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Abstract

The systematic application of Voronetz vector-matrix equations in Routh variables is developed to describe the dynamics of non-
holonomic systems with inhomogeneous constraints. The obtained form of the equations of disturbed motion in problems of stability and
stabilization makes it possible to analyze the structure of the model for a reasonable choice of the application of control actions. The
developed technique makes it possible to automate the solution of problems of stabilization of operating modes of complex technical

devices.
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1. Introduction

Despite the fact that in recent decades the theory and methods for
solving stabilization problems have been intensively developed,
most of the known results pertain to the problem of stabilizing the
motion under investigation to asymptotic stability with respect to
all phase variables.

At the same time, for many practically important systems, there
is no need for such stabilization, it is sufficient to ensure non-
asymptotic stability of the unperturbed motion. In addition, for
certain classes of steady-state motions, it is the non-asymptotic
stability that is most easily achieved. This is the case, in particular,
in problems of stability and stabilization of equilibrium positions,
and in many cases - stationary motions of non-holonomic systems.
Proceeding from this, the formulation of the problem of stabiliza-
tion of steady motions to non-asymptotic stability and the devel-
opment of rigorous methods for their solution with the fullest pos-
sible use of the properties of the stability of proper motions to re-
duce the dimension of the vector of stabilizing control and the vol-
ume of measuring information sufficient for its formation are rele-
vant and important.

The steady motion of mechanical systems can be divided into
two categories, for which the stabilization problems have essential-
ly different character. To one of these we classify those motions
which, in principle, can not be stabilized to asymptotic stability
with respect to the first approximation in all variables. Such a situa-
tion occurs in problems of stabilizing the equilibrium positions of
nonholonomic systems with linear homogeneous constraints (and,
under certain conditions, also stationary motions of non-holonomic
systems). In problems of this category, the preservation of critical
variables after stabilization does not depend on our desire.

For another category of steady motions-stationary motions of
holonomic systems, as well as equilibrium positions of non-
holonomic systems with inhomogeneous constraints and (in the

general case) stationary motions of such non-holonomic systems-in
many cases, in principle, stabilization can be ensured up to asymp-
totic stability with respect to the first approximation with respect to
all phase variables. But for many applied problems of this category
it is sufficient to achieve non-asymptotic stability. In this case, it is
possible to solve the problem with preservation (already at our will)
after stabilizing some of the critical [1-3] variables. This approach
makes it possible to reduce both the dimension of the control prob-
lem and the dimension of the estimation system.

In problems of the first category, the critical variables are the
coordinates whose velocities are dependent on the strength of the
constraint equations. Since the non-holonomic constraints in the
problems considered here are not violated, and their equations, as a
rule, have a rather simple form, there are no special problems con-
nected with the construction of mathematical models of problems
of this category.

When the preservation of critical variables is arbitrary enough,
there is, generally speaking, the problem of the accuracy of con-
structing the mathematical model of the problem, connected with
the choice of those variables that are left critical. The isolation of
critical variables and the very possibility of solving the stabilization
problem by the method developed here are determined in each
particular case by the extent to which such a model is acceptable.

The application of nonlinear vector-matrix VVoronetz equations in
Routh variables [4-5] to the modeling of the dynamics of non-
holonomic systems with inhomogeneous constraints is discussed in
this paper. This form of the mathematical model allows us to ana-
lyze the structure of the equations of disturbed motion in the study
of stability and can serve as the basis for the development of vari-
ous methods of stabilizing steady-state motions. The use of meth-
ods of analytical mechanics is proposed to simplify the study of
stability and stabilization due to the rational choice of the type of
variables, forms of equations, linear subsystems and, accordingly,
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linear control actions. In the presence of zero roots, stability for a
complete nonlinear system closed by the control found follows
from the Lyapunov-Malkin theorem [2] when the system is reduced
to a special case. The developed methodology allows the most
complete use of stability properties with respect to some variables
of the system itself and automates the solution of stabilization
problems of steady motions in different software environments
[6,7] for complex technical devices. The control law, and the coef-
ficients of the estimation system for the systems with incomplete
information, are found by solving the corresponding linearly quad-
ratic problems by Krasovskii's method [8] for an isolated subsys-
tem that does not include critical variables corresponding to zero
roots.

2. Vector-matrix Equations of Motion in the
general case.

We consider a nonholonomic system whose position is determined
by the generalized coordinates (;,...,(,, and the generalized

velocities are connected by m non-integrable nonhomogeneous (in
contrast to [9,10]) constraints

G, =B, (M4, +B, (@4 +B,(@

Here and below, summation is carried out over repeated indices;
Indices take the following values:
w=1...,ni,j,s=12,...,

r,t,uv=k+1,...,

n-m;, a,p=12,...,k;
n-mh=n-m+Il+1...,n

o, r=n—-m+Ll...nmd=n-m+L...n—-m+l;

Suppose that the system is under the action of potential forces with

energy 7I(q) and nonpotential generalized forces Q. (a.4) (This
may include control forces) related to the coordinates. Let us as-
sume that in some open region of the phase space the potential
energy, the coefficients in the expression for the kinetic energy and
in the constraints equations are at least twice continuously differen-
tiable with respect to ¢, and the nonpotential generalized forces are
continuously differentiable with respect to SR and the quadrat-
ic part of the kinetic energy Is a positive definite function of the
velocities.

Suppose that the Kkinetic energy, the potential energy 77(q) and the
constraints coefficients B.(q), B.(q) do not depend explicitly on
time. Let the kinetic energy have the most general form (compare
[9,10])
T=T,47,+7, =2 42@a+ I3+ T°@)

In accordance with the different nature of the dependence of the
kinetic and potential energies, the coefficients of the constraint
equations, the nonpotential generalized forces, and also the type of
connections (Chaplygin [11, 12] or not), the vector of generalized
coordinates is divided into 4 vectors. It is possible to subdivide this
vector into 5 vectors. The need to introduce the fifth vector compo-
nent is due to the fact that the introduction of pulses along all the
cyclic coordinates turned out to be not always beneficial [13].

a'=@y....qn); a'=(q1,....qx); f'=(Qk+1,....gn-m);  S'=(OUn-m+1,...,gn);
d'=(gn-m+1, ...,gn-m+1); W'=(Qn-m+1+1,...,q0);  q’= (@', B, d"h’);

In the matrices of the kinetic energy coefficients and the coeffi-
cients of the coupling equations, submatrices of the corresponding
dimensions are distinguished, using which, using the known tech-
nique, after excluding the dependent velocities, one can introduce
impulses and the Routh function

p :ai:aﬂ(q)d + az(q)ﬁ+ dﬁ(Q)iﬂ:

o =7'(@ea +b(@)(p—dy);
b(a) = a,*(q); 7'(4) =b(q)a, (q); R=R, + R, + Ry = L*—p';
R, =5 a2 * (@) = /(0 - 18,)ds

= L(d,a,- 7'(@a +b(@)(p-d,)); R,
=Ty~ 1~ (0 -0y blp -, )
Qu(@.¢, p)=Q, (g, - '(@)a +b(a)(p —d,));

Introducing standard expressions

=(d; + (p' —d e

, _. 0B, . B, B,
“6q “og, 7oa, .
o _%B, B, B, . B,

“teq, eq;  “Teq,  eag,’

We obtain the VVoronets equations in the Routh variables

qr = 6R pr :ﬁ-'— B 8R+[6T] (Q;uiqi +a)}lf)+
4,4

op, o, “oq, (o4,
- (2
d o0R OR oR aT
+Q +B;rQuii_7_B A [ ] ( |q| N )+
LT, 0q 6qp up o, aq” - up @yp
+ QP + BuﬂQ#;

q/l = (B#P x”ypr)q + Bﬂf ru(pu _d/fu)+ B#'

Analytic difficulties in the construction of equations of perturbed
motion, the cumbersome nature of these equations and the compli-
cations of their transformation and analysis of their structure for
non-holonomic systems, as compared with analogous problems for
holonomic systems, increase substantially. To a large extent, these
complications are associated with the need to include the so-called
non-holonomic terms in the equations of motion [11,12,14]:

aT .

Carrying out this one of the most laborious procedures in the com-
pilation of the equations of motion of non-holonomic systems,
introducing some notation [13,15,16] and carrying out the neces-
sary transformations (provided that the last m-l constraints are of
the Chaplygin type), we can obtain vector-matrix Voronets equa-
tions:

a=a.

. 1
*a,=-11, _}'p_a{[a(a) *_aﬂ) *7""3(5) *(Bu - 8127')_5‘3@] ¥

- Blla(b) *~0;, (Qua -Qy “y ) Hi:a( - Qz2a}’,)]a1 - 50!51
ad, ad od od od
B a 1 B ' a ' s '
—y——-—2y'y B,-B -y—=(B,, - B,y )+
}/60! aﬂ?/ }/6,5 65(11 ) 755(11 127)

! !
+84 *Bs - da[a] - Bnda[s] + 7’d/;[a] + Bn?d/;[s] - 0505,

- 0,0, ~ ( Q- 12(17')5’ Q" - zza7')5']+(11[ *b+ ya -

_7’7 (B 7812)(7((5)) +
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+a(5)*Blzb'7[a]'8{13/[5]'%
[0, 0 B+ 7By~ B - Bd/;mb i, =510,
—a)gaﬁw—wguﬁhﬁ](p—dﬁ)—(p'—dI By 747 B~ Mb(& 0, 0,0, b1

:
g+
oo

B=—7 +blp-d, )
p=-1I, +[dbw1 Byl

! aT 1 ! ! 1 !
+By a*;‘da(ﬁ) B, -Bill; 45505 +5,0, +Q, +B,Q; +B,Q;

ﬂ ” !
(s;le 5,0y +ayly —whﬁehﬁ})Kp—dﬁ%
1 1., , AP ,
a;: |:E ap *+ E B1za[(i] *+05, (Qnﬂ - leﬁ}’ )+ Ore (921ﬁ - szﬁ}’ ):|a1 +
+a[d g =g+ 4By (daw] ~ s )+, Wy + O s + (Quﬁ - leﬂ}’,) S ®)
N o o om T , ,
+ (Qz1ﬁ _szﬁ}’ )Sn + (}/[ﬁ] + B/)‘}/[r)'] +Bj, 70"’ Q/; +B,Q; +B3,Q,

- 127)95/5 (21* 227) ))(p d)

~(p'-d} { bm+ By, — (0] Quﬂ+9,:ﬁszﬂ))}(p—dﬁ)+s;a)oﬁ+

[9' Q,”+6,.9," +(

’ ’
+ 8,05+ -B, 11,

5:(811 -
h:(Bu_

8127’)051 + Ble(p - dp’)+ Bs;
B,,7 ) + Byb(p—d, )+ B,.

Equations (3) are the equations of motion of nonholonomic systems
with inhomogeneous constraints in the Voronetz form in the Routh
variables. These equations are deduced in the general case without
assumptions about the presence of cyclic coordinates for systems
with the most general form of kinetic energy under the action of
potential forces with energy I7(q) and arbitrary nonpotential gener-
alized forces that do not violate the conditions of existence and
uniqueness theorems for solutions of differential equations.

3. Vector-matrix equations of perturbed mo-
tion in a neighborhood of equilibrium.

From equations (3) it is possible to obtain relations

aT ! aT ’ ’ ’ r !
-1, + (30? +Bj (76? _da(z) B, — By /1, + 550, +S30,, +Q, +B},Q; +ByQ, =0
oT, oT
~I,+—+B), ———d, B, ~BLIT, +Sjwy +S0,, +Q, +

+ B1,2Q5 + Béth =0; Ba‘ =0; po :dﬂo

for the determination of equilibrium positions States of equilibrium
@ = a, = Const; B = B, =const; p= p, =const:-s =g, =const (4)
According to this, the equilibrium positions of non-holonomic sys-
tems with inhomogeneous bonds can be isolated. Consequently, in
the problem of stability of the point (4) with respect to all coordi-
nates and independent velocities (unlike systems with homogene-

ous constraints), asymptotic stability with respect to the first ap-

proximation is possible. Introducing perturbations,

a=a,+x 1 f=Ly+Xy g =%X5 O0=04+Z; p=p,+Y;

one can obtain the equations of perturbed motion with the first

approximation selected in the neighborhood of equilibrium (4):

X=X

a*® % =—(C, + P +H,)x— (D, + G, + H,)x,
. 5

7(K12+H4)y77(Zl+H5)27}/0y+N1 ®)

X, =—y"%% — P,x =P, —K,y—P,z+ N,

YZ = *(Cz + Pzz + sz)xz - (P21 + H21)X - (K21 + H24)X1 -

(Dz +Gz + st)y*(zz + Hze)z + N3

2 =W, x +W,x, +W,x, +W,y + W,z +Z2?

- (plz + H3)X2

Qua - eh'anza - (Qna - Qua}")’ ‘94; - (Qﬂn - sza}")' 0hﬁkp - d/i) -

Here, the coefficient matrices for linear terms can be expressed in a
known manner [5,13,15] in terms of the parameters of the system.
Thus, in the absence of external non-potential generalized forces,
the first approximation of the equations of the perturbed motion of
nonholonomic systems with inhomogeneous constraints in a neigh-
borhood of the equilibrium position can contain terms that have the
character of linear non-potential positional, dissipative accelerating,
and gyroscopic forces. In the equations for perturbations of coordi-
nates whose velocities are dependent, linear terms over all phase
variables can be present.

Hence it is obvious that in the case of instability of equilibrium (4)
there are sufficiently broad possibilities for its stabilization. Control
actions can be applied both in coordinates & and in g. In sys-
tems with differential constrains there is the possibility of stabiliz-
ing unstable motions by means of controls acting on coordinates
J,h, corresponding to the dependent velocities. The corresponding
sufficient conditions for the solvability of stabilization problems
can be obtained starting from the structure of equations (5), similar-
ly to the statements of the papers [17-19], where a large set of theo-
rems on the stabilization of unperturbed motion is proved, includ-
ing with incomplete information on the state.

For example, we consider the case of the action of controls on a
part of the coordinates corresponding to independent velocities. We
rewrite the first approximation of the system of equations of the
perturbed motion (5) in the form

§=PE+Qu; & =(X,x,%,Y,2);
0 E, O 0 0
3 Pu Pz Pz P Pis
P=Dy Pp P P Py
Psi Pz Psz Pay Pss
w, W, W, W, W

Q'=(0-7"a""0£,,,.0)
pllz_ao <C1+}71+H1_70(P21+H21)))

Pr. :a*tl D, +G, +H, O_7O(K21+H24)

plsz—a*"’l Po+Hy—y SC2+P22+H22)3

Pu=-a" \K,+H,-y (D2+G2+H25)
pls:_a*ﬂ Z +Hg ’_VO(Zz‘FHze)

Py =Py, Py :_70 v Pog =Py Poy ==K, Pps =—F,
Par=—Ppy —Hyy Py ==Ky —Hyy Pas = =2, — Hyg
p33:_C2_P22_H221 p34:_D2_Gz_H25

A sufficient condition for the stabilizability of the equilibrium (4)
of a non-holonomic system with inhomogeneous constraints to
asymptotic stability with respect to the first approximation with
respect to all phase variables, according to the structure of system
(5) is the condition

rank(@fﬁ . .ﬁz”’sm“é): 2(n—m)+¢
if the controls

U=mX+m,X +m;X, +m,y+m.z
are applied over the whole vector ﬂ .

In the case of stabilization of the equilibrium (4) of a non-
holonomic system with inhomogeneous constraints (1) by applying
linear equations with respect to coordinates whose velocities are
dependent on general relations by a sufficient condition for stabi-
lizability to asymptotic stability in the first approximation with
respect to all the phase variables according to and the structure of
the system (5) is the condition
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r;ank%élﬁQo} ...1-';2(“’;)”*161)2 2(n—m)+7¢
Q =0, Bya"", B,,0

The matrices of the stabilizing control

4. Vector-matrix eqution in a neighborhood of
steady motion.

We give some results on the stabilization of stationary motions

otthe class of systems under consideration. Suppose that for a system

U=myX+m,X +MgX, + Mgy +m,z

an be determined unambiguously by setting a quadratic quality
criterion and solving a problem optimal in the sense of a minimum
of this stabilization criterion.

Let us discuss the question of the amount of measurement infor-
mation sufficient for the formation of stabilizing influences in the
form of feedback on the estimates of the state vectors (or their parts)
of the corresponding systems.

After the replacement of Aizerman-Gantmakher, the first approx-
imation of the system of equations of the perturbed motion will take
the form (we retain the previous notation for the components of the
matrices of the coefficients of linear terms different from zero):

é = Ef +Qu
) 0 E. 0 0
]31 — P, pzz ’ Pz _| Pu Pz Pz Py
Pas Par P2z Paz Pag
0 0 Pai Ps2 Paz Pa

If for a nonholonomic system with inhomogeneous constraints (1)
in a neighborhood of the equilibrium position (4) satisfy conditions

rank(Q,P,Q, ...pP2"™Q, )= 2(n—m)
rank(pls p14) = 2(” —m- K)

QIZ = (0’ 7/0/ *O_l’ 0’ En—m—k)

The equilibrium position (4) is stabilized to asymptotic stability in
terms of velocities and stability with respect to the remaining vari-

able applications with respect to the coordinates ,3 of the linear

controlU = Mfl , Where the matrix is determined by solving the

problem of optimal stabilization of the zero solution of the subsys-
tem

E'=P&+Qu; & =X, X, %,y

A

The estimate & ! obtained for the state vector of the subsystem
from the estimation system

F = BE 4 (ot - 0f) +Qu

o = (E,,0,0,0)

by measuring the perturbation of coordinates ¢ .

with constraints (1) the conditions

R _ OB, 0B, . 3B,

=0, =0, =0,—2=0
oB op B op
5Za =0, 62/, -0
op op
and this nonholonomic system has steady motions
a=a, =const, § = J, = const, p = ¢ = const (6)

Which are defined by equations
~ [ 5B1b + 7(5)Bs = 7 (5B — d gy o — Brd s —

(S;sz + S;ng)ja);aaga - _w};thﬁ](p - dﬁ )_
- (p' - d};{% Do)+ 7(5Brob = % Blibs) - (ef;‘ﬁgfz +0,,Q }(p - d£)+

T, oT,
+ S o +B;, 76(50 =0, »Bs =Bull; + Si@, ++8,m,, +Q, +B;,Q, +
a

+ B;lQJ +B,Q, - I1, =0;
- [Bizd['o‘] + (SS‘sz + Sr,Ing + 0)47595/3 + a);z/ieh/i})jkp - d/; )—

(p' - d}a{% Bizb[d]_ (9,;‘/1952 + 9;:/1952 :|(p - d/])_

-BLIT, +Bj, % + Q/; +B,Q; +BQ, =0;

Bb(p-d,)+B, =0.

We obtain n—m+/¢ equations for the determination of

N —m+ ¢ constants. Consequently, in the general case, the motion

(6) may turn out to be isolated (in contrast to stationary motions of

systems with homogeneous constraints). Introducing perturbations
aA=0y+%X0=0,+Z2, p=C+Yy.

We compose the equations of perturbed motion in the neighbor-

hood of the motion (6):

X=X

ax :_(él +f)1 +ﬁ1)x—(|51 +é1 +H,)% _(Ku +H4)y_7*y_ @)
—(Z,+H,)z+N,
y= _(f)n +H21)X_(K21 +H, )% _(62 +é2 +I:I25)y_

—(Z, +H,)z+N,; 2 =W,x +W,x, +W,y + W,z +Z?

The differences of the matrices of the coefficients of the linear
terms in these equations from the corresponding matrices in equa-
tions (5) the icon p = d e below shows that the corresponding

expression is calculated on the motion (6).

In the problem of stabilizing unstable steady motion, in the same
way as in the problem of stabilizing equilibrium, various variants
of applying control actions are possible. The resulting general
equations give the possibility of choosing a particular method
based on the structure of the system. In general, it is possible to
include in the model the description of the dynamics of the actuator.

5. Conclusion

In the article, a systematic application of Voronetz vector-matrix
equations in Routh variables is developed to describe the dynamics
of non-holonomic systems with inhomogeneous constraints. Non-
linear equations of perturbed motion are obtained in stability and
stabilization problems in a form that allows one to analyze the
structure of nonlinear terms. The possibilities of various ways of
applying control actions are discussed. The developed technique
makes it possible to automate the consideration of problems of
stabilization of complex technical devices.
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