International Journal of Engineering & Technology, 7 (3.19) (2018) 85-91

International Journal of Engineering & Technology

Website: www.sciencepubco.com/index.php/IJET

SPC

Research paper

Msthematical Model of Operational Competition

Eugeny P. Kolpak' , Ekaterina V. Gorynya®

Saint Petersburg State University, Faculty of Applied Mathematics and Control Process, Universitetskaya nab., 7/9, Saint Petersburg,
Russian Federation

Abstract

They developed a mathematical model of operational competition on a linear range. The model is represented by an initial-boundary
problem for the system of evolution equations. It is shown that the competition on the recovered trophic resource does not lead to the
disappearance of one of the populations. The estimation of small population propagation rates in the range is given. They obtained the
conditions for the existence of an autowave solution on an infinite straight line. The solution of nonlinear differential equations is based

on numerical method use.
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1. Introduction

The dynamic theory of populations in the second half of the twen-
tieth century was formed as a scientific trend, bringing together
biologists, ecologists and mathematicians. This is explained by the
need to take into account a large number of factors in mathemati-
cal models affecting the life of populations [1]. This is birth and
death, migration, the influence of neighboring populations, the
presence of a trophic resource, anthropogenic pressure, etc. All
processes are non-linear ones, characterized by threshold values,
and by a large number of factors affecting them. Current mathe-
matical models of population dynamics, as a rule, take into ac-
count only the main factors that determine the evolution of popu-
lations [2], [3], [4]. The main division of models is carried out by
the nature of interaction between populations. Researchers are
attracted most of all [4] by the interaction according to "predator-
prey" and "parasite-master” principle. A significantly less interest
is in the modeling of competition between populations. As a rule,
interference and not operational competition is simulated [2].

The competition models originally developed for biological popu-
lations, were also used to model the interaction between economic
actors [5], [6]. In population dynamics, a population is "a collec-
tion of individuals of a certain species, inhabiting a certain territo-
ry for a long time (of a large number of generations) within which
any crossing is equally probable” [7]. The main characteristics of a
population: number, density, fertility, etc. [2]. An economic entity
with production funds and the personnel producing goods or ser-
vices can also be regarded as a population. At that, its characteris-
tics can be the volumes of products sold, the lifetime of a specific
product, the speed of production area increase, etc. The models of
interaction between subjects can be built on the same principles
which are used in the interaction models of biological populations.
The relations between economic entities are regulated by the
agreements between them and state laws that limit an aggressive
influence of different subjects on each other. Therefore, competi-
tion is the main type of modern relationships between economic
subjects, which is taken into account in mathematical models.

2. Volterra Model

One of the first competition models was proposed by Volterra [8]
as a model of species challenging the same food. For the case of

two populations, the number of which N1 and N2 , living in the

same territory, feeding on the same food resource, is represented
by a system of two differential equations

dN
_dtl = Nl(a1 —¢,F(N,, NZ)),
1)
dN
dt? = Nz(az —¢,F(N, Nz)).

in which the function F = F ( N11 Nz) determines the rate
of food "eating".

It follows from the first integral of this system of equations
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that one of the functions, depending on the sign of difference

a
ﬁ -2 tends to zero, and the second one to infinity. That is,
Cl C2
in this model, if it is extended to n species, the species that has the
greatest value &, /Ci (1=1,2,...,N) survives, and the rest

die [8]. Thus, the principle of competitive exclusion was formulat-
ed. In accordance with this principle, the number of species must
be decreased, the energy needs for offspring reproduction of
which are greater than among competing species. It is believed [3]
that the experiments set by Gause in 1930-ies [9] confirm this
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principle. However, there are many examples in nature about a
"peaceful” existence for different populations on the same trophic
resource [2], [10]. Besides, there is the competition between indi-
vidual groups of individuals within the population itself [2]. The
accounting for intraspecific and interspecific competition was
carried out in the modified Volterra model [2], [3]

dN
d L= Nl(Cl _a11N1 _a12N2)’
T

2
dN,

= Nz(cz - a21N1 - azzNz)-

In these equations Cl, C2 are the parameters characterizing the

own rates of population number change, 312 and 8.21 — the pa-
rameters determining the rate of population decline due to inter-
and d;; and A, - 3a

BHYTPHBHI0BOH KOHKYpeHuuH. due to intraspecific competition. A
nontrivial fixed point of equation system that has a physical mean-

ing,

C
N, :_1(1_71)/(1_717/2)

specific  competition, cuer

1
C

N, ==2(1-7,)/(1~-77,)
22

where

1 :C_Zh V2 ~4%

C, ay

will be stable if the inequalities [2] ¥, <1 and Ve <1 are
performed. These inequalities can be satisfied simultaneously at

C1 a'22

small values of the parameters 8.21 and alz, or at large values

of the parameters a11 and 3.22. That is, with a small level of
interspecific competition in comparison with the intraspecific one

(&, U ay, a, [ ay).

At @, = Owu a,, = O the system of equations (2) is divided

into two unrelated equations representing the logistic models of
two independent populations. The logistic equation for one popu-
lation in the “canonical” form has the following form

du u
—=u 1

dt K
where U - population number, £ - the Malthusian parameter,

K -the capacity of the medium [1].

On the basis of the model (2) the following models were pro-
posed: the competition of populations in the presence of a predator
[11], the competition of populations with an ecological niche [12],
the competition of cellular populations [13], the competition of
populations on a mobile resource [14] and other models [3].

3. Trophic Resource

In order to take into account the influence of the resource S on the
population amount, it should be considered that the rate of popula-
tion individual reproduction depends on the resource. The rate of
resource change is the sum of its replenishment rate and the rate of
its consumption by the population

(31_? =F(S)—yua(S),

where (S) - the function describes an "own" kinetics of the

resource change, and ;/ua(S) describes the rate of its destruc-

tion by a population, 7 - the coefficient. It is assumed that the

rate of resource consumption is proportional to the population
amount.

A large volume of trophic resource should not affect the popula-
tion amount, and when it is absent the growth rate of the popula-
tion makes zero. Therefore, the following conditions are imposed

on the function a(S):
O<a(S)<const,
a(0)=0,

and a(S) > K, =const at S —> .

One of the variants of this dependence is the hyperbolic depend-
ence:

S
a(S)=——,
() b+S

where b is a positive constant.

In this case, the logistic population model is represented by a sys-
tem of two differential equations [15]

WSy
i lors )
(3)
B s(1-3 -
ac s K) *bts’

where ) - the parameter, Llg - the indicator of resource expo-

nential growth with its small number, K' - the maximum possi-
ble amount of the resource. If the resource is not replenished, then

it should be assumed that ,us = O

The stationary point U = 0 S =1 ofthe equation system (3)
is unstable, since the eigenvalues of the Jacobi matrix in the right-
hand side of the equations at this point

1
%—#mﬂﬂz—ﬂs

will be positive.

A nontrivial stationary point (S,U) is the root of equation
system
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The left-hand side of the first equation as the function of the ar-
gument S on the interval [0, K] is a decreasing function and it

has opposite signs at the ends of the interval. Therefore, this sys-
tem of equations will have a unique positive root in this interval.

The Jacobi matrix on the right-hand side of the equation (3) at this
stationary point

b

# M o+s)y
J=
_ S _S + U—
Mors TS|t Tey

has the eigenvalues with negative real part. Therefore, this station-
ary point is stable.

4. Two Populations on Trophic Resource

According to the models (1) and (2) it is considered that resource
competition occurs at a direct contact of individuals. And the re-
source itself is not present clearly. The competition model in
which the resource S is present follows from (3) by adding the
equation for the second population:

du, S u,
—_ = Mul —_—
dt b+S K,

du, S u,

= gy e s

dt h,+S K,

s__, S s ——U, + S 1—E
dt hes t T2pes AT

4)
where U1 and U2 is the number of populations, S s the vol-
ume of trophic resource, Kl, K2 and K - the capacities of
media populations and trophic resource, L4, Ly, tg, Yy,
Vo b1 and b2 - parameters.

Functions

S

(S) =< (S)=

b, + S

characterize the rate of consumption of a common trophic re-
source by populations.

The system of equations (4) has 5 stationary points
1u,=0,u,=0S=0

In this stationary point, the Jacobi matrix of the right-hand side of
equations (4) has the following eigenvalues: 2‘1 = 0 /'12 =0 ,

/7.3 = M4, . Since one of the eigenvalues is positive, this station-
ary point will be unstable one.

u=0u,=0 S=K.

This stationary point is unstable, since two eigenvalues

K
Zi'ulblK;LZﬂzb+K

of Jacobi matrix are positive ones.

S

3. U2=0,U1=K1bl+s,and S is the equation root
K — 4 (1-S/K)=0
1 l(bl+S)2 3 '

The left-hand side of this equation has opposite signs at S=0
andat S =K. Therefore, the solution of this equation exists on

the interval [0, K] .

At this stationary point, one of the eigenvalues of the Jacobi ma-

trix is positive one: ﬂ’z =H, . And, accordingly, this
b, + K
stationary point is unstable.

S

4.U1=O,U2 sz,
2

and S s the equation root

—y,K + 1,(1—-S/K)=0.

S
“(b,+S)’

As in the previous case, this stationary point will be unstable one.

—*UZZKZL'
b, +S b, +S

and S is found as the root of the equation

5. U, = K,

f(S)=-nK, +4,(1-S/K)=0"

S kS
(b+S)" "* (b, +S)
At S =0 the function f (S) is positive one, at S=Kit

is negative one. Since it is monotonically decreasing, it will have
the root on the interval [0, K]

u K;b,+S

In a stationary position — =

u, Kbl+

sible to increase the stationary value U1 by increasing the capaci-

. Hence, it is pos-

ty of the medium ( Kl) or by increasing the resource costs for

population reproduction (b1 decrease).
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5. Two Populations on Linear Area

During the modeling of evolution populations on the territory, the
equations "diffusion-reaction™ are used [3]. Taking into account
(4), this model represents the system of partial differential equa-
tions in private derivatives

ou, ou, S uy
— TP T
ot OX b+S K
ou, o’u S u
—2=D,—2+uU| ——-—2|,
o ok 2(b2+s KZ]

0S S

—=—y——U -y, ——U, + 4, S(1-S/K),
ot ‘b +S ‘b,+S 2 7°
®)
where D1 and D2 - the parameters characterizing the mobility
of individuals.

Two variants of the initial conditions are considered.
Firstat 1 =0

0
U (0,X) =u o(x—X,)

u,(0,X) =u35(x—x,) S(0,x)=S, =const
(©)

where 5(X — Xo) — Dirac delta function.

These conditions imply that at the initial moment of time the pop-

ulations appeared at the point X = XO simultaneously.
second:at t =0

ul(O’ X) = u10 (X), U, (0,x) = Ug (x).

The conditions of medium filling [3] are considered as boundary
conditions

ol oyl _ ou,| _ ou,| 0
X\ OX|_ OX |, OX|_ ’
BB g

OXl|g OX|

For the case of an infinite line, it is assumed that at X —> 300
S —)So,and u—0.

The system of equations (5) is solved in the following way with
the boundary conditions (7)

U=0u,=0adS=K, ®)
if it is assumed that at the initial moment of time
U (0,x)=0, u,(0,x) =0 and S(0,x) =K . The
u, = ou,(t,x)

U, =0U,(t,X) ad S=K+0S(t,x)
5U1(t, X), 5U2(t, X) and 5S(t, X) are small values:

disturbances  of  this  solution

where

K
ou, (t,x) K
l( ) b1—|—K 1
S, (tX)0 — K, 55t x)/K|C 1
2

must satisfy the following system of equations in the linear ap-
proximation ((5))

2
dou, _ D, 0 5;11 i S, su,,
ot OX b, +S,
)
2
oou, _ D, 0 5;12 i S, S0 sy,
ot OX ’b, + S,

The solution of the first equation in (9), satisfying the conditions
@)at X=0and X =1

oou,| ooy,
X |,.o OX

is represented as a Fourier series

5U,(X) = iﬂy(t)cosknli.

x=I

The coefficients A< = A< (t) must satisfy the following equa-
tions

dA _ S,

dt b1+S gl

dA _ (kzY S, _

" D( | ] ArmpicA  (k=12.)
(10)

The values A< (t = O) are found from the following condition

SU8 (%) = iﬁy(O)coskﬂli,

where 5UO(X) =0ou (t =0, X) :
A (0)= j&uf(x) cos knlfdx.

As follows from the first equation in (10) Ab(t) will be an in-

creasing function at any small positive value of A) (0) . Similar

results follow from the analysis of the second equation in (9). That
is, the solution (8) will be unstable: the number of small compet-
ing populations should be increased.

For the case of the initial conditions (6) on an infinite straight line,
the solution of equations (0) can be represented in the form [15]
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u? u?

5u1 — 1 ewl(trx)’ 5u2 — 2 ea)z(trx)’
7Dt J7Dyt

where

1 S S
,(t,X) = 4Dt( 4MD1bl+OS t—X]( 4MD1b1+OS t-l—X]’
0 0

1 S 5
41,D, —2—t —x || |4,D,—2—t+Xx |
4D2t[ H2p 1S, ][ =2y s, J

As follows from these expressions for a)l(t,X) and

o,(t,X) =

w, (t, X), the number of both populations will be increased,

and their propagation from the point X = 0 on the straight line
will occur with the following velocities in the first approximation

S nV, = [41,D, l
b +S, b, +S,
(11)

v, = 4D, ——

6. Autowave Solution

Nonlinear evolution equations with several stationary solutions
can have autowave solutions [2], [16], [17]. For the case of the
equation system (5), an autowave solution is sought in the form of

functions of one argument U = Ul(X —Vlt) and
U, =U, (X =V,t).

For the case of a single population, such a solution must satisfy
the following system of equations

2
0,9 B[ Sy,
dz dz b +S

ds

S S
V,— — U+ S| 1-—|=0.
1ds 71b1 S Hs ( K)

The solution of these equations must satisfy the following condi-
tions [2], [15], [16]

du, dsS

lim— =0, Im—=80
-0 (z 2> (7

=0,

(12)

+ U,

and

. du « . dS .
lim—==u,, lim—=S,
2> [z 2> (Iz
where U1 and S are the roots of the equation system.

b, +S K

K .

——u

b+ K

7

These conditions mean that U(Z) and S(Z) should be in-
creased at Z —>—00, and at Z —> OO the function U(Z)

must be decreased, and S(Z) must be increased.

In the neighborhood of the stationary point U1 and S small

excitations 5Ul and OS of the equations (12) should meet the
following equations

2
Dl—d 551 v 3o — U, 8u, =0,
dz
dos s” u's’ s”
V,—— — ¥, ——— U, + ¥, ——— 35S + u. — 58S =0.
14z 71b1+S i 71(b1+8*)2 Hs K

(13)

The roots of the characteristic polynomial of the first equation
have opposite signs. Therefore, we can develop the solution in the

neighborhood of this point, on which the function U(Z) is de-
creased, and as follows from the second equation in (13) — the
function S (Z) is also decreased.

In the neighborhood of the point U = 0, S =K small dis-

turbances 5U1 and OS of the equations (12) should meet the
following equations:

d’su,  du K
D—=+V—"+ 4 ou, =0,
dz dz b +K
(14)
dosS S
vV — ou, — u,0S =0.
1 7 71 b +S 17 Hs
The roots of the characteristic polynomial of the first equation
1 K
-V, + —-4D
Ay = 2D 1 M b+ K
will be real, and negative if the following inequality is fulfilled
K
v, > [4D (15)
b K b+ K’

In this case, in the neighborhood of the point U = 0, S=K
one can develop a solution with the decreasing function U(Z),

and, as follows from the second equation in (14), with the increas-
ing function S (Z) .

The rates of population propagation must be different on an infi-
nite line as follows from (11) and (15). Then the autowave solu-

tion is represented in the form U1=U1(X—Vlt)

u, =u, (x— Vzt), and, accordingly, the first two equations
in (5) take the following form:
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2
Dld—Lzll_Vlﬂ"'Mul >4 =0,
dz; dz, b+S K
2
Dz%_V2%+ﬂ2uz REA =0,
Z, dz, b,+S K,

where Z1 = X—Vlt, Z2 = X—Vzt.

The solution of these equations must satisfy the following condi-
tions.

1. At 21,2 = —00

S S

_K _
’b,+S

U1: Klm, U2 =

and S is found as the equation root

S S
K =y, Ky —>— + 1, (1~ S /K) =0
(b, +S)

(b +S)

1

2. At 21,2 =00

u=0,u,=0 S=K.

In the neighborhood of the first stationary point, the perturbations
5U1 and 5U2 satisfy the following equations

d?su, Ly 90

D u,ou, =0,
1 leZ 1 le Y, o4y
d2ou déu .
D, 0z 2 +V, dzzz — 1,u,0u, =0.

The characteristic polynomials of both equations have the roots of
opposite signs, therefore one can construct a solution in a neigh-

borhood of this stationary point on which the functions Ul(Z)

and U, (Z) will be decreased with the increase of Z; ,.

Let's assume that the speed of the first autowave is greater than the

second one ( L4, D2 < ,ulDl). Then, since the first population

is ahead of the second one, the inequality (15) remains a necessary
condition for the existence of an autowave in the area where it is
alone.

The second population moves on a trophic resource S witha
smaller volume than K , Which is defined as the equation root

> /
—lel—)2+,u3(1— S/K)=0,

(b,+S

and, accordingly, for the second population, the autowave solution
can exist if the following inequality is performed

*

S

V2 >2 IIJZDzm.
2

At that, since Sl < So,then V2 < V1-

For the case of constants ) = 0.3, = 200 ,
4, =600 , sz, =100 , b =1.0 , b,=0.7 ,
K,=1, K, =05, D, =0.001, D, =0.001 tne
figure demonstrates the change of Ul(X) , UZ(X) and S (X)

at the moment of time t = 0.4 on the interval [0,1] . The
following conditions were taken as the boundary ones:

1i,U2=K2i,
b +K b, + K

the value So was obtained as the root of the following equation

atX=0:U1=K and

S S
_71K1—_72K2—)2+ﬂ3(1_S/K):O

(b1+S)2 (b, +S
atX=|:%=0,%=0;
OX OX

at=0: U1=O, U1=O, S=K.
The "arrows" mark the direction of an autowave movement.

The solution was built in the programming environment of the
mathematical package Matlab [18, 19], using the built-in function
pdepe with the number of node points equal to 1500.

1

0.8 .
o
<06 E
%)
E}l
5 04F E
V. v,
02 é ‘ ]
0 r c r
0 0.2 04 0.6 0.8

X
Fig. — Dependence graphs for the functions Ul(X) , UZ(X) and

S(X) in the moment of time t=0.4 y=0.3,
1, =200, p,=600, u; =100, b =1.0,
b,=0.7, 6 K =1, K,=05, D,=0.001,
D, =0.001.

7. Summary

The model of operational conference allows the simultaneous
existence of competing populations on a trophic resource. Unlike
the Volterra model the largest population in this model is reached
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by the population with a higher specific growth rate and with a
greater consumption of trophic resource. The same conditions
make it possible to outstrip competing populations in the devel-
opment of new territories.

References

[1] Murry J. D. Mathematical biology I. Springer-Vergal New York,
2002. - 552 p.

[2] Begon M., Townsend C.R., Harpe J.L. Ecology from Individuals to
Ecosystems. Wiley. 2009. - 752 p.

[3] Bellouquid A., Delitala M. Mathematical Modeling of Complex
Biological Systems. Boston. 2006. - 188 p.

[4] Bazykin A.D. Nonlinear Dynamics of Interacting Populations. Sin-
gapure, 1998. Cep. World Scientific Series on Non-Linear Science.
193 p. DOI: 10.1142/2284 ISBN 9789812798725.

[5] Puu T. Nonlinear economic dynamics. Berlin, Heidelberg: Spring-
er-Vergal, 1989. - 276 p.

[6] Bi-Huei Tsai Modelling competition in global LCD TV industry /
Bi-Huei Tsai, Yiming Li // Applied Economics. — 2011. — V.
43. - PP. 2969-2981. DOI: 10.1080/00036846.2010.530222.

[7] Timofeev-ResovskY N.V. Selected Works. Russian Academy of
Sciences, Department of Biological Sciences. - The series "Monu-
ments of Russian science". XX century. 511 p.

[8] Volterra V. Mathematical theory of the struggle for existence / V.
Volterra. - Moscow-Izhevsk: Institute of Computer Research, 2004.

- 288 p.
[9] Gause, G. F. The Struggle for Existence. Williams and Wilkins
Company, Baltimore. 1934. - 160 pp.

https://doi.org/10.2307/1932599.

[10] Ghilarov A.M. In search of universal patterns in community organ-
ization: The concept of neutrality paved the way to a new approach
/I Zhurnal Obshchei Biologii. — 2010. — V. 71. - N 5. — PP. 386-401.
PubMed: 21061639.

[11] Laguna M.F. Abramson G., Kuperman M.N., Lanata J.L., Monjeau
J.A. Mathematical model of livestock and wildlife: Predation and
competition under environmental disturbances // Ecological Model-
ling. — 2015. - V. 309-310. - N 1. - PP. 110-117.
DOI: 10.1016/j.ecolmodel.2015.04.020.

[12] Kolpak E.P., Gorynya E.V. Mathematical models of ecological
niches search Applied Mathematical Sciences. - 2016. - V. 10. —
N 37-40. — PP. 1907-1921. DOI: 10.12988/ams.2016.64139.

[13] Seiya Nishikawa Mathematical model for cell competition: Preda-
tor—prey interactions at the interface between two groups of cells in
monolayer tissue / Seiya Nishikawa, Atsuko Takamatsu, Shizue
Ohsawa, Tatsushi Igaki // Journal of Theoretical Biology. — 2016. —
V. 404. — PP. 40-50.

[14] Feng-Bin Wang A system of partial differential equations modeling
the competition for two complementary resources in flowing habi-
tats / Feng-Bin Wang // J. Differential Equations. — 2010. - V. 249.
— PP. 2866-2888.

[15] Kolpak E.P., Stolbovaia, M.V., Frantsuzova, |.S. Mathematical
models of single population // Global Journal of Pure and Applied
Mathematics. — 2016. — V. 12. - N 4. — PP. 3609-3619.

[16] Zhao L., Wang Z.-C., Ruan, S. Traveling wave solutions in a two-
group SIR epidemic model with constant recruitment // Journal of
Mathematical Biology. -2018. - V. 21. - N 3. PP. 1-45.
DOI: 10.1007/s00285-018-1227-9.

[17] Nikolay A. Analytical properties and exact solutions of the Lotka—
Volterra competition system / Nikolay A. Kudryashov, Anastasia S.
Zakharchenko 1 Applied Mathematics and
tion. - 2015. - V. 254. — PP. 219-228.

[18] Holzbecher E. Environmental Modeling Using MATLAB. Springer
Berlin Heidelberg New York 2007. - 392 p.

[19] Zubov, AV., Orlov, V.B., Petrova, V.A., Bondarenko, L.A,,
Pupysheva, G.I. Engineering and computer aided calculations upon
determination of quality characteristics of dynamic systems // Inter-
national Journal of Pure and Applied Mathematics. — 2017. — V.
117. - N 22 Special Issue. — PP. 137-140.


https://doi.org/10.1142/2284
https://proxy.library.spbu.ru:2092/authid/detail.uri?authorId=56625225000&amp;eid=2-s2.0-79952118256
https://proxy.library.spbu.ru:2092/sourceid/14960?origin=recordpage
https://proxy.library.spbu.ru:2092/redirect/linking.uri?targetURL=http%3a%2f%2fwww.ncbi.nlm.nih.gov%2fpubmed%2f21061639&locationID=1&categoryID=41&linkType=PubMedLinking&origin=recordpage&zone=journalDetails&dig=9d2f9f7583c173377ebcaf71ca39579f
https://proxy.library.spbu.ru:2092/authid/detail.uri?authorId=7004762791&amp;eid=2-s2.0-84929353242
https://proxy.library.spbu.ru:2092/authid/detail.uri?authorId=22134808800&amp;eid=2-s2.0-84929353242
https://proxy.library.spbu.ru:2092/authid/detail.uri?authorId=6602356237&amp;eid=2-s2.0-84929353242
https://proxy.library.spbu.ru:2092/authid/detail.uri?authorId=6602356237&amp;eid=2-s2.0-84929353242
https://proxy.library.spbu.ru:2092/sourceid/23274?origin=recordpage
https://proxy.library.spbu.ru:2092/sourceid/23274?origin=recordpage
https://proxy.library.spbu.ru:2092/authid/detail.uri?authorId=57190489064&amp;eid=2-s2.0-84988583485
https://proxy.library.spbu.ru:2092/authid/detail.uri?authorId=55704615200&amp;eid=2-s2.0-84988583485
https://proxy.library.spbu.ru:2092/sourceid/19700200853?origin=recordpage
https://proxy.library.spbu.ru:2092/sourceid/19700200853?origin=recordpage
https://proxy.library.spbu.ru:2092/sourceid/29610?origin=recordpage
https://proxy.library.spbu.ru:2092/sourceid/29610?origin=recordpage
https://proxy.library.spbu.ru:2092/authid/detail.uri?authorId=7004265320&amp;eid=2-s2.0-85044375316
https://proxy.library.spbu.ru:2092/authid/detail.uri?authorId=56669289900&amp;eid=2-s2.0-85044375316
https://proxy.library.spbu.ru:2092/authid/detail.uri?authorId=57188701411&amp;eid=2-s2.0-85044375316
https://proxy.library.spbu.ru:2092/authid/detail.uri?authorId=35842586900&amp;eid=2-s2.0-85044375316
https://proxy.library.spbu.ru:2092/authid/detail.uri?authorId=57201337080&amp;eid=2-s2.0-85044375316
https://proxy.library.spbu.ru:2092/sourceid/19700182690?origin=recordpage
https://proxy.library.spbu.ru:2092/sourceid/19700182690?origin=recordpage

