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Abstract

This paper investigates the controllability, observability and stability of the solution of Volterra type non linear matrix integro dynamic

system on time scales.
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1. Introduction

In many engineering problems, one may desire to have a system
that follows a preassigned behaviour. In other words, necessary
steps have to be taken to avoid unwanted behaviour in a system and
to compel the system to follow a desired behaviour. The origin of
control theory stems from determining these steps called controls.
After R.E. Kalman introduced general control theory in 1960,
many engineers and mathematicians got attracted by this theory [7,
9, 10, 11, 12, 13, 16]. The importance of control theory in
mathematics and its applications in diverse areas such as adoptive
controls [9], communication networks [10], switching systems
[14], dynamic programs [15], are well established.

The theory of time scales, introduced by Hilger [3, 8] at the end of
the twentieth century as a means to unify the difference and the
differential calculus, is now a well-established subject.

In [7], J.M. Davis, lan A. Gravagne, Billy J. Jackson, R.J. Marks
discussed the controllability, observability realizability and
stability of linear dynamic system on time scales.

On the other hand, the theory of Volterra integro-dynamic equation
has drawn the attention of many mathematicians in the last decade
[6]. In [1], Adivar derived principal matrix solution using variation
of parameters formula for integro-dynamic equations on time
scales. In [2], Becker investigated the solution using variation of
parameters formula for a integro-dynamic equations and its adjoint.
Burton and Mahfoud discussed the various stability properties of
integro-dynamic equations in [4, 5, 6].

Controllability, observability and stability of Volterra integro
dynamic system on time scales were studied Awais Yonus and
Ghaus ur Rahman [16] . They considered linear integro dynamic
system of the form

x2(t) = A()x(t) + f:, K(t,s)x(s)As + B(t)u(t).

Anyhow, much of contribution on controllability, observability and
stability of non-linear integro dynamic systems on time scales is not
available in literature. With this motivation, in this paper, we
establish some new results on controllability, observability and
stability of non linear matrix integro dynamic system on time
scales.

2. Preliminary Results

Throught this paper T denotes time scale(an arbitrary nonempty
closed subset of the real numbers).

Definition 2.1: ([3]) The mappings ¢ and p : T — R where T is
any closed subset of reals, are defined as o (t) = inf{s € T:s > t}
and p(t) = sup{s € T:s < t}.

Definition 2.2:([3]) A non-maximal element t in T is called right
dense if o(t) =t; right scattered if o(t) >t; left dense if
p(t) =t and left scattered if p(t) < t.

Definition 2.3:([3]) If T has a left scattered maximum M, then
T* = T — {M}, otherwise, T* = T. If T has a right scattered
minimum m, then T* = T — {m}, otherwise, T* = T.

Definition 2.4:([3]) The function u*:T* —» R* defined by
u'(t) = u(a(t),t) for t €T is called graininess. If t is right
dense, then u* = 0 and if t is right scattered, then u* = a(t) — t.

Definition 2.5:([3]) A mapping f:T—-R is said to be
differentiable at t € T¥, if there exists an a € R such that for any
€ > 0 there exists a neighbourhood Q of t satisfying |f(a(t)) —
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f(s) = (a(t) —s)al < €la(t) —s]| forall s € Q.

Definition 2.6:([3]) An (n x n) matrix valued function 4 on a
time scale T is called regressive provided

I+ p(t)A(t)
is invertible for all ¢t € Tk,

Theorem 2.7:([3]) Assume f:T — R is a function and let ¢t € T*.
Then we have the following
(a) If f is differentiable at ¢, then f is continuous at t.
(b) If f is continuous at t and t is right-scattered, then f is
differentiable at ¢ with
a(t)) —f(t
£ _fe®) -

p(®)

(c) If t isright-dense, then f is differentiable at t iff the limit
1 F© = )
m—-—--
st t—s
exists as a finite number. In this case
t —
800 = lim LD =FE).
sot t—s
(d) If f is differentiable at ¢, then
fle@®) = f(©) +u®)f*().

Theorem 2.8:([3]) Suppose A, B and C are differentiable

(n x n) matrix-valued functions. Then

(@) (A+ B)* = A% + B4,

(b) (ad)? = aA® if « is constant;

(c) (AB)® = A%B° + AB® = A°B" + A%B;

(d) (ABC)® = ARBC + A°B2C° + A°BC? = A%BC + A°BC +
A°BoCA.

Lemma 2.9: ([3]) Let y € C,4(T,R), pe R, p >0 and a € R.

Then
t

yo <a+ [ yopens
to
forall t € T, implies
y(t) < aey(t, to)
forall t € T.

Lemma 2.10: ([3]) Let @ € R with « € R*. Then
eq(t,s) =21+ a(t—s) forall t=>s

3. Main Results

In this paper, a non linear integro dynamic system on time scale
T = [0, o) of the form

XA = ABX®) +( I K5, X(s))As + B(t)) U(),
Z(t) =C()X(t), 1)
X(o) =Xo

is considered. Here t, € T*, X € R™™, U € R™™. The matrix

functions A(t), K(t,s,X(s)), B(t) and C(t) are all (nxn)
continuous and regressive with respect to their arguments on T.

Theorem 3.1: Let A(t), B(t) and K(t,s,X(s)) be continuous and
regressive (n X n) matrices. Then the solution of (1) is given by

X@) =Y(t)Xo
R () [} Wto, o) (f7, K(x5,X(s)As + B())
x U(t)At
@
where W(t,t,) is state transition matrix and is given by
Y(t, tg) = P(t)P1(t,) and ®(t) is a fundamental matrix of

XA(t) = A(D)X(b).

Proof:

Let &(t) be the fundamental matrix of

XA(8) = A(DX(0D). (3)
Then any solution of (3.3) is of the form

X(t) = ®(6)C.
where C is a constant matrix. Let the particular solution X(t) of
(1) be of the form
X(t) = ®(OR(D).
Then we have
PAOR() + P(a(IRA(E) = AP(DR(E)
t
+ f K(t,s,X(s))As + B(t) |U(t)
to
t
RA(t) = @7 (a(1)) f K(t,s,X(s)As + B(t) |U(¢).
to
Integration on both sides between the limits t, to t, we have
T

R(t) = f d1(a(1)) f K(t,s5,X(s))As + B(7) | U()At.

and the gera?eral solution is g;?ven by

X(@) =o@)C
+d(0) f d1(0 (7)) f K(t,s,X(s))As + B(7) |U()At.

Clearly, C = q:-tlo(to)xo e

Hence the general solution of (1) is (2).

Definition 3.1:([7, 16]) The regressive non-linear system (1) is said
to be completely controllable on [to, t¢] if for any initial time t,,
initial state X(t,) = X, and given final state X, there exists a
finite time t; > t, and a rd-continuous control U(t) for t, <t <
ty such that X (t) = X.

Theorem 3.2: The system (1) is completely controllable if and only
if the (n x n) symmetric controllability Gramian matrix given by
ty
Ge(to ty) = f W(to, o ()H (T, X(D)H™ (1, X (1) ¥ (to, 0(7))AT
to
is invertible, where
T
H(t,X(1)) = f K(t,s,X(s))As + B(1).
to
Proof:
Suppose that Gramian matrix G¢(to,tr) is invertible. Then for
given X, and X, choose continuous matrix function U(t) for
t € [to, tf) as
U) =-H"{t X)W (to, ()G (o, tr)[Xo — P(to, tr)Xr]
and extend U(t) continuously for all other values of t. The
corresponding solution of the system (1) at ¢t = t; can be written
as
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X(ty) =Y(t, to)Xo
tr T
+W(ts, to) f Y(ty, 0(1)) <J- K(t,s,X(s))As + B(‘r)>
X U(‘L’)ATO '
tr
= W(ty, )Xo + W(tf o) f W(ty, o()H(T, X(T))
{(—HT (5, X(@)¥" (¢t U(;))Gc_l(tm tr)
X [Xo — W(to, tr)X;]}AT
=W(ts, to)Xo — W(tr, ) Ge(to, tr) G (o, tr)
X [Xo — W(to, t)X;]
= ‘P(tf- to)Xo — lp(tf' to)[Xo — ¥ (to, tf)Xf]
= W(ty, to)Xo — W(ty, tg)Xo + X;
= X;.

Conversely, suppose that the system be controllable. If G.(to,tf)
is not invertiable then there exists a constant vector Y # 0 such
that

0 =YTG.(to,tp)Y
tr
= f YTW(ty, a())H(t, X(0)HT (7, X(0))¥T (to, o (7)) YAT
to

tr
f Il YT (to, o(0))H (T, X (7)) II? AT
to

and hence YTW(to,o(T)H(z,X (1)) =0, for all 7€ [ty tr].
Since the system is controllable on [t,, t;] and choose
X(to) =Y + W(to, tr) Xy, then there exists a U(z) such that

Xf = l‘p(tf, tO)XO

T

tr
+‘P(tf,to)f Y(ty, 0(7)) fK(T,S,X(S))AS-I—B(T)
to

to
x U(1)At.
Or
ty
W(to, tp)Xy =Xo+ f Y(ty, 0())H (T, X(1))U(T)AT
to
tr

Xo—Y =X,+ f Y(te,o()H(t,X(r))U(7)AT
to

ty

YTy = —f YTW(to, o(t))H (T, X (1))U(1)AT
to

YTy =0

=Y =0.

Which is contradiction to Y #0, and hence G.(to,tf) is
invertible.

Definition 3.2: ([7, 16]) The regressive non-linear system (1) is
said to be completely observable on [t,, t¢] if any initial time ¢,
and initial state X(t,) = X,, there exists a finite time t; > t, such
that the knowledge of the control U(t) and output Z(t) for
to <t <ty issufficient to determine X, uniquely.

Theorem 3.3: The system (1) is completely observable if and
only if the (n x n) symmetric observability Gramian matrix given

by

tr
Go(to, tr) =f WT(t,to)CT () C()W (¢, to)AL
to

is invertible.

Proof:
Suppose that observability Gramian matrix G, (to, tf) is invertible.
Without loss of generality, assume that the control U(t) = 0 for
t € [to, t¢]. Then the solution of (1) is
X(t) =W(tt))X,
and out put
Z(t) = C()¥(t, to)Xo-

Multiplying the above equation with WT(t,t,)CT(t) and
integration on both sides between the limits ¢, to t;, we have

tr ty

fLPT(t,to)CT(t)C(t)LP(t,tO)XOAt=f WT(t,to)CT()Z(t)At
to . to
Go(to, tp)Xo = f WT(t, t,)CT()Z ()AL

to
or
tr

Xo = G M (to, ty) f WT(t,t,)CT (£)Z(t)AtL.

to
It follows that X, is uniquely determined with the knowledge of
Z(t) when U(t) = 0 for t € [to, t¢]. Therefore the system (1) is
observable.
Conversely, suppose that G,(to,ts) is not invertible and the
system (1) is observable. This implies that there exists a constant
vector Y = 0 such that

0 =YT"Gy(to, tp)Y
ty
= f YTWT(t,t0)CT(£)C ()W (Lo, £)YAL
t(;f
[ o wrrceve pra
to

tr
f I C(OYP(t, to)Y II? At
t,

0

and hence C(t)W(t, to)Y =0, t € [ty tr]. If Xo =Y, then the
out put becomes zero through out the time interval and hence X,
can not be determined in this case from the knowledge of Z(t). It
is a contradiction to our assumption. Thus the observability
Gramian matrix G, (to, ty) is invertible.

Now, in the next two theorems, the stability properties of the
system (1) are discussed.

Definition 3.3:([7, 16]) The system (1) is called stable if for any
€>0 and t, = 0, there exists § = §(to, €) > 0 such that for any
solution X(t) = X(t,te, Xo) of (1), |Xo—Xol <6 implies
|X(®) —X(@)| <& forall t > ¢ty = 0.

Definition 3.4:([7, 16]) The system (1) is called uniformly stable if
6 in definition 3.3 is independent of the time ¢,,.

Definition 3.5:([7, 16]) The system (1) is called asymptotically
stable if it is stable and if there exists § > 0 such that | X, — X,| <
& implies |X(t) — X()] » 0 as t > +oo.

Theorem 3.4: Assume that
@) Yt =S,
(b) [H@ X@HU@)| < TIX(@)I,
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where § >0 and T > 0. Then the solution of (1) is uniformly
stable.

Proof :

For any € >0, let §(e) < ——— and |X,| < 8(€). Suppose
] Sesr(t,to)

that there exists t; > t, such that |X(t;)| = € and |X(t)| < € on

[to. t1)
From (2), we have

&

X(@) =W(tt)X,
¢ T
+¥(t, ty) f Y(ty, 0(7)) <J- K(t,s,X(s))As + B(‘r)>

to
x U(t)At, 0n [ty t4]
t

Xl SI‘P(t.to)IIXon [P, o (DIIH (T, X (@)U (D)|AT

to
t

<S5(e)+ S f T|X(t)|At

to
By Lemma 2.9, we have

IX(®)] = S8(e)esr(t, to)

&
RRC)

=
Therefore |X(t;)| < ¢, for t € [to,t;] which is a contradiction.
Thus the solution of (1) is uniformly stable.

Theorem 3.5: Assume that

(@ [P to)|IXoll < Sep(to, t),

Eb)) [W(t, t)¥(t,0(7))| < Tep(0,0),
c

sup f K (2,5, X(@)|AT + [B@)| | U@
to

topsSssT<0

< Lep(s,0)|X(s)|,

where $ >0, T >0, L >0 and (P © LT) > 0. Then every
solution X (t) of (1) tends to zero,as t - +o .

Proof :
From (2), we have

X(@) =Y to)Xo
t T
+W(t, to) f WY(ty, 0(1)) f K(t,s,X(s))As + B(7)
& to
x U(t)Ar,
X < [¥(t to)|Xol

t
W, t)) j 9 (to, o ()]
to

X f|K(T,S,X(S))|AS+|B(T)| |U(7)|AT

to

t
< Sep(to,t) + LTep(0,1t) f ep(s,0)|X(s)|As

to

t
= Sep(ty,0)ep(0,t) + LTep(0,t) f ep(s,0)|X(s)|As
to
t
| X(t)|ep(t,0) < Sep(ty,0) +LTf ep(s,0)|X(s)|As

to

By Lemma 2.9, we have

|X(®)lep(t,0) < Sep(to, 0)er(t, to)
= Sep(to, 0)ep(0,t)err (8, to)
= Sep(to, 0)ep(0,t)egr(to, t)
= Sep(to, 0)ep(0,t)egyr(to, 0)egr(0,t)

= Sepgrr(to, 0)eporr (0, 1)
By Lemma 2.10, we have

eporr(0,1) < TTrome o we obtain

< e
Since (P © LT) > 0, we obtain the required result.

Corollary: Suppose K(t,s,X(s)) = K(t,s)X(s), then the
solution of (1) is
X(@) =Y to)Xo
T
f K(t,5)X(s)As + B(t)
to

t
+W¥(t, tg) f Y(ty, a(1))
to

x U(t)Ar,
4. Example

Example 4.1: Let us consider the following system on time scale

] )
XA(0) =[8 (1)]X(t)+ f [(1) 2]X(s)As+[1 ﬂ U, |
0
20 =[] Jx®.
xo = 3] J
4
for0<s<t<oo.
Case(a): If T = R* then (4) is
t
X'(t) =[8 é]X(t)+ f [3 2]X(s)ds+[1 ﬂ U,
0
20 =} i|x@.
o =[]
()

The controllable Gramian matrix is given by

Ge(to, tp) = [ —1 4 e%tr

1/2(=3 + €?(3 - 2t;))
Clearly G¢(to,tf) is symmetric and invertible when t, = 0 and
tr # 0. By using Theorem 3.2, it implies that system (5) is
controllable.

The observable Gramian matrix is given by

2t 2ty + t}
Collotr) =00 12 2, 4262+ 263/3)
tr+tf  2tr + 2tF + 2t7/
Clearly G, (to,tr) is symmetric and invertible when t, = 0 and
tr # 0. By using Theorem 3.3, it implies that system (5) is
observable.
The solution of (5) is

1/2(=5+ 2 (5 + 2(=3 + tp)t;))  1/2(=3 + €2 (3 = 2¢;))
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x11(t)  x12()
X1 (8)  x22(t)
e*(3-5t)+ed(1+¢)
(1—18e* +e%)
3e*2 (=7 + 3t) + e2(1 + 3t)
(1 —18e* +e%)

X@® =
e*(3—-5t) +eb(1+10)
(1—18e* +e8)
3e*t26(—7 + 3t) + e2t(1 + 3¢)
(1—18e* +e8)

-1+ 13e*
(1—18e* +e%)
et (1+ 2t + e*(—13 + 6t))
(1 —18e* +e%)

- -1+ 13e* it
(1 —18e* +e®)
e?t(1+ 2t + e*(—13 + 6t))

(1 —18e* +e%)

It can be observed that x1,(t) = x4,(t) and x,41(t) = x,,(t) and
which are plotted in the interval [0,2] and are shown in figure 1.

x:l(f)‘

Figure 1:: Solution of (5)
From the figure 1, it can be observe that for initial time t, = 0,
initial state X(t,) = 1 and final state X; = 0, then there exists a
finite final time t; = 2 such that X(t;) = X. Hence the system
(5) is controllable and observable from the definitions 3.1 and
3.2.

Case(b): If T = N then (4) is

AX(n) = [g (1)] X(n)

RN o

s=0
2o =[; |xow,
w -[ 1

(6)

The controllable Gramian matrix is given by

Gc (no' nf)

2 2
_ 2+42n _ 24 _ p2+2ng
57 (=20 +5(2*7") 42

2
—3(23*%"ng) + 9(2°"nf)] -3 [4 — 2%%2"F 4 3(2%" )]

2 2
-3 [4 — 2%*2" + 3(22"n,)] 3 [-1+2%v]

Clearly G.(ng,ny) is symmetric and invertible when n, = 0 and
ny # 0. By using Theorem 3.2, it implies that system (6) is
controllable.

The observable Gramian matrix is given by
an (1 + nf)nf

G,(ng,ng) = 1 .
o (o, ) n(L+ny) gne(L+n)(1+2n)

Clearly G,(no,ns) is symmetric and invertible when n, = 0 and

ny # 0. By using Theorem 3.3, it implies that system (6) is
observable.

The solution of (6) is
_ 1) x2(m)
X = [x21(n) X22(n)
1/9[32 — 23(4")
|+3(8 +3(4™)n]

1/9[32 — 23(4™)

+3(8 + 3(4™)n]

- [8/3 —5(4™)/3
+3(4~ 1 Mn

8/3 —5(4™)/3 |
+3@yn ]

It can be observed that x;;(n) = x;,(n) and x,,(n) = x5, (n)
are plotted in the interval [0,2] and are shown in figure 2.

le(n). :

Figure 2: Solution of (6)

From the figure 2, it can be observe that for initial time ny = 0,
initial state X(no) = 1 and final state X; = 0, then there exists a
finite final time ny = 2 such that X(n;) = X;. Hence the system
(6) is controllable and observable from the definitions 3.1 and
3.2.

5. Conclusion

In this paper, the necessary and sufficient conditions for the
controllability and observability of the solution of the system (1)
are established. The results are demonstrated using examples.
Graphically, the idea of controllability and observability for the
given problem is illustrated in figures 1 and 2.
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