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Abstract 
 
This paper discussed on the Monte-Carlo simulation technique to determine the optimal placement of Phasor Measurement Unit (PMU) 
in power system whilst ensuring the observability of the system. In addition, the information on Force Outage Rate (FOR) of the system 

can be calculated using Markov Chain technique. The FOR represents the level of risk security for the transmission line that happened 
because of unscheduled and unexpected failure or repair in the system. Subsequently, the reliability model of the transmission line can be 
developed. Using IEEE 57-bus system, the results obtained from Monte-Carlo simulation technique demonstrate the optimal PMU 
placement, the desired reliability of the Wide Area Monitoring System (WAMS) as well as the number and location of covered contin-
gencies of the system. 
 
Keywords: Force Outage Rate (FOR); Markov Chain; Monte-Carlo Simulation; Phasor Measurement Unit (PMU). 

 

1. Introduction 

In recent times, power systems are being operated under heavily 
stressed conditions because of the increment in electricity demand 
and competitive market environment. [1] Therefore, the system 
may be affected by unexpected contingency events. To overcome 
this problem whilst refining the system in term of monitoring, 

protection and control, Phasor Measurement Unit (PMU) was 
invented. PMU is a wide area measurement device in Wide Area 
Monitoring System (WAMS) that is used for measuring the volt-
age phasor and current phasor from widely dispersed location. [2] 
Unlike traditional measurement units, the PMU is able to measure 
the voltage phasor of the installed bus and the current phasor of all 
the lines connecting to the bus. This criterion makes the installed 
bus and its neighboring buses become observable. [3] 

In a wide-area power network, it is neither economical nor neces-
sary to install a PMU at each bus. So, the PMU placement prob-
lem concerns with the location and number of PMUs that should 
be implemented to a power system to become observable. [4] 
Various methodologies have been developed in finding the opti-
mal placement of PMU to overcome this issue. [5] However, the 
power system reliability must be considered in defining the com-
plete system observability. 
The probability that a system will perform its proposed function 

under pre-specified operating conditions for a period of time is 
defined as the system reliability. [6] Markov model is one of the 
common methods used in reliability engineering. There are many 
researches done regarding Markov model used to analyse the reli-
ability of conventional power system. [7]  
The four-state model of transmission line as two component 
showed in [2] was used as the starting point of this paper. Subse-
quently, the reliability model of transmission line is developed by 

using Markov Chain method. The components of the transmission 

line are arranged in parallel. The Markov Chain is used to calcu-
late the force outage rate, FOR of a transmission line. Then, the 
FOR is used to estimate the assessment of the system reliability in 
order to determine the availability and unavailability of the trans-
mission line. In addition, the FOR in transmission line is required 

for minimizing the PMUs placement in normal operating condi-
tion and during contingency events where the system observability 
is maintained. 
By using Monte-Carlo simulation technique to execute the mini-
misation of PMU placement problem, the objectives of this paper 
such as to determine the optimal location of PMUs needed for full 
system observability, to calculate the reliability of the system and 
to perceive the observability of the system during contingency 

event can be obtained. The significance of this project is because 
each bus can be made observable either by its own PMU or by 
PMUs at adjacent bus. By determining the reliability of the system, 
the placement of PMUs can be arranged in line with the observa-
bility of the system. The scope of this study is to analyse the relia-
bility of IEEE 57-bus system by the optimal location of PMUs and 
system observability. The reliability of the system will be analyses 
based on the number and location of PMU placement and number 

of covered N-1 contingencies. 

2. Methodology 

This section will discuss in-depth on the concept of reliability 
assessment of transmission line, PMU placement problem and 
Monte-Carlo simulation technique for PMU placement.  
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2.1. Reliability Assessment of Transmission Line 

In order to select the most reliable buses for PMU placement, 
transmission line failures must be considered. Transmission line 
failure is modelled as independent single outage considered only 

first order contingencies that are not related to other failures that 
may occur at the same time.  
According to the number of buses, transmission line failures can 
be modelled as a single component which can have either in ser-
vice (up) mode, out of service (down) mode and two (or more) 
repairable independent components with dependent outage [2].  

Fig. 1: Model of a transmission line as a single component. 

      
Fig. 2: Model of a transmission line as a two component. 

 

2.1.1. Determination of Failure Rate and Repair Rate 
 
In developing the estimation of λ and µ, the mean time between 

failure, MTBF and mean time to repair, MTTR must be calculated 
first [1]. 
The mean time between failures, MTBF is expressed by dividing 
the number of hours in the observation interval by number of ran-
dom failure. Then, the failure rate is calculated to provide the 
number of failures that occurs on their component per hour as 
shown in equation (1). 

𝜆 =
1

𝑀𝑇𝐵𝐹
                                                  (1) 

The mean time to repair, MTTR is expressed as the sum of all 
corrective maintenance divided by the total number of failures 
during observation interval. In equation (2), the repair rate is cal-
culated to provide the number of occurrence on their component 
per hour. 

µ =
1

𝑀𝑇𝑇𝑅
                                                                                      (2) 

 

2.1.2. Determination of FOR Using Markov Chain 
 
In this paper, transmission line failures can be modeled as Four-
state Markov Model applied for two components system as shown 
in Figure 2. Two generators in generating unit are represented in 

the model. The model uses constant average failure and repair 
rates. 
The basic equation of reliability (availability) of the component 
can be calculated by using equation (3). 

𝑅 =
𝜇

𝜆+𝜇
                                                                                        (3)  

There are two methods used in formulating the equation probability 
of Four-state Markov Model for two components system modeled 
as transmission line failures. The first method is by using the 
stochastic transitional probability matrix [8]. This technique is 
more complex as the equation is hard to be derived from the 
matrix. 

𝑃 =  [𝑃1  𝑃2  𝑃3  𝑃4] ×  
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 𝑃1 + 𝑃2 + 𝑃3 + 𝑃4 = 1                                                               (5) 

After solving all the equations using substitution method, the 

probabilities of state equation are formulated as: 

P1 = 
µ

1
µ
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λ2µ
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Subsequently, the probability of the state is determined by using 
the following equations. 

𝑓1= 𝑃1(λ1+λ2+λC)                                                                         (10) 

𝑓2= 𝑃2(𝜆1+µ
2
)                                                                               (11) 

𝑓3= 𝑃3(µ
1
+𝜆2)                                                                              (12) 

f
4
= 𝑃4(µ

1
+µ

2
+µ

C
)                                                                        (13) 

The availability of the system is shown in the probability when the 
system is operable which are in State 1, State 2 and State 3. How-
ever, the system is unavailable in State 4 due to probability of the 
component that failed in the operation. 

In the case of the two component systems as shown in Figure 2, 
the value of availability and unavailability (FOR) depend on 
whether the component is in series or parallel system. The availa-
bility and unavailability (FOR) for a series system can be calculat-
ed by using equation (14). 

Availability, A = P1                                                                       (14) 

Unavailability (FOR), U = P2 + P3 + P4 or U = 1−A                   (15)  

From reliability point of view, a series system is defined as a set of 
components where all must be working for the system success or 
only one need to fail for the system failure. The value of availabil-
ity and unavailability (FOR) is represented for both generators in 
that system. The availability and unavailability (FOR) for a paral-
lel system can be calculated by using equation (16). 

Availability, A = P1 + P2 + P3                                                      (16) 

Unavailability (FOR), U = P4 or U=1−A                                    (17)  

From a reliability point of view, a parallel system is defined as a 
set of components when only one need to work for system success 
or all must fail for system failure. Same as series system, the value 
of availability and unavailability (FOR) in parallel system is rep-

resented for both generators in the system. 
For this case, the reliability model of transmission line is devel-
oped by using Markov Chain process and the components are 
arranged in parallel system. The Markov Chain is used to calculate 
the force outage rate, FOR of a transmission line. Then, the FOR 
is used in estimating the assessment of the system reliability. 
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2.2. PMU Placement Problem 

The objective of PMU placement problem is to achieve the availa-
bility of the chosen bus and all lines incident to that bus by using 
minimum number of PMUs. The problem in placing PMUs for n-

bus system can be formulated as 

min∑ 𝑥𝑖
𝑁
𝑖=1                                                                                   (18) 

where the components of binary decision variable vector (𝑥𝑖) are 

defined as 

𝑥𝑖 = {
1,
0,

 if a PMU is placed at bus i

otherwise
                                                      (19) 

𝑓𝑖(𝑥) = ∑ 𝑥𝑘 ≥ 1𝑁
𝑘∈𝛺𝑖                                                                  (20) 

𝑓𝑖(𝑥) is the constraint of observability for each bus i, where the 

elements involved is the sum of the variable that denote the bus i 
and the set of variables that denote the buses connected to the bus 
i (Ω𝑖) to ensure the observability of the system at all buses.  

Based on the network topology, the PMU must be placed at more 

reliable buses that the probability of losing observability in the 
system can be reduced when the constraint is more than one.  

 
2.3. Monte-Carlo Simulation Technique for PMU Placement 

 
The Monte-Carlo simulation technique used to determine the 
placement of PMU is expounded in the following procedure. 

a) Randomize the number and placement of PMU on the system. 
The PMU placement is generated randomly. 

b) Filter the PMU located at the same bus. Since the process used 
in a) sometimes may provide the same location of bus for 
PMU placement, therefore, the chosen PMUs of the same bus 

location must be filtered so that the location of PMU on the 
bus is not repeated. 

c) Determine the reliability-based PMU with transmission line 
outages. Firstly, an index is introduced to represent the proba-
bility that the PMU and all of its adjacent lines are available.  

𝑷𝒊𝒏𝑷𝑴𝑼𝒋
= 𝑹𝑷𝑴𝑼 ∙ ∏ 𝑹𝒌

𝜴𝒋
𝒌=𝟏                                (21) 

𝑅𝑃𝑀𝑈 is the PMU reliability, 𝑅𝑘 is the reliability or availabil-

ity of the kth transmission line and 𝛺𝑗 is the set of adjacent 
transmission line at bus j. 

Then, the probability of normal state representing the system 
without contingencies,  𝑃𝑛𝑠 and probability of the kth contin-

gency state,  𝑃𝑐𝑠𝑘
 are calculated.  

𝑃𝑛𝑠 = ∏ 𝑅𝑘
𝑁𝐿
𝑘=1                                                                             (22) 

𝑃𝑐𝑠𝑘
= 𝑄𝑘 ∙ ∏ 𝑅𝑖

𝑁𝐿
𝑖=1
𝑖≠𝑘

                                                                      (23) 

where, 𝑁𝐿 is the number of transmission lines, 𝑅𝑘 is the reliability 
or availability of the kth transmission line and 𝑄𝑘 is the unreliabil-

ity (unavailability) of the transmission line k.  

A state is defined by listing the successful and failed transmission 
lines in the system. Based on the states of the transmission lines, 
the probability of occurrence of each successful state is calculated 
as the summation results in the reliability of the WAMS. The 
WAMS reliability (𝑅𝑤) can be calculated as follows: 

1) the system is observable under normal state, the WAMS 
reliability is 𝑃𝑛𝑠. 

2) the system is observable under normal state, and it is still 
observable under kth contingency state, the WAMS relia-

bility is 𝑃𝑛𝑠+𝑃𝑐𝑠𝑘
. 

Next, the system observability is determined using 𝑦𝑘 line, where 

𝑦𝑘 is the binary decision variable that represents observability of 

the system under kth contingency state (single line outage k).  At 

the transmission lines concerning the PMU placement, 𝑦𝑘=1 

means that the system observability is not affected by contingency 

of line k and 𝑦𝑘 =0 means that full system observability is not 

achieved under this contingency. 

Then, the total probability of the kth contingency state, 𝑃𝑐𝑠𝑘_𝑡𝑜𝑡𝑎𝑙 

is calculated where it is the product of each line probability of the 
kth contingency state, 𝑃𝑐𝑠𝑘 with 𝑦𝑘 =1. 

To improve the WAMS reliability, actual problem model in equa-
tion (1) will be modified to include the maximisation of the relia-

bility criterion where 

∑ − 𝑃𝑐𝑠𝑘 ∙ 𝑦𝑘
𝑁𝐿
𝑘=1                                                                          (24) 

As PMU placement problem concerns with minimum number of 
PMU, 𝑃𝑐𝑠𝑘 is introduced with a negative sign to indicate minimi-

sation problem. The objective function will be minimized when 
more 𝑦𝑘   is equal to one. The solution then will include N-1 con-

tingencies with highest value of 𝑃𝑐𝑠𝑘 . 
The reliability-based PMU placement considering transmission 
line outages has been formulated as an integer linear programming 
problem in equation (25). In this problem, the objectives include 
the minimization of the number of PMUs and maximization of the 
reliability criterion while satisfying the constraint. 

min[∑ (1 + 𝑄𝑃𝑀𝑈𝑗
) ∙ 𝑥𝑗 − ∑ − 𝑃𝑐𝑠𝑘 ∙ 𝑦𝑘

𝑁𝐿
𝑘=1

𝑁
𝑗=1 ]                      (25) 

Meanwhile, the constraint in equation (26) ensures that the sum-
mation the available lines of the chosen PMUs must exceed zero 
for the PMUs to be available. 

𝑓𝑐 = 𝑥𝑗 ∙∑ 𝑦𝑘
𝑁𝐿
𝑘=1 ≥0                                                                      (26) 

3. Results and Discussion 

The proposed method in this paper is programmed using Matlab 
R2013a and Monte-Carlo simulation technique is used to solve the 
PMU placement problem. The model is solved by using IEEE 57-
bus system shown in Figure 3 that consists of 80 transmission 

lines. [2, 9] The IEEE 57-bus system consists of 57 buses, 7 gen-
erators and 47 loads. [10]. By referring to [2], the 𝑅𝑃𝑀𝑈 of IEEE 

57-bus system is fixed as 0.995498. The reliability data for IEEE 
57-bus system can be obtained from [11]. 

 
Fig. 3: IEEE 57-bus system. 

 
By using equation (18) and referring to the availability infor-
mation of transmission lines in [11], the 𝑃𝑛𝑠 = 68.14% is calculat-

ed for reliability of WAMS that consists of the probability of oc-
currence of each successful state when system is observable under 
normal state.  
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The summation for occurrence probability of all N-1 contingency 
state 𝑃𝑐𝑠 is calculated as 26.21% according to Table 1. Hence, the 

reliability of WAMS (𝑅𝑤) in the system is calculated as 94.35%.  

From Table 1, the 𝑃𝑐𝑠𝑘 = 0.5556 at lines 18-19 and 34-35 have 

the highest probability to fail and will become unobservable. Thus, 
the buses that are related to these lines are considered to be high in 
priority to be included in PMU placement. Moreover, the reliabil-
ity of the system is more valid when the PMU is installed at buses 
where the system is observable under the most probable contin-
gencies. In short, placing the PMUs is preferable at those buses 
since it will make the system to be fully observable under the most 
probable contingencies. 

Table 2 shows the location of PMUs and the number of covered 
contingencies after solving the model using equation (25). The 
results show that when the desired reliability of WAMS (𝑅𝑤𝑑) 

increase, the required number of PMUs also increase as well as the 
number of covered N-1 contingencies. The number of covered N-1 
contingencies indicates the total of available lines when PMU is 
placed at selected bus so that the system is observable. The high 
number of covered N-1 contingencies means that the observability 
of the system is high thus, making the system become more relia-

ble. 
 
Table 1: Probability of N-1 Contingency States for IEEE 57-bus system, 

𝑃𝑐𝑠𝑘  

No. 
Line 

𝑃𝑐𝑠𝑘 
 

No. 
Line 

𝑃𝑐𝑠𝑘 
From To From To 

1 1 2 0.00274 41 7 29 0.00356 

2 2 3 0.00384 42 25 30 0.00322 

3 3 4 0.00164 43 30 31 0.00515 

4 4 5 0.00529 44 31 32 0.00349 

5 4 6 0.00515 45 32 33 0.00549 

6 6 7 0.00487 46 34 32 0.00404 

7 6 8 0.00232 47 34 35 0.00556 

8 8 9 0.00384 48 35 36 0.00226 

9 9 10 0.00123 49 36 37 0.00425 

10 9 11 0.00308 50 37 38 0.00246 

11 9 12 0.00260 51 37 39 0.00418 

12 9 13 0.00184 52 36 40 0.00432 

13 13 14 0.00198 53 22 38 0.00143 

14 13 15 0.00308 54 11 41 0.00232 

15 1 15 0.00157 55 41 42 0.00219 

16 1 16 0.00391 56 41 43 0.00418 

17 1 17 0.00329 57 38 44 0.00501 

18 3 15 0.00432 58 15 45 0.00274 

19 4 18 0.00432 59 14 46 0.00473 

20 4 18 0.00404 60 46 47 0.00425 

21 5 6 0.00130 61 47 48 0.00116 

22 7 8 0.00143 62 48 49 0.00391 

23 10 12 0.00260 63 49 50 0.00287 

24 11 13 0.00356 64 50 51 0.00536 

25 12 13 0.00411 65 10 51 0.00116 

26 12 16 0.00301 66 13 49 0.00322 

27 12 17 0.00487 67 29 52 0.00308 

28 14 15 0.00446 68 52 53 0.00322 

29 18 19 0.00556 69 53 54 0.00467 

30 19 20 0.00356 70 54 55 0.00260 

31 21 20 0.0026 71 11 43 0.00473 

32 21 22 0.00164 72 44 45 0.00329 

33 22 23 0.00391 73 40 56 0.00130 

34 23 24 0.00473 74 56 41 0.00191 

35 24 25 0.00308 75 56 42 0.00446 

36 24 25 0.00157 76 39 57 0.00329 

37 24 26 0.00232 77 57 56 0.00184 

38 26 27 0.00184 78 38 49 0.00267 

39 27 28 0.00239 79 38 48 0.00391 

40 28 29 0.00315 80 9 55 0.00198 

 

Table 2: Reliability-based PMU Placement at IEEE 57-bus System 

𝑅𝑤𝑑 , %
 No of 

PMUs 
PMU location 

Covered N-1 Contin-

gencies 

76.80 10 3,4,5,6,8,11,13,16,17,18 29 

77.54 18 
1,3,6,7,8,9,10,12,13,15,1

6,19 
40 

78.29 

 

21 

 

5,9,10,11,12,14,16,17,18

, 

20,21,22,23,24,25,27,29, 

31,32,35,37 

49 

 

80.08 

 

 

 

36 

 

 

 

2,3,6,7,8,9,10,11,13,14, 

15,16,17,18,19,21,23,24, 

25,27,30,31,32,33,34,35, 

36,38,40,44,45,46,48,49, 

53,54 

59 

 

 

𝑅𝑤𝑑 is the summation of the probabilities of the observable states 

by the WAMS. The increasing in 𝑅𝑤𝑑 will enhance the monitoring 

system capability when facing possible transmission line outages. 
Hence, a high 𝑅𝑤𝑑 implies that system will be observable under 

several N−1 contingencies (high-probability contingencies). The 
system would not be observable under contingencies with low 
probability when 𝑅𝑤𝑑  decreases.  

According to Table 3, the increasing in number of covered N-1 
contingencies ensures that the system will be more observable as 
the number of available transmission lines increases. The line of 

18-19 or 34-35 is always included to make sure that the system 
can achieve full observability. 

According to the case study in constraint equation (26), all cho-
sen PMUs can be used since the values that we get are more than 0. 
When the constraint condition is achieved, it means that the line is 
observable thus; the system observability will be achieved under 
this parameters. 

 
Table 3: The Observability of the IEEE 57-bus System according to the 

Reliability-based PMU Placement 

𝑅𝑤𝑑 , %
 

No of 

PMUs 

Covered N-1 

Contingencies 

Lines Attached to the Buses that 

Installed PMUs 

76.80 10 29 

6-7, 6-8, 8-9, 9-10, 9-11, 9-13, 

13-14, 3-15, 4-18, 7-8, 14-15, 

18-19, 19-20, 21-20, 21-22, 22-

23, 28-29, 7-29, 25-30, 30-31, 

36-37, 36-40, 11-41, 41-43, 15-

45, 47-48, 48-49, 13-49, 52-53 

77.54 18 40 

1-2, 2-3, 3-4, 6-7, 6-8, 9-11, 9-

12, 9-13, 13-14, 13-15, 1-15, 1-

16, 1-17, 4-18, 5-6, 7-8, 11-13, 

12-13, 12-16, 12-17, 14-15, 18-

19, 23-24, 24-25, 28-29, 30-31, 

31-32, 34-32, 34-35, 35-36, 36-

37, 37-38, 37-39, 22-38, 41-42, 
41-43, 15-45, 47-48, 48-49, 29-

52 

78.29 

 

21 

 

49 

 

13-15, 1-15, 1-16, 1-17, 3-15, 4-

18, 4-18, 5-6, 10-12, 14-15, 18-

19, 19-20, 21-20, 21-22, 22-23, 

24-25, 24-26, 26-27, 31-32, 32-

33, 34-32, 34-35, 35-36, 37-38, 

37-39, 36-40, 22-38, 11-41, 41-

42, 38-44, 14-46, 46-47, 47-48, 

48-49, 49-50, 50-51, 10-51, 13-

49, 52-53, 53-54, 54-55, 11-43, 

44-45, 40-56, 56-41, 56-42, 39-

57 

80.08 

 

 

 

36 

 

 

 

59 

 

 

4-5, 4-6, 6-7, 6-8, 9-11, 9-12, 9-

13, 13-14, 13-15, 1-15, 1-16, 1-

17, 3-15, 4-18, 7-8, 10-12, 11-

13, 12-13, 12-16, 12-17, 14-15, 

18-19, 19-20, 21-20, 21-22, 22-
23, 23-24, 24-25, 26-27, 27-28, 

28-29, 30-31, 31-32, 32-33, 34-

32, 34-35, 35-36, 36-37, 37-38, 

37-39, 36-40, 11-41, 41-43, 38-

44, 15-45, 14-46, 46-47, 47-48, 

48-49, 49-50, 50-51, 10-51, 13-

49, 29-52, 52-53, 54-55, 11-43, 

56-41, 56-42 
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4. Conclusion 

This paper proposes a new modified formulation for reliability-
based Phasor Measurement Unit problem where transmission line 
outages are taken into account. The method also accounts for 
availabilities of transmission line condition as the constraint. From 

this paper, the desired reliability of WAMS, number and location 
of PMUs as well as number of covered N-1 contingencies can be 
obtained by developing the reliability objective function as binary 
linear integer problem in Monte-Carlo simulation technique.  
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