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Abstract

The main aim of this paper is to obtain a unique common tripled fixed point theorem in partial ordered metric space using Caristi type

contraction.
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1. Introduction

The notion of coupled fixed point is introduced by Bhaskar and
Lakshmikantham [1] and studied some fixed point theorems in
partially ordered metric spaces. With the inspiration of coupled
fixed point theorem concept, In 2011, V.Berinde and M.Borcut [2]
introduced the concept of triple fixed point and obtained some
fixed point theorems for contraction type maps in partially ordered
metric spaces. In 1976, Caristi proved the following famous fixed
point theorem.

Theorem 1.1 [6] Let (X,d) be complete metric space and
f: X = R be lower semi continuous and bounded below function. A
mapping T: X — X is said to be Caristi type map on X dominated
by fif T satisfies d(x, Tx) < f(x) — f(Tx) for each x € X. Then T
has a fixed point.

It is well-known that the Caristi’s fixed point theorem is one of the
most valuable generalization of the Banach contraction principle.

The aim of this paper is to study unique common triple fixed point
theorem for four maps by using Caristi type contraction for
compatible maps over partially ordered Metric Space.

Definition 1.2 (See [1]) Let (X, <) be a partially ordered set and
F: X x X = X. Then the mapping F is said to have mixed monotone
property if F(x,y) is monotone non decreasing in x and is
monotone non increasing in y; that is for any x,y € X, x; < x, =
F(x1,¥) < F(xp,y) for al yeX and y; <y, =2Fxy,) <
F(x,y,) forall x € X.

Inspired by Definition 1.2, Lakshmikantham and Ciric in [17]
introduced the concept of g — mixed monotone mapping.
Definition 1.3 (See [4]) Let (X, <) be a partially ordered set and
F: XX X = X. Then the mapping F is said to have mixed g —
monotone property if F(x,y) is monotone g —non decreasing in X
and is monotone g — non increasing in Y; that is for any x,y € X,
gx, < gx, = F(xy,y) < F(x,,y) for all ye X and gy, < gy, =
F(x,y;) < F(x,y,) forall x € X.

Definition 1.4 (See [3]) Let F:XxXx X - Xand f:X - X. An
element (x,y,z) € X X X X X is called
(i) a coincidence point of mappings F,f if fx = F(x,y,2),fy =

F(y,xy),fz = F(z,y,%).
(ii) a common tripled fixed point of the mappings F,fif x = fx =

F(x,y,2),y =fy = F(y,x,y),z = fz = F(z,y,X).

Definition 1.5 (See [3]) The mappings F:X X X X X - X and
f:X—>X are said to be commutative if f(F(xy,z))=

F(fx, fy, fz), f(F(y, x,y¥)) = F(fy, fx, fy) and f(F(zy,x) =
F(fz, fy, fx).

Lemma 1.6 (See [5]) Let < be a reflexive relation on a
nonempty set M and ¢: M — R a function bounded from below,

theny <« yand x # v ; then () > d(y).
2. Main Results

Theorem 2.1: Let (X, <,d) be a partially ordered metric space
and let SST:XxXxXXxX—X and f,g:X =X be two mappings
satisfies

(2.1.1) d(S(xy,2), T(u,v,w))

(¢(max(n(fx, gu), n(fy, gv), n(fz, gw))),)
(S y,2), T(u, v, w)),
¢ max| (S, %), TV, u,v)),
n(S(zy, %), T(w,v,u))

< max

max(n(fx, guw), n(fy, gv), n(fz, gw))

n(Sx.y,2), T(u, v, w)),
—max| n(S(y,xy), T(v,u,v)),
n(S(zy,x), T(w,v,u))
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where n: X X X — [0, ) is lower semi continuous function and
7:[0,0) — [0,0) be an upper semi continuous function.

(21.2) SXxXxX) cgX)and T(X x X x X) < f(X),

(2.1.3) S has the mixed g — monotone property and T has the
mixed f — monotone property.

(2.1.4) f,g are continuous and f commutes with S, g commutes
with T,

(2.1.5) either f(X) or g(X) is complete.

(2.1.6) (a) if a non decreasing sequence {x,} — x, then x, < x
for all n,

(b) if a non increasing sequence {x,} — X, then x < x, for all n,
for Xy, yo,2o € X there exists x4,y;,2; € X such that

8%o = S(X0,Y0,20),8Y0 < S(Yo, X0, Yo), 8Zo = S(Zo, Yo, Xo) and
fx; 2 T(Xq,y1,21), fy1 < T(Y1, %1, ¥1), f21 2 T(24,¥1,%1) then
S, T, f, g have unique common tripled fixed point.

Proof: Let xy,y,,2, € X be arbitrary points in X. From (2.1.2)
and (2.1.6), there exist sequences {Xon}, {V2n}{Z2n} and {P,},
{Q2n}, {Ran} in X such that

Pon = 8Xon+1 = S(XZn; Y2n, ZZn)r
Qzn = 8Y2n+1 = S(V2n X200, Y2n)»
Ron = 8Z2n41 = S(Zan, Y2ns X2n)s

Pony1 = Xontz = T(X2n41, Yan+1, Z2ns1)s
Qzn+1 = ¥2nt2 = T(V2n+1 X2n+1, Yant 1)

Ront1 = Zans2 = T(Zons1, Yan+ v Xons1)) n=0,12,--

with
8X; = gXp = 8X3 = 8X4

8Y1 S 8Y2 S 8Y3 = 8y4-
821 = 8Zp = 8Z3 = 8Ly

and
fx, = fx3 = fx, > fxg -
fy, = fys = fy, = fys -
fz, > fz3 = fz4 > fz5 -

Define a relation < on X as follows:
S(x,y,z) < T(w,v,w) < d(S(xy,2), T(u,v,w))

¢(max(n(fx, gu), n(fy, gv), n(fz, gw))),
n(S&.y,2), T(u,v,w)),
g| max| n(S(y,x,y), T(v,u,v)),
n(S(zy,x), T(w,v,u))

< max

max(n(fx, gu), n(fy, gv), n(fz, gw))

n(S&xy,2), T(u,v,w)),
— max n(S(y, x,y), T(v,u, v)),
(5@ y, %), T(w, v, u))

Then clearly < is a reflexive relation on X.

Now for Py, # Popyq

d(PZn’ l:)2n+1)

= d(S(Xz2n, Y2n, Z2n)» T(Xzn+1, Y2n+1, Z2n+1))

< max ((maX(U(PZn—p P,n),M(Qzn-1, Q2n), N(Ran—1, RZn))):}
¢(max(m(Pzn, P2n+1),M(Qzn, Qzn+1), N(R2n, R2n+1)))

[ maX(T](PZn—L Pn),n(Qzn-1, QZn)'n(RZH—l’RZn)) ]
—max(M(Pzn, P2n+1), N(Qzn, Q2n+1), N(R2n, Rang1))

In this way for Q,, # Qan41

d(QZn' Q2n+1)

< max {Z(maX(n (P2n-1, P2n), N(Qzn-1, Q2n), N(R2n—1, RZn)))r}
h ¢(max(M(Pzn, P2n+1),N(Qzn, Q2n+1), N(R2n, Rant1)))

[ maX(W(PZn—L P2n),M(Qzn-1, Q2n), NM(Ran—1, RZn)) ]
—max(M(Pzn, P2n+1),N(Q2ns Q2n+1), N(R2n, Rons1))

and R2n * QR2n+1
d(RZH' R2n+1)

< max {Z(maX(n (P2n-1, P2n), N(Qzn-1, Q2n), N(R2n—1, RZn)))r}
h ¢(max(M(Pzn, P2n+1),N(Qzn, Q2n+1), N(R2n, Ront1)))

[ maX(W(PZn—L PZn):“(QZn—l'QZn)'n(RZH—liRZn)) ]
—max(M(Pzn, P2n+1),N(Q2ns Q2n+1), N(R2n, Rant1))

Therefore
max{d(Pzn, P2ns1), d(Qzns Qzn+1), d(Rzn, Rany1)}

< max {Z(maX(n (Pan—1,P2n),M(Qzn-1, Q2n), N(R2p_1, R2n))).}
- ¢(max(M(Pzn, P2n+1),N(Qzn, Q2n+1), N(R2n, Ront1)))

[ maX(T](PZn—p PZn)'n(QZH—l'QZn)'n(RZH—lfRZn)) ]
—max(M(Pzn, Pan+1), N(Qzn, Q2nt1), N(Ran, Rany1))

Since for Py, # Pype1 We have Py, < Pypiq,for Qo # Qupyq We

have Q,, < Qun41 and for Ry, # Rypyq We have Ry < Ropyg.

Therefore from Lemma 1.6 we have {n(P,,), n(Pon4+1)} and

{n(Q2n), N(Q2n+1)}{(Rzn), N(Rzn+1)}, are non increasing.

I}:Et limy oo M (P2n), N(Pon+1)} = Ag limp 0o {(N(Q2n), M(Qan+1)} =
21

limy . (N(R2n), N(R2n+1)} = Az. for some A4,45,A3 = 0.

If 11,25, A3 = 0 then we get a contradiction .

S0 Ay, Az 25 > 0.

Since T is upper semi continuous function so we have

limy,esup O({N(Pzn), N(P2n+1)}) = (A1),

limy, sup ¢({N(Q2n), N(Qan+1)}) = G(A2),

limy, sup O({N(Rzn), N(R2n+1)}) = (A3).

So for any m € N with n > ny we have

limyoesup (N (Pzn), N(Pen+1)}) = 4(A0) + 1,
limyosup ¢({(Qzn), N(Q2n+1)}) = T(A2) +1,
limyoosup ¢(N(Rzn) N(R2n+1)}) = 4(A3) + 1.

Therefore
max{d(P,y, P2n+1)! d(Qzn, Q2n+1)! d(Rzp, R2n+1)}

< max[((A;) +1,3(22) + 1,¢(A3) + 1]
maX(U(PZn—p P2n),M(Q2n-1, Q2n), N(Raon-1, RZn))
—max(N(Pzn, P2ns1),M(Q2ns Q2ns1), N(R2n, Rong1))

As n — o,

max{d(Pzpn, P2n+1), d(Qzns Qzn+1), d(Rzn, Rang1)} = 0.

Now for m > n, and as m,n — oo

max{d (P, Pon+1), d(Qzns Qzn+1), d(Ran, Rons1)} +
max{d(Pap+1, Pan+2), d(Qzn+1, Qzns2) dRantq, Rong2)} + - +
max{d (P, Pom+1), d(Q2m, Qom+1), ARz, R2m+1)} = 0.

This shows {P,,}, {Q2n}, {R2n} are Cauchy sequence in X.

Since f(X) is a complete subspace of (X,d) so {P,,} € f(X),
{Qan} € f(X) and {R,,} S f(X) are converges in the complete
metric space (f(X), d).

Therefore limy, ., d(P,p,, u) = 0, lim,,_,,,d(Q,,, v) = 0 and
limy,,,d(Ry,, w) = 0 where u,v,w € f(X).
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Since f: X —» X and u, v,w € f(X) so there exists s;,s,,s; € X such
that fs; = u, fs, = vand fs; = w.

Since as n — o, S(Xap, Yon, Zz2n) — u and fis continuous and (s, f)
are commute so

f(S(Xan y2n122n)) - fu

= S(fXZHr fYZru fZZn) - fu

= S(u,v,w) = fu.

In the same way we can prove that,

S(v,u,v) = fv, S(w,v,u) = fw.

Also, as n = ©, T(Xan+1, Vont1, Z2ns1) — U and g is continuous
and (T, g) are commute so

8(T(zn+1Yan+1 Z2ns1)) = gu
= T(gX2n+1, 8Y2n+1, 8%2n+1) = 8U
= T(u,v,w) = gu.
In the same way we can prove that ,
T(v,u,v) = gv, S(w,v,u) = gw.
Now
d(fu, gu)

= d(S(u, v,w), T(u,v, W))

< ¢(max(n(fu, gu), n(fv, gv), n(fw, gv))

{ max(n (fu, gu), n(fv, gv), n(fw, gw)) }
—max(n(fu, gu), n(fv, gv), n(fw, gw))

=0
Therefore fu = gu.
Similarly we get fv = gv, fw = gw.
Hence
fu=gu = S(u,v,w) = T(u,v,w),
fv=gv=S(v,u,v) = T(v,u,v) and
fw = gw = S(w,v,u) = T(w, v, u).
This shows that (u, v, w) is tripled coincidence point of S, T, f and
g. Now to prove that (u, v, w) is a fixed point of S, T, fand g.

Consider
d(fu, z,,)
= d(S(u, v, w), T(Xzn, Y2n, Zzn))

¢(max(n(fu, gxzn), N(fV, gy2n), N(f2 8220))),
< max ((maX(T](S(ur v, W)r PZn—l)' T](S(V' u, V)' Q2n—1)'
T](S(W' v, u)' RZn—l)))

max(n(fu, gxzn), (v, gy2n), n(fz, g22n)),
—maX(T] (S(u' v, W)' PZn—l)' n (S(V! u, V)! QZn—l);
T](S(Wr v, u)r RZn—l))

¢(max(n(fu, gx,n), N(fv, gy2n), N(fz, 8221))),
= ““ax{c(rnax(n(fu,Pan_1>,n(fv,Q2n_1>.n(ﬁN,RZn_1>)>}

[ max(n(fu, gxzn), (v, 8y2n), N1z, g2;1))
—max(n(fu, P;n_1), (v, Qzn—1), n(fw, Ry5_1))

Letting n — o, we have that
d(fu,u) — 0. Therefore fu = u.
Similarly we can prove fv = v and fw = w. Now it remains to
prove the uniqueness of (u, v, w).
Suppose (u*,v*,w*) be an another coupled fixed point of S, T, f
and g.
fu=u=S(u,v,w), u* =Su*,v,w") = fu,
fv=v=S(v,uv), v: =S, u",v") =fv,
fw =w = S(w,v,u), w*=S(w"*,v*,u") = fw",
gu=u=T(uv,w), u =T v, w) = gu*,
gv=v=T(vuv), vi =T u",v") =gv’,
gw =w = T(w,v,u),w* = T(w*,v*,u*) = gw*.

Now
d(u,u*) = d(S(u, v,w), T(u*, v*,w*))

< max (( (max(n (u,u*),n(v,v*),n(w, w*))))

[ max(n(u, u), (v, v),n(w, w))

—max(n(u, u"), (v, v),n(w,w")
=0.

Therefore u = u*.
Similarly we can prove that v = v* and w = w*.
Hence the results is proved.

Example 2.2 Let X = [0,1] and define d: X x X —» R* as

d(x,y) =§(x —y)?and define S, T: X X X x X > X as S(x,y,z) =

22,2
%and T(x,y,z) = = }’32

Define a lower semi continuous function

N:X X X = [0,00) as (s, t) = s + t, define {(a) = % foralla € X.
Then clearly S, T, f, g satisfies the all the conditions of Theorem
2.1 except condition (2.1.1).

Then S, T, f and g have a unique common coupled fixed point if
they satisfies the condition (2.1.1) of Theorem 2.1.

and define f, g: X » Xas gx = x, fx = g

Now consider,

R.H.S
X z xyz | u?v?w?
=max{((max(—+u,X+v,—+w)>,((L+ )}
2 2 2 4 3
X z xyz — u?viw?
[max(—+u,z+v,—+w)—L——]
22 2 22 2 4 3 24,242
1 xyz uvew X z Xyz u‘vew
=-=+ YmaxG +u L+ v, 2 +w) -2~ ]
2" 4 2?52 2 2 2 4 3
2 Xyz usveze o
34 2232)
xyz u?v?z
:d(L, )
4 3

= d(S(x, y,z), T(u,v, w)) =L.H.S, forall x,y,z,u,v,w € (0,1].
Therefore we have L.H.S < R.H.S

Hence by Theorem 2.1 S, T, f, g have a unique common coupled
fixed point.

Corollary 1: Let (X,<,d) be a partially ordered metric space
andlet S: X x X x X — X and f : X - X be two mappings satisfies

(1.1) d(S(x,y,2),S(u,v,w))

g(max(n(fx, fu), n(fy, fv), n(fz fw))),
(S y,2),S(u,v,w)),

¢| max{ n(S(y,xy),Sv,u,v)),
n(S(z y,%),S(w,v,u))

< max

max(n(fx, fu), n(fy, fv), n(fz, fw))

n(sxy,2),S(u,v,w)),
—max| n(S(y,xy),Sv,u,v)),
n(S(z y,x), S(w,v,u))

where n: X X X —= [0, «) is lower semi continuous function and
0:[0,0) — [0, ) be an upper semi continuous function.

(2.1.2) S(X x X x X) € f(X),

(2.1.3) S has the mixed f — monotone property,

(2.1.4) fis continuous and f commutes with S,

(2.1.5) f(X) is complete.

(2.1.6) (a) if a non decreasing sequence {x,} — x, then x, < x
for all n,

(b) if a non increasing sequence {x,} — X, then x < x,, for all n,
for xq,y0,Zo € X there exists x4,y4,2; € X such that

fxo = S(X0, Yo, 20), f¥0 < S(Vo, X0, Yo), 2o = S(2o, Yo, Xo) and
X1 = S(X1,¥1,21), fy1 < S(y1, %1, ¥1), 21 = 5(24, 1, %1)

S, T, f, g have unique common tripled fixed point.

then
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3. Conclusion

In this article, the new Caristi type contraction in a Partially or-
dered metric space has been introduced and a fixed point theorem
for four maps has been established with help of the new contrac-
tion. Our results is unified in the literature.
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