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Abstract

In this paper, the existence of fixed-point results in a complete bipolar metric spaces under new caristi type contraction is well estab-
lished. Some attention gaining consequences are attained through our results. Finally, it presented an illustration which present applica-

bility of the obtained results.
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1. Introduction and Preliminaries

Fixed point theory plays a vital role in applications of many
branches of mathematics. Finding fixed points of generalized con-
traction mappings has become the focus of well-built research
activity in fixed point theory. Recently, many investigators have
published various papers on fixed point theory and applications in
different ways. One of the recently popular topics in fixed point
theory is to cast the existence of fixed points of contraction map-
pings in bipolar metric spaces which can be considered as general-
izations of Banach contraction principle. In 2016, Mutlu and
Gurdal [1] initiated the concepts of bipolar metric space and they
also investigated some fixed point and coupled fixed point results
on this space ([11, [2]).
Caristi’s fixed point theorem [3] is a renowned extension of
Banach contraction principle [4]. The proof of caristi’s results has
been generalized and extended in many directions see ([5] - [13]).
In this paper, we shall establish some fixed point results for
covariant mapping under different new caristi type contractive
conditions. We have illustrated the validity of the hypotheses of
our results. First we recall some basic definitions and results.

Definition 1.1: [1] Let U and V be a two non-empty sets. Suppose
that d: UxV —[0,00) be a mapping satisfying the below properties:
(i) Ifd(u,v)=0,thenu=vforall (u,v) € UxV,

(if) Ifu=v,thend (u,v)=0,forall (u,v) € UXV,

(iii) 1fd (u, v) =d (v, u), forall u, v e UnV

(iv) 1fd (ug, vp) <d (ug, vy) +d (uy , vq) +d (uy, vy) for all uy,
u, €U, and vy, v, EV.

Then the mapping d is termed as Bipolar-metric of the pair (U, V)
and the triple (U, V, d) is termed as Bipolar-metric space.
Definition 1.2: [1] Assume (U; ,V; ) and (U,, V,) as two pairs of
sets and a functionas F: U; UV, 3 U, UV, is said to be a covar-
iant map. If F (U;)< U, and F (V;)<S V, and denote this with S:
(A4, By) 3 (A,,B,). And the mapping S: U; UV, 2U, UV, is
said to be a contravariant map. If F (U;) € V,, and F (V;)< U,,
and write F: (Uy, V;) 2 (U,, V,). In particular, if d; and d, are

bipolar metric on (U, V;) and (U,, V), respectively, we some-
times use the notation F: (U;, V4,d; ) 3 (U, V,, d;) and
F: Uy, Vi,dy) 2 (Uy, V3, dy).

Definition 1.3: [1] Assume (U, V, d) as a bipolar metric space. A
point v €U UV is termed as a left point if v € U, a right point if v
€ V and a central point if both. Similarly, a sequence {u,} on the
set U and a sequence {v, } on the set V are called a left sequence
and right sequence respectively. In a bipolar metric space, se-
quence is the simple term for a left or right sequence. A sequence
{v,} is considered convergent to a point v, if and only if {v,} is
the left sequence, v is the right point and lim,,_,,, d(v,,v) =0; or
{v,} is a right sequence, v is a left point and lim,,_,, d(v, v,) =0.
A bi-sequence ({u,}, {v,}) on (U, V, d) is a sequence on the set
U xV. If the sequence {u,} and {v,} are convergent, then the bi-
sequence  ({u,}, {v,}) is said to be convergent. ({u,}, {v.}) is
Cauchy sequence, if lim,_,. d(u,, v,) = 0. In a bipolar metric
space, every convergent Cauchy bi-sequence is bi-convergent. A
bipolar metric space is called complete, if every Cauchy bi-
sequence is convergent hence bi-convergent.

Definition 1.4: [1] Let (Uy, V4, d;) and (U, V5, d,) be a bipolar
metric spaces.

0] A map F is called continuous, if it left continuous
at each point ue U; and right continuous at each
point ve 1

(i) A contravariant map F: (U, Vi, dq) = (Uy, Vo, dy)

is continuous if and only if it is continuous as a co-
variant map F: (Uy, V4, dy) =3 (U,, Vy, dy).
It can be seen from the definition (1.3) that a covariant or
a contravariant map F: (Uq, V4, dq) = (U, V4, d,) is con-
tinuous if and only if (u,)» v on (Uq,Vq,dq) implies
F((un)) » F(v) on (Uz, V3, dy)

2. Main Results

In this section, we give some fixed point theorems for covariant
mapping satisfying various new caristi type contractive conditions
in bipolar metric spaces.
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Theorem 2.1: Let (U, V, d) be a complete bipolar metric spaces,
suppose that F :(U, V) 3 (U, V) be a covariant mapping satisfies

d(Fa, Fb)<y(a(a))a(a)-a(Fa)+ y(B(b))B(b)-B(Fb) 1)
for all a€ U, be V, where a, B:UU V —[0, o) are lower semi
continuous functions and y: (-o0, ©0) —(0, 1) be a continuous
function and provided that F is continuous. Then the mapping
F:UUV — U UV has a unique fixed point.

Proof: Let ag €U and by €V, we construct the bisequence
(fa,}, {b,}) in(U,V)asFa,=a,,, and Fb,,=b,,4 for n=0, 1,
2

By using the (1), we have
d(ay, bp)=d(Fa,_q, Fby_1)
< v(a(ay-1))a(ay_1)-a(Fay_1)
+y(B(bn-1))B(by-1)-B(Fby_1)
< y(a(ap-1))a(an-1)-a(a,)
+y(B(bn-1))B(by-1)-B(bx)
< a(ap_1)-a(a,) + B(bn-1)-B(bn) @
and a(a,) +B(by) < y(a(ay-1))a(an-1)
+y(B(bn-1))B(by-1)
< a(ap_1) +B(bp-1) ®)
and also
d(@y, bpi1)= d(Fa,_q, Fby)
< v(a(ay-1))a(ay_1)-a(Fay_q)
+y(B(bn))B(by)-B(Fby)
< y(a(ap-1))a(an-1)-a(a,)
+y(B(bn))B(by)-B(bys1)
< a(ay_q)-a(ay) + B(by)-B(bni1) 4)
and a(a,) +B(bn+1) < v(a(ay-1))a(an-1)
+y(B(bn))B(by)
< a(ap-1) + B(bn) ®)
From (3) and (5) which shows that the bisequence ({er(a,)},

{ B(b,,)}) is non increasing bi-sequences of non-negative real

numbers. So they must converges to A1, 22 >0 respectively. Sup-
pose A1 >0 or A2 > 0. Letting n— oo in equation (3) and (5), we
get contradiction. Therefore,

lim a(a,)=1im,_,, B(b,)=0 (6)
n-oo
Now from (4), we have

Yn=14(ay, bypyq) < d(ay, by)+ d(az, by)+-+ d(@m, bmy1)

< a(ap)- a(ay)*+ B(bq)- B(b)+ a(ay)-
a(az)+ B(bs)- B(b3) A+

+ a(am—l)' a(am)+ + B(bm)' B(bm+1)
< a(ao)* B(by)
This shows that Y. ; d(ay,, b,41) is a bi-convergent series. Simi-
larly, we can prove that Y7, d(a,, b,,) is a bi-convergent series.
Hence convergent. Using the property (iv) in definition (1.1), for
each n, m € N with n<m and from (2) and (4). Then we have
d(anr bm) < d(anr bn+1)+ d(an+1r bn+1)+"'
+ d(am—l' bm—1)+ d(am—l' bm)

< a(an—l)' a(an)+ ﬁ(bn)- ﬂ(bn+1)+ a(an)_
A(Apy1)* B(Dpi1)- B(bryz) +oeveeee

+ “(am—z)' a(am—1)+ + ﬁ(bm—l)' B(bm)
—-0asn, m- oo,

Similarly, d(a,,, b,) — 0 as n, m — 0. This shown that (a,, b,,)
is Cauchy bi-sequence in (U, V). Therefore,

lim,,_,(a,, b,) = 0. Since (U, V, d) is complete, (a,, b,) is
converges and thus bi-converges to point k€ U NV such that

lim a, 1=k = lim, o byq (M
n—o

We prove that « is fixed point of F. Since «,  are lower semi
continuous functions, so

'llirg a(ay)=a(k), lim,_. B(b,)=B(x) from (6), we get
a(x) =0 = B(x). since lim,,_,,, Fa,.1=Fk. From (1) and

(iv) in definition (1.1), we have
d(Fi, k) < d(Fx, byyz) +d(apsz, buyz) + d@piz, ¥)
< d(Fx, Fbpy1) + d(@nyz, bniz) + d(@niz, ©)
< y(a() a(k)-a(Fr)
+Y(B(bn+1))B(bni1)-B(Fbpi1)
+d(@ni2, bniz) + d(@nyz, ©)

< a(k)-a(Fi)t B(bpi1)-B(bnyz) + d(@y.2,
bn+2)

+d(a,42, ¥)— 0 as n— oo.

Therefore, d(Fx, k) =0 implies Fx=k. Now we prove the unique-
ness, we begin by taking v be another fixed point of covariant map
F. Then Fv=v implies v€ U NV and we have

d(x, v)=d(Fx, Fv) < y(a(Kx))a(k)-a(FK)
+y(B()BW)-B(Fv)
< a(x)-a(x) + B(v)-B(v) =0

Therefore, d(k, v)=0 implies k=v. Hence « is unique fixed point of
covariant mapping F.

Example 2.2: Let U ={U,,(R)/U,(R) is upper triangular matri-
ces over R} and
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V = {L,(R)/L,(R) is lower triangular matrices over R}. Define
d: Un(R)X Ly (R) = [0, ) by d (P,Q) = X1}, [pij-gy| forall
P=(py),.., EUm(R)and Q=(qy)___€Ln(R). Then obvi-
ously, (U, V, d) is a complete bipolar metric space.

. —_ H _1
Let F: (U, V) = (U, V) be defined as F (P) =~ (p: j)mxm for all
P= (pij)mxm' € UUV.Leta,B: UUV —[0, ) be a lower semi
continuous mappings be defined as a(P) = X7"_,|p;;| and
ﬂ(P) = 22‘{3:1|pu| forallP = (pij)me' € Um(R)U Lm(R)
3
Define y: (-0, +0) —(0, 1) as y(t)= {E' £>0
0,t<0
Now for each P, Q € U UV, we have
d(FP,,FQ) =d (p;)) 2 (q3)
v 7 \Pij) e 7 \ i
1 16
=2 Xij=1 IPya| < 5 Xij=1 Pyl
3 1 3 1
S 2 Xij=a Iyl 5 Xij=a Iyl + 2 Xij=1 2a5] -5 2= 245
1
SW(“((Pu)mxm)) al(py), - aG (), )
1
y(Ba),,.,)) B4, BC (),
< y(aP))a(P)- a(FP)+p(B(Q))B(Q)- a(FQ)
Thus, F satisfy all the conditions of Theorem 2.1 and Oy, iS
unique fixed point of F.

me)

Theorem 2.3: Let (U, V, d) be a complete bipolar metric spaces,
suppose that F :( U, V) 33 (U, V) be a covariant mapping satisfies

d(Fa, Fb)< a(ip(a, b))y(a, b)-y(Fa, Fb) ® for
all a€ U, be V, where y: UX V —[0, o) is lower semi continuous
function and a: (-0, o) —(0, 1) be a continuous function and
provided that F is continuous. Then the mapping FUuV -
U U V has a unique fixed point.

Proof: Similarly to the above Theorem 2.1. We construct the bis-
equence ({a,}, {b,}) in(U,V)asFa,=a,,, and Fb,=b,,, for

Now from (8), we have
d(an ' bn+1) :d(Fan—l ' an )
=< a(lp(an—l rbn)) 1I)(an—l 'bn) - 1I)(Fan—l 'an)

< a(@(ay-1,by)) Y(a,_q,by) —P(a,, byiq)
< lIJ(an—I ’ bn) - 1I)(an ’ bn+1) (9)

Y(an, bpi1)<P(an-1,bp)a(@(an-1,bn))
<¥P(ap-1,by) (10)
Also,
d(an, bp)=d(Fa,-1 , Fby_1 )
< a((an-1,bn-1) Y(an-1,bn1) — P(Fay_q,Fby 1)
< a(@(an-1,bn-1) Y(an-1,bn-1) — Y(ay,by)

< 1I"(an—l ’ bn—l) - 1I"(an ’ bn) (11)
And 1I)(an ’ bn)< 1[’(“11—1 ’ bn—l)a(w(an—l ’ bn—l))
< 1I"(an—l ’ bn—l) (12)

Equations (10) and (12) shows that the bisequence

({w(ay, by)},) is non increasing bi-sequences of non-negative
real numbers. So they must converges to A1 > 0. Suppose 11 > 0.
Letting n— oo in equation (10) and (12), we get contradiction.
Therefore,

lim (a, by) =0 (13)

Now, from (9), we have
Y d(an, bpyq) < d(aq, by)+d(az, b3)++ d(am, byiq)
< w(ao" bl)' (al' b2)+ 1/’(“1' bZ) Foeeennnn
+ Y (-1, b )- Y(@m, bimi1)

< ¥(ap, by)This shows that
Yo d(ay, byyq) is a bi-convergent series. Similarly, we can
prove that Yo, d(a,, b,,) is a biconvergent series. Hence
convergent. Using the property (iv) in definition

(1.1), for each n, m € N with n<m, from (9) and (11). Then we
have

d(an, b)) < d(ap, byy1)+ d(@pi1, bppr)+
+d(am-1, bm-1)* d(@m-1, b)
<YP(an-1, bp) —P(an byi1)
(@, bus1) - Y(Aniq, buyz)+ee
P (@m—2, bn-1) - P(Am-1, bm)
- 0asn, m- oo,

Similarly, d(a,,, b,) — 0 as n, m — co. This shown that (a,, b,)
is Cauchy bi-sequence in (U, V). Therefore,

lim,,_,(a,, b,) = 0. Since (U, V, d) is complete, (a,, b,) is
converges and thus bi-converges to point k€ U NV such that
lim,_, . a,.1=K = lim,,_,, b, 11 14)

We prove that « is fixed point of F. Since F is continuous function,
So limFa, 1=Fk. Since y is lower semi continuous function
n—-oo

and
rgrg Y(a,, b,) =y(k, k). From (13), we get
(K, €).=0. From (8) and (iv) in definition (1.1), we have
d(Fx,x) < d(Fx, bpiz) + d(@niz, bni2) + d(@niz, ©)
< d(Fx, Fbyyq) +d(@ni2, briz) + d(@yyz, ©)
< a(P(, byiz)) Y, byiz) — Y(FK, Fby.z)
+d(@n+2, bpi2) +d(@n2, ) 0 asn- co.
Therefore, d(Fk, k) =0 implies Fk=x.

Uniqueness follows from the Theorem 2.1.

3. Applications

3.1. Application to the Existence of Solutions of Integral
Equations

Theorem 3.1: Let us consider the integral equation

y()=f)+[ S(k,v,y(v))dv, x€ E; UE, where
E; U E, is Lebesgue measurable set with m(E; U

E;) < oo. Suppose that

(i) S: (E1% U Ex%) X [0, 4 ) - [0, +00) and fe

L”(Eq)U L™(E;)

(i) There is a continuous function
[: E;* U E,? -[0, 0) such that for all (k, V)€ E;% U E,*
|S(e,v, ¥ @) = (e, v, BWY)| < 3T, Wy ) — BOI .
(i) If Tk, V)dvll <1 i.esuper,us, JIT(k V)|
<1
Then The equation has unique solution in L®(E;)U L*(E,)
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Proof: Let U=L®(E;) and V=L®(E,) be two normed linear a(xy) +*BWns1) < vlal_))a(xp_1)-a(x,_1)

spaces, where E4, E, are two Lebesgue measurable sets with +y( BB )-BO)

m(Eq U E;) < oo. Consider d: UxV— [0, o0) be defined by <a(xp_1) +B0Om) (16)

d(f, 9)=IIf — gll for all (f, g)e UxV. Then (U, V, d) is complete
bipolar metric spaces. Define covariantmapF: UuV - U UV
by F(y())= [ S, v,y(v))dv+ f(x) k€ E; U E,. Define
y:UxV-[0, o) by y (y(v), B(v)) =3|ly(v) — B(v)|| and define

7
a: (-00,+0) (0, 1) by a (t)= {E’ t>0
0,t<0

Notice that d(F y(v), FB(W)=|IF y(v) — FB(W)||

=[S st v, y@)) dv + £00) - [ S(e,v, BW)) dv — £(10)|
=1f S0, v,y () dv — [ S(1,v, B()) v

< [|S(k,v,y()) — S(kc, v, B(v))|dv

< 2 T(ev) ly®) = B)ldv

< lly®) = BW)lle ST (e, v)lldv

Then d(F
FBO) < ly() — BO)II supye g,u g, JIT(k, v)dv].

<y = BWlle <3 ly@) = POl

y(v),

=% x3lly(v) — BW)llw-3IIFy(v) — FBW)II

< a@. B, B)- v(Fy,F B)

Thus F satisfy all the conditions of Theorem 2.3. Then F has a
unique fixed point in UUV.

3.2. Application to Homotopy Theory

Theorem 3.2: Let (U, V, d) be a complete bipolar metric spaces,
(A, B) be an open subset of (U, V) and (4, B) be a closed subset
of (U, V) such that (A, B)S (4, B). Suppose H: (4,U B)x|0,
1]-UuV be an operator with following conditions are satisfying.
(i) x#H(x, ) for each x€EJAUOJB and «x€[0, 1]
(Here dA U 9B is boundary of AUBinUU V)
(ii) d(H(x, k), H(y, k) <y(a(x))a(x)-a(H(x,k))
OB -BHG,K)
for all x€eA, ye€eB and x€[0, 1], where
a,B: UUuV—-][0, ) are lower semi continuous
functions and y: ( -0, +00) — (0, 1) is continuous
function
(iii) 3 M =03 d(H(x, k), H(y,&)) < M|k — &| for every
x€Aandy € B andx, & € [0,1].
Then H(.,0) has a fixed point & H(.,1) has a fixed
point.
Proof. Let the set
X ={x€[0,1]: x=H(x, k) for some x € A}.
Y ={&€[0,1]:y=H(y, &) for some y € B}.
Since H(; 0) has fixed point in AUB. So 0eXNY.That is XNY is
non-empty.
Now we show that XNY is both closed and open in [0, 1]. Hence
by the connectedness X=Y=[0, 1].
Let ({rn}, {€n3 )S(X, Y) with (kn, &n) —(x, E)E[O, 1] as n— co.
We must show that k=6€ X N'Y.
Since (k,, &,) €(X,Y) forn=0, 1, 2------, There exists bisequence
(%ny ) With x4 1=H (0, 16) and yr 1 =H (O, §1)
Consider,
d(xna yn+1): d(H(xn—ll Kn-1 )' H(yn' fn ) )
< \V(a(xn—l))a(xn—l)'a(H(xn—l: Kn—1 ))
+ \V(ﬁ(yn))ﬁ(yn)'ﬁ(H(Yn: $n ))
< a(xn—l)' a(xn) + ﬁ(yn)',g(yn+1)- (15)

And

Also we have

d(xnv Yn): d(H(xn—lt Kn-1 )' H(Yn—lr En—l ) )
< \V(a(xn—l))a(xn—l)'a(H(xn—li Kn-1 ))
+ \V(ﬁ(Yn—l))ﬁ(.Vn—l)',B(H(Yn—lr &n1 ))
< a(xn-1)- a(xn) +BYn-1)-BOn). 17

And
a(xy) +BOm) < wla(xp_1))a(xp_1)-a(x,_1)

+Y(BWn-1)BWn-1)-B(Vn-1)
<a(¥n-1) +B(Yn-1) (18)

From (16) and (18) which shows the bisequence

({a(x)}, {B()}) isnon-increasing bisequence of nonnega-
tive real numbers. So they must converges to 1; >0. Suppose
A1 > 0 and letting n— oo in equations (16) and (18), we get con-
tradiction. Therefore

lim a(x,)= limy, 00 B (¥)=0 (19)
Now from (15), we have
2Zn=14(xn, ¥ni1) < d(xq, ¥2)+ d(xz, ¥3)+-+ d(Xm, Ym+1)

< a(xg)- a(x1)+ B(y1)- B(y2)*+ a(xq)-
a(xz)* B(y2)-B(y3) +-oeeeeee

+ “(xm—l)' “(xm)"' + ﬂ(ym)' B(ym+1)
< a(xo)*+ B(¥1)

This shows that Y7 ; d(xy, Yn+1) iS @ bi-convergent series. Simi-
larly, we can prove that Y7, d(x,, ¥,) is a bi-convergent series.

Hence convergent. Using the property (iv) in definition (1.1), for

each n, m € N with n<m. Then we have

d(xnrym) < d(xn:yn+1)+ d(xn+1:yn+1)+"'
+d(xXpm—1, Ym-1)+ d(Xip—1, Vi)
<d

(H(xn_1’ Kn_1), HYn &n )) +
d(H(xp, K60, H(yp, &p )+ +d

+(H(xm—2' Km-2 )’ H(ym—ll Em—l ))
< a(xn—l)' a(xn)+ B(yn)' B(yn+1) +M|Kn - Enl
Ml 2 — §m2l

+ a(xm—Z)' a(xm—1)+ + ﬁ(ym—l)' ﬂ(ym)
—0asn, m- oo,
Similarly, d(x,,, y,) = 0 asn, m — co. This shown that (x,,, ¥,n)
is Cauchy bi-sequence in (A, B). By the completeness, there exist
1N € A and pE B such that

1];12 X,=p and lim,_ .y, =n (20)
Now consider,
d(H(@, ), W< d(H®, ©), Yn+1)*+ d(Xns1, Yna1)t dXnia.1)
< d(H@, ), H(yn, §2)) +d(H(xn, Kn), H(Yn, §0))
+d(Xp41,1)

<YP(am) am-a(Hm, )+ P(B(y.)) Byn)
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—BHYn, &) )+ Mlrey, — &l + d(xp41,1)
< a@m - a(Hm, )+ B+ BYns)+
MKy — §nl + d(xp41,0)—0 as n— o,

It follows that d(H(n, ), w)= 0 implies H(n, k)= p. Similarly,
we obtain H(p, &)= n. On the other hand, from (20), we have

d(n, w=ddim,,_,, y,, lim, ., x,)=lim,, ., d(x,, y,)=0.
Thus, p=p. Therefore, k=EEXNY. Clearly, XNY is closed in [0, 1]

Since (ko &) €(X, Y), then there exists bisequence (x,, Vo)
with xg=H(x,, ko) and y,=H(y,, &;). Since AUB is open, then
there exist r>0 such that B;(x,, r) € AUB and B,(r, y,) S AUB.

Choose k €(&y-€, &p+€) such that |k — &y| < ﬁf and
& €(Kkq-€, Ko+e) such that [& — k| < #f also |ig — &l < %f
Then y€ Byyy (%o, N)={y, ¥o €B/ d(xo, y)<r+ d(xo, ¥,)} and
XE Byuy (T, ¥o)= {X, xo EA T d(x, yo)<r+ d(xq, y0)}, also
d(H(Xv K)s yO): d(H(X: K)7 H(yOI {0))
< d(H(X, K)s H(y' {0))+ d(H(an K)a H(y' EO))
+d(H(xo, ©), H(¥0,$0))
<2Mlk — &ol+y(a(xg)) a(xo)-a(H(xg, x))
F v(B»)) BON-BH . $0)))

gt a(xo)-a(H(xo, ) )+ B()-BH (Y, $0)))
Letting n— oo, we get
d(H(x, %), yo)< a(xo)-a(H(xo, 1) )+ B()-B(H(¥.$0)))

< d(xo, Y)=r+ d(xo, o)

Similarly, we can prove d(x,, H(y, &)) < d(x, yo,)<r+ d(xq, o)
On the other hand
d(x0, ¥0)= d(H(xo, ko), H(¥0, €0))

<MKy — &l < #% 0 asn— oo.
So d(xg, y0)=0 implies x4= y,. Thus k=€ and
H( ©)=H(: &): Byyuy (%o, 1= Bxuy(xo, ). Thus we conclude that
H(:;, «) has a fixed point in A U B. But this must be in AUB.
Therefore, all conditions of Theorem 3.2 are satisfied. Hence H(:,
¥) has a fixed point in A N B. But this must be in ANB. Therefore,
k=EeXNY for k E(icy-€, kyt€e)S XNY.
Clearly, XnY is openin [0, 1].
To prove the reverse, we can use the similar process.

4. Conclusion

In the present research, we have continued to investigate postu-
lates of bipolar metric spaces. We have presented fixed point re-
sults by using new caristi type contractive conditions defined on
bipolar metric spaces, suitable examples that supports our main
results. Also, applications to integral equations as well as Ho-
motopy theory are provided.
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