — ),
vla 220 o)

Lemma 2.9: ([1]) Let & £ R with @ € B¥. Then
gtz l+ait—s)foraltz s

Lemma 2.10: ([1]) Let y e €, 3T R, p e R, p=0and o« € R
Then

r
yir 2o+ f yis)p(s)hs
Lo
for all £ € T, implies
¥(t) = wey(t,ty)
forallt e T.

Theorem 2.11: ([6], Fubini’s theorem) Let a,b €T with b = a
and it is assumed that f:T =T -—=[R& is integrable on
{{r,s}ETxT b=t=s5=a} Then

B

f f fle.u)duhs = f f fiis, wlhsiu

a a a gz

3. Main Results

Theorem 3.1: IfLyt.s) and L.(t.s) are continuously
differentiable {m x ) matrix functions on £ such that (i} they
commute with Xt} and (i) they satisfies

',(l:,s}+ Ly, (6 + Lyilto(s)Alsh + A=)l (to(sl) 7
f Lt o(r K. (ns) + Ki(ns)llt.o(r)]dr =0,

s (l: 5'}+L (t.s)+ L, (t.als))B(s)+ B (s)L.(t.ais))

F

f [Lit ol ELns) + Kilns)litair))]Ar =0

@
Then the equation (1) is equivalent to the following system

¥ = cle)¥ (e + ¥+ L, (6e) X, + X Lo(tt) +H(D,

¥(ty) =X, ®
where
C(t) =A(t)—L (L),

D(t) =B(t)—La(t 1)
r

H(t) =F(t) +f [L ,(t. 6(s))F(s) + F{s)L 2 (L. o(5))]As,
ta
4)
where C{t), D{t) and H(t) are {m xm) continuous matrix

functions on T.

Proof:
Let Xt be any solution of (1) on T.

Set P(s) = L, (t.5) X(5) + X(5)Lo(t.5)

Py =L)X+ L(t.a(s) X4+ X()L3(t.5)
+ X (5)La(t, (5)).

From (1), we have
Ps) =L (620X (s)+L,(tols) )4l K (s) + A(s) La(bo (s)) K(s)

Lt (s}}[f K,(= 1) Xin) )]

+ f K, (5 7) X)) &L, (6 o(s)) + L, (t a () )F (s)
+)§(5}L"'_\(|:,s} + X8t a(2)) + X(s)L, (t.a(s))B(5)
+Ly( o (=) f KoKl r))d]

+[f RN Eelss))ar]llnols))+ Fla)l(s als))

Integrating between t; to ¢ and using Fubini’s Theorem, we have

Pty —Plea) =[ [Li.(ts) + Lyt a(s))Als)
-I-A(s}L‘(l:,a(s}}+ f Ly(t. o)) K (w.5) A
+ f 'K,Ems}L‘(c,a;:r::}}ﬁu]X(s}iw
f L (wlis}}F(s}\-‘l-‘-'+f Fis)ly(ta(s))ds
f HisLi(ns) +L [c,.a{s}jlsis}

+B(L(to(s) + fL,[.:,gn:u}jmmuu

f Kot 5) L0 1 o) ) Al A
From (2) we have
Lt tX(+ Xlehilae)
:rﬂlin ty) X(ta) + Xle) Ly (nt,)

+ f [tz ) F(s)+ Fs)La(t, o(5))]As
o

t t
- f 'I{L{t,sjﬁfsjﬂ.s—f XK, (t.s)As

From (1r) and (4), we have .

X' =coX@+ X0 +Lne) X, + X, Litw)+ H).

Hence X(t) satisfies (3).

Conversely, suppose that ¥{t} is any solution of (3) on T and
commute with L; {t,5) and L. (t.5].

Consider

Z(r) = Tf'ﬁgr;. — F(t)— A()¥ () - ¥()B(r)

—f [K (e.s0¥(s) + ¥is) Kot 7)) As
fo ®)
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From (2), (3), (4) and using Fubini’s Theorem, we have

Z(e) =—{[L(ee)¥(0) +¥(0)L.(ne)]
—[Lale e Bie) + Bird L)1}

+f [Lyita(s) ) Fis)+ Fs) Lt als) )]s

+ f L (65 ¥(s)As+ f Lt o(s))A(s)¥E(s) As

+ f Al L (o (=) ¥is)
+ f Lt.o(s)[ f B, (50 ) ¥ (u) Aol hs

+f [f (s w) ¥ {wdha] Lyt ois) MAs

+ f Y(e)L (t)As + f ()L, (to(s))B(s)hs

+f ¥(a)B(g) Lyt (s))hs

+ f Li(t.aish }[f ¥l Kol s w)Aulhs

+ f [f ¥l s u)du]l, it ols) ) As

(6)

Set @(s) = Ly(t, 5)¥(s) + ¥(s)L,(t.5)
QAs) = Li(t,s)¥(s) + Ly(t, o(s)) ¥ (s)
+¥(5)L35(5.5) + ¥ (5)Lo(t, ()

Integrating between £ to ¢, we have
Q®) -0y = [ ¥ + Lt ¥e)
2¥ﬁ)£"§3l§ t,5) + ¥ (5)L(t, o(5))]As
[Ly(t. rt}‘f'('tj + ¥ ()L (6. 1)] — [Ly () Xy + KpLaltito)]
:f (L2, (8 5)¥ () + L, (Lo (s)) ¥ (s)
i¥_f5)L?s (£.5) + ¥ (s) Lo (L, 6 (5))]As

@)
On substituting (7) in (6), we have

t

2 = —f Ly(t. o(s)){¥"(s) — F(s) — A(s)¥(s) — ¥(s) B(s)

Lo

—f [K, (s ) ¥ () + ¥k (s.u)]Au}As
f
£

- f {¥(s)— F(s)— A(s)¥(5)— ¥(s)B(s)

Ly
— f [E (s ¥iw) + ¥ K (s, w)]Aull. (to(s))As
o

From (5), we have

r r

) = - f L, (t, 6(s))Z(s)As — f Z(5) Lo (Lo (s))As

Lo Lo
r

Z(r) =- f [Ly(£.6(s))Z(5) + Z(5)Lo (1. 0(s))]As

fy
Since the solution of the matrix Volterra integral equations are
unique, then Zit) = 0 when Z{t) commute with L, (t.# (5]} and
L.(t.&(s)). Therefore

Yt = A0 ¥(e) + ¥(e)B(e) + f [K,(65)¥(s) + ¥(s)K.(6.5)]As + F (1)

Hence ¥(t) is a solution of (1).

If in Theorem 3.1, the relation (2) is replaced by

G,(ts) = 'I{J_{E,f.'} + L (6.8) + Ly (6o (s))A(s) + A(s)La(t o(s)) )
+ f [Ly (e o (T)K,(T.5) + K, (1.5) Lo (6.0 (T))]AT,

F[E)

Go(t,5) = Ko(t5) + L3, ) + Ly(£, 0(s))B(5) + B(5)Lo (5,0 (5))
r

+ f [Ly (T K(T, 50 + Ko (1,50 Laf T (T ] AT,

then the following theorem holds, where &,(t, 53, G.(t.s) are
im » 1) matrix functions on £2.

Theorem 3.2: If L;{t,s) and L.(t.,s) are continuously
differentiable {m x n) matrix functions on £ and commute with
X (t). Then the equation (1) is equivalent to the following system

¥ =cO¥@+ ¥+ [6.(69)¥()+¥(6,(0)]As +H(r)
¥(r) =X,

®
Where
C(t) =A(t) — L (1),
D(t) =B(t)— L.(t.t),
H(t) =F(t)+L(tte) Xy+ Xpla(t. tg)
t
+f [Ly (t.F(s))F(5) + F{s)L.(t, 5(5))]As
fa
©)
and

o(t.s) = 'KJ_[E,.‘.'} + Li‘_g{r,ﬁj + Ly (ta(sNA(s) + ALt a5

+f [Lyte(mKns) + K (r.5)l(t.e(T)]AT,

Ga(6,5) = Ko(t,5) + L35(5,5) + Ly(t, 6(5))B(S) + B(S)Ly (5,0 (5))
r

+f [Lyit e (T KT 5) + Ko (1 5) Lot o (T) )] AT,

(10)

Where C{t), D{t) and H{t) are {n » 1) continuous matrix
functions on T and &, (¢, ). G, (.5 are (n x 1) matrix functions
on £2 and commute with ¥(z).

Proof:
Let Xt be any solution of (1) on T.

Set Pis) = Ly(t.5) Xis)+ E(5)Lo(t. 5)
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Ps) = Lia(t.5) X(s) + Ly (£, 0(s)) X ()
+ X)Ll 5) + X (5)La(t 0 (5)).

From (1), we have

PAs) = Lie(6s) X(s) + Ly (t. a(s))4(s) X(s)
TA(SLa(L 0(5) K(5)

+Ly(t o5 f Ky(s, 1) X(r))a1]
o

+1 Kys.1) XeEnanLao(s))
2
+L (a5 F(5)
X L(5) + X(E)BE)La(t, o(5))
+ XL o (5)BE)

+Ly(t o] f X(m)Ez(s. 1A
£,

+ f X(0) Ky (s, T)ATIL (2, 0(5))
fa
+F(5)L (8,6(5))

Integrating between t; to t and using Fubini’s Theorem, we have
T

P(t)— Pty = f [Lis(t,5) + Ly (6,0(5))A(5) + A(5)Lo(L, 0(5))
o

t
+ f Lyt afu) Ky (w s)du

(&)

r
+ [ R@onmomsn Xeas
U[Sl
r

r
+ f L, (t, &(s))F(s)hs + f F(5)Ly(t, 0(s))As
r.:.r t,
+ f X(5)[L2s(t.5) + Ly(t, 0(5))B(S)
£
r

f L, (¢, o (w)) Ky (u, 5)Au

F(E)

+B(s)Lo(t, 6(s)) +

t
+ f T (w8 (8, o (u))Au)As
(5}
P(£) — P(tg) = f [L3: (6 ) + Ly(t, 0(s)A(S) + A(S)La(t,0(5))

Ly
r

+ J- Ll{t,cr{u]}'I{L{u,s]ﬂu

=)

L
+ [ KoneompsXenas
7=
r r

+ f L, (t.o(s))F(s)As + f F(s)Lo(t.o(s))As

Ta Ta

L
+ J- X(8)[L2:(t, 5) + Ly(t, 0(s))B(s)
fa

r

+B(s)Lo(t.0(s)) + ILL(E,J{u]}'K:{u,s]ﬂu

(=)

t
+ J- T [, ) Lot o)) Au)As

&=

From (10), we have
Li(eo) X(t)+ KL tr)
=Lyt frn] X(tg) + X(to)La(t. tg)
+ f [L (6.0 ()F(s) +F(s)Ly (5.0 (s))]As
ri'
t t

+[ G Xeas- [ K@ Xeas
2

F :
+[ X6 sas— [ Xk oas
fa fa

From (9), we have

[Ae) —C(E)] E{F]t+ X(O[B(t)— D(1)]
=H(t)—F(t)+ f [6y (5] X(s) + X(5)G2(t,5)]As
fa

r

- [ B X+ Koo Koo s

Ta

A X(r) +X(e)B(e) +I (K. (e ) X(=) + Kla) Kol 5)]hs + Fie)

= ()X + X(edole) +f (ALY A B AE [ A BT

+H(e)
From (1), we have

X' =coXn+ X(t}DitHI [6.(t.5) X(s) + X(s)G,(t.)]As+ H(t)

Hence X(t) satisfies (8).

Conversely, suppose that ¥z} is any solution of (8) on T and
commute with L, (t,5) and L. {t.5].

Consider

Z(t}=¥‘(¢}'—F(t}—ﬂ(t}¥(¢}—¥(¢}3(¢}—f (K. (6s)¥(s)  + ¥(s)Hults)]ds

(11)
From (8), (9), (10) and using Fubini’s Theorem, we have
Z(t) =—{[L(6ed ¥ + ¥ Lt t)] — [La( 6t DBt + Kt Lt ta)]]

- f (K (s )¥is) + ¥is) K ts)]As

+f [Lita(sF(s)+ Fis)L(ta(s) ]As+ f K. (ts)¥(s)As

+ f L (6 ¥(s)As+ f L.t o(s))A(s)¥(s)As

3 ta
L I

+ f Al L(ta(s))Es)+ f L (ta(s)) f K () ¥ () Ard s

b by
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+ f [f Kiisnu)¥(u)du] Ll to(s)bhs + f ¥z lts)hs

1

+ f ¥()L (ne)hs + f ¥(L(t.0(s)) B(s)As

+ f ¥ B L to(s) e+ f Lito(s) }[f ¥Flu)E (s u)Au]he

L

+ f [ f ¥e) (s ) Ae] Lot o)) As,

) (12)
Set Q(s) = Ly(t, sV¥(s) + ¥(5)L. (1, 5)

QYs) = LE(6S)¥(s) + Lyt o(s) ¥ (s) + ¥(5) Lt 5)
+¥ )L (e 0 (5))
Integrating between rtD to t, we have

Q) — @ty = f [Ls(65)¥(s) + Lyt a(s)) ¥ (s)
j:‘f'(s:ua?scm $) + ¥ La(t a(s))]As
[Ly(t rﬂ"f’{f}' +¥(0)La(t.t)] — [Ly (62X, + X Lo (L, 2g)]
= f Lt s)¥(s) + L, (Lo(s) ¥ (5)
+¥[st§3@, )+ ¥ (s)Lo(t, o(s))]As

(13)
Substituting §13) in (12), we have

2L =- f Ly(t. o(s)){¥"(s) — F(s) — A(s)¥(s)

Lo

—¥(51B(s) - Jr (K, () ¥ () + ¥ K (5] Aulhs
fa
t

- [ - Fe) - a0 ¥ e - ¥)80)

Iy
- Jr [Ey (s ) ¥ + ¥ K (s, ) ]Aul L. (Lo (s))As
£

From (11), we have

r r

Z(ty = —f Lyt o(s))Z(s)hs — f Z(5)L.(to(s) s

Iy Iy

r
= - f [Ly(t.6(s))Z(5) + Z(s) Ly (t.o(s))]As
Lo
Since the solution of the matrix Volterra integral equations are
unique, then Zit) = 0 when Z{t) commute with L, (t.o(s]) and
L.(t.&(s)). Therefore
¥ = A ¥() + ¥()B()
r
+ f [K(t. s7¥(s) + ¥ (s)E, (. 8)]As + F(t)
Lo
Hence ¥t is a solution of (1).
Theorem 3.3: Let £ and I be two {n x 1) continuous matrix
functions and M, N, @ and £ are positive real constants. Assume

that the matrix €t commutes with g(t,s) and [| £{t) 1= 1, If

" Ec[t,s-:l ":_: J'JEE-I:K_.S::I_.

Il ep(t. s 1= Neg(t.5),
forall t,s € £2. Then every solution Xt} of {1} satisfies

NEEN =My E eﬂﬁ(m}hﬂﬁfeu”(a{s}m}u His) |l As

.

+MN f aqpplolsltd | Hig) Il As

+M;'Jf { f g (olTL [l Giim ) | + Gulr.s) ||]L"l.'1'}
=l i’}(s‘ || As

Proof:
Let Xt} be the solution of (&) and P (] is defined to be

P(t) = ec(ty t) X(t)ep(tpt).
Then

Pt) = —C(t)ec(te o(e)) Kthap(tat) + ec(too(t)) X (£)ey(te o))
—¢: (twal(t)) (D (thep(te o (th)

Substituting for E"‘[t} from (8), we get

Pir) = —Cle)elt,a(e)) Kithey(tat)
+ec (tua{e) ) X(e) + X(0)D(r)

+f [G.(5.5) X5} + K}, (t.5)]ds + Hit)}ep (6w alt))

. (£ 5(2) KODD)e,(t. a(8))
= C(t)ec(te o () Xit)en(te o(e)) — &5 (6 £)]
e (ty o(t))Ht)ey(te o (1))

+e; (taa(t)) I[G:(l‘us}'X(a‘H Xis}ﬁlns}]ﬂS}Eﬁ(haﬂ}}

Integration on both sides from t to t, we get

r

Pt)—Plty) = f C(s)ec(to o(s))X(s)[ep(to 6(s)) — epltp 5)]As
o
r

+ [ ecttootenHE)eolto o515

Lo

r =
+| e.:{rw{sﬂ[ [ B3+ E{T}G:{m}]m}
£, fa
Hep(tpois)is

Ec':f[:urﬂ' X(teplte t)— X(tg)
= Jr C(s)ec(ty (1) X(s)[ep(te.o(s)) — ep(tys)]ds

Ta
r

+ f Bclto G H(S)ep(ty o (s))As
fa

t =
+ f eclte () { f [Gys. T) X(1) + K(T)Ga(s, T}]*—"-T}
ts i
K ep(tpr(s)is
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Xit) =elee)X epltt)
+ f Cis)e (ta(s)) Kisllente o)) — ep(tws)]eplt ) As

by
L

+f et ols))His)ep (Lo (s))he

Ly

+f BL(BJO{E}}{J. [5i(57) E(T}]ﬂf} et o(s))hs

by
!

+f stcnm:s}}{ | [xcr}r:fcsar}]m}sucms}}ﬂs

Taking norm on both sides, we get
I X0ef I = MNe, (t.t) | X, || g (tut)

+MN f e, (sl | Bish |l gplois)this

by
I

+MNJ. . (a(=)e) | H(g) || g (al(s).thAs

by
1

+MN J. g, lals)e)

by

® {f [ & () 0 FCed 11+ Eir) il Gaisr) Il]ﬂr:}

® g (o) t)dAs

Using Fubini’s Theorem, we obtain

NECE =MNI X, e, geltet) +Mnrf Eapp(o(she) | E(shll Az

ta
1

+MN f Eagelalele) | His) || Az

by

+MN f { f 8y mﬁ(ﬂ{'}'};c}[" EJ(T,S} I+l E{(T_.E} "]ﬂl.‘]-'}

Iy Aeisp

Theorem 3.4: If L,(t.s) and L.(t.s) are continuously
differentiable {m = n) matrix functions on £ and alsc satisfies

(a) the assumptions in Theorem 3.3,

Lyary it}
O L(5s) + L) i< (LE R W b
©

sip [ eunp(a(mONG.(5.) 1H 6u5,5) 1A+ <

CIET]

(d)Fie) =,

where Ly, ¥(= @ & £ and @y are positive real constants.

If (@@ ) & MN(1+ ay) = 0, then every solution Xt} of (1)
tends to zero ast — +u.

Proof : From Theorem 3.2, it is sufficient to prove that as t — +2=
any solution of (&) tends to zero exponentially.

From Theorem 3.3 and condition {a, we get

XN =MV E, e, peltat) +M:'~’f Sage ol | =) As

Ly
'

+1Hal||rj. By IREG{S}JF} ” H':E'} ” ﬂﬁ'

by

+JHJllrj. { J‘ -Eumﬁl::ﬂ'('l'};c}[" E:.('I_.E'} I+l G(ET.-E} Il]ﬁf}

R N

=l Kis) |l As

I X =MV IX I fags(teDe.g(0.t)

+MN f o Lol )08, g (0D | K=} A

by
1

+MN f ups ({51008, g s (0.8) | H(s) || As

Ly

+MN f { f o T 0 e, ps( 03[l Giims) | +l Galr 5} IIJﬁr}
]l ;‘5(5‘} I.I.r-i'n-s'

Eapa(GO} I B(EI N = MN || X, 1| soqpa(ter I:I]-+.i'|-1'1‘|l’f Baq(o(£30) | (£} Il A=

]
I

+M‘NJ 8aqe(e(s}0) | His) || As

Ly

La

wll Eigl |l As

+M'NJ { J ST (T RO & (. 23 1|+l G (7. 2} ||]£'.'!'}
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From lemma 2.5, we obtain
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Since y = (@ & £, we have
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From (14), (&), (c) and (), we have
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By Lemma Z.11, we have
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S
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T
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X =aan X, i }'—WE'E}]
¥ Bapp (0B Bagp (o D @0ammias agyl e £
=MNI X, N[+
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By Lemma 2.9, we have

1
B o ) M J.+|r-:._,||:[:IJ t) = I,_'-I:IE’ I’:'II;'_?'] mj._fhfl:‘-l + HD‘I‘IEJ
So we obtain
I Eehl =MN| X, II[1 +—$,S}]E D FHMN {1 vy Bar O
1

*aBB) OMN(1+ a0t
Since (& & f) 2 MN(1 + ap) = 0.
Hence we get the required result.

4. Conclusion

The present paper is focussed on Lyapunov type matrix Volterra
integro-dynamic system on time scales. An equivalence relation
between Volterra integro-differential system and differential
system is established. The conditions for the asymptotic stability
of the integro-differential system on time scales are obtained.
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