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Abstract

With the Navier-Stokes Equation in Cartesian form (in absence of body forces), Laplace Transforms provides a simple approach towards
solving the unsteady flow of a viscous incompressible fluid over a suddenly accelerated flat plate. On comparing the results between
Laplace Transforms and similarity methods, it reveals that Laplace Transforms is simple and effective.

1. Introduction

The problem of unsteady flow of viscous incompressible fluid
over a Suddenly accelerated flat plate was first solved by
G.G.Stokes in the year 1856 in his famous treatment of the
pendulum. Later in the year 1911, Lord Rayleigh also treated this
flow and it often called the Rayleigh problem in the Literature. In
many cases, this Stokes' First Problem is also known as 'the start-
up' flow problem i.e problem related with motion from rest.

The Laplace Transform or Laplace Transformation is a method for
solving many differential operations arising in Physics and
Engineering. By the way, the Laplace Transformation is just one
of many Integral transform in general use. Conceptually and
computationally, it is probably the simplest. Indeed, if one can
understand the Laplace Transform, then he or she will find it
much easier to pick up other transformations as needed.

The Laplace Transform is defined by

Fp)=L{f(D}=[e P f()dt ; t=0 @
2. Some Basic Terminologies

1. Unsteady flow: The flow is said to be unsteady when
the conditions and fluid property (P,say) at any point of
the flow field change with regard to the time. For
example, Water being pumped through a fixed system at
an increasing rate represents Unsteady flow.

Mathematically, ‘;—f #0

2. 2. Viscosity: Each element of a fluid experiences stress
exerted on it by other elements of the fluid which
surround it. The stress at each part of the surface of the
element is resolved into two components: Normal and
Tangential to the surface( see figure 1.1), known as
pressure and shearing stress respectively. Pressure are
exerted whether the fluid is moving or at rest, but shear
stress occurs only in moving fluids. This feature is the
one which enables fluid to distinguished from solids.
The property which give rise to shear stress is called
Viscosity. Viscosity arise when there is a relative motion

between different fluid layers. It possessed by all real
fluids.

Viscous fluid is defined as the fluid where normal as
well as shearing stresses exist .For example, Syrup and
Heavy oil are treated as viscous fluids.
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3. Incompressible fluid : The compressibility of a fluid is
defined as the variation of its density, with the variation
of pressure. For example, LPG, Nitrogen gas, etc.
Therefore, a fluid is said to be incompressible if it
requires a large variation in pressure to produce some
variation in density. For example, water, air(to some
extent),etc.

4. Newtonian fluids: The fluids in which the stress
components (Shearing stress,z) are linear functions of

rate of strain components (rate of deformation, (Z—;))

are termed as Newtonian fluids. For example, Real
fluids and Ideal fluids.

. ou
Mathematically, T= u(a)

[u: the constant of proportionality (or, Coefficient of
viscosity or, Dynamic Viscosity or, Viscosity]

Figure 1.1

3. Stokes'
Problem)

First Problem(Start-Up Flow

Stokes' first problem is a fundamental solution in fluid dynamics
which represents one of the few exact solution to the Navier-
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Stokes equations. Consider a Cartesian coordinate system of an
infinite long flat plate extending to a large distances in the X and
Z-directions. Let there be an incompressible viscous fluid
occupying the half plane y = 0 (i.e xz — plane). At t = 0, the
plate is suddenly set in motion at a constant velocity U, in the
X —direction.

This generates a one-dimensional parallel flow near the plate as
shown in figure 1.2

’Z>0)x
Figure 1.2
ie v=0,w=0 <=0 @)
e v=0,w=0 =

(i.e the only non-zero velocity component will be zz which will be
a function of y & t)
The Continuity Equation reduces to

20, sothatu=u(y.t) ®)

Since the plate is situated in an infinite fluid, the Pressure must be

constant everywhere (i.e. Pressure (, say) is independent of x =
op

w=0
Hence, the Navier-Stokes equations in absence of body forces
reduces to

du_  9%u
a Vor @

Which is to be solved under the following Initial condition and
Boundary Conditions of the problem:

u=0whent<0 forally (5a)
u=Uy ;ttyy:of} when ¢ > 0 (5b)

As we have the governing equation, Initial condition and
Boundary conditions ; therefore, the problem is well-posed. We
utilize the Laplace Transform method to reduce the two variables
into a single variable i.e transferring partial differential equation
into ordinary differential equation.

On using Laplace Transform technique, equation (4) and the
Boundary Conditions takes the following form:

—dzjﬁ"” -Zap)=o ©)
w(0,p)=52, (o0 p)=0

Where
and
L L @)= et (Ode = [ePu()]F — f; (—p) e Pru(t)dt
(on Integrating by parts)
or, L {2—1:}: 0—u(y,0)+p fooo e Pty(t)dt
=p L{u(®)} —u(y,0)

=pi(y,p) —0=pi(y,p)
The general equation of (6) is

ou di 2%u d?u
R e A L
ay dy ay? dyL?

P _
a(y,p) = Ae\/:y + Be \/:y @)
Since u(y,t) must be bounded as y — oo, we must have
i(y, p) also bounded as y — oo . It follows that we must choose
A =0 provided \/p > 0.
Therefore (7) reduces to

_[
i) = Be o ©)
Subjecting to boundary conditions , we have
#(0,p) = B =>%= B
So , equation (8) takes the form

uoe—\/gy ©)

On taking inverse Laplace Transform in (9), the velocity profile
u(y, t) is given by

LY u(y,p)} = L‘lg%e‘Jg y}
P

i(y,p) =

= u(y,t) = UOL_l{

Therefore,
u(y,t) = Ugerfc (ZL\/W) = Ugerfc(n)

or, u(y,t) =Uy(1 —erf()) (10)

(where n = Nyﬁ)
Equation (10) can be written as :

2 -
u@, ) =Up [1- =l edl] (11)
On using General Leibnitz 's Rule ,

We have from (11),

up) _ 9 _ﬂ n -2
By Oy [Uy f dl]
ou _ %_ﬂ zra(e %) T A
’6y_ dy f ay dl +2\/_ € e .0
(on replacing n by 2\/_)
u_g 2Uo e -1z IR
or, 52 =0- JEv(=2De dl+2m.e4t]
2w [ -2 e
or, E NS e w—1+4 M]
Therefore,
ou _
(E)yzo - \/E - «—]
___U
or, (5) Vvt (12)

y0

Finally, it is of interest to determine the drag at the plate.
Therefore the Skin friction (the Shearing Stress at the plate) is
given by t, where

tw=n(3) =u(-y) =T (using(12)

y=0

S0, T, = —pUO\/% (13)

From (13), We see that at initial point (i. e at t = 0), the wall
Shear Stress is infinite and it decreases to Zero in proportion to

%. It is also proportional to v/v . It means here that a large force
is needed to set the Fluid in motion.

and  Coefficient of Skin friction = — =

1 .2
200, [v 2 [v
pUZ "A|mt —  Ugnlmt

2PV
4. Conclusion

In this connection, we successfully applied Laplace Transform to
solve the Stokes' first problem (A Newtonian Fluid Problem). The
result is identical to the one given in Literature. It gives a simple
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and a powerful mathematical tool. This Result reveals that the
method is simple and effective.
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