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Abstract

In this paper the static, transient and free vibration analysis of a thermo- magneto-electric-elastic solid cylinder is analyzed stochastically
by using hybrid numerical method (combined finite element and Newmark finite difference method).An infinite solid cylinder made up
of 6mm class considered. The constitutive equations containing the mechanical, magnetic, electrical and thermal fields and investigated
by free and forced Vibirational boundary conditions. The transient finite element equations are obtained by assumed shape functions.
After assembling the Mass, Stiffness and Damping and matrices, the global dynamic equations are in the form of time field. The resulting
equations are solved by using the finite difference technique with suitable time instants. By using material constants values the
displacement, velocity and acceleration of vibrations are obtained with various time values and the non dimensional frequencies are also
obtained by different values of non dimensional wave number. Numerical work is carried out by the electric and magnetic materials Cdse
and CoFe204. The outcomes are tabulated and represented graphically.

Keywords: Static/Transient/Free analysis, thermo-magneto-electric-elastic, Solid cylinder, hybrid numerical method, Cdse and CoFe204, displacement,
Velocity, acceleration, non dimensional frequencies, dispersion curves.
AMS subject classification: 74K20, 74G15, 74S05.

; stochastic hybrid numerical method, considering Gaussian
1. Introduction mechanical properties is studied by [10].0On calculating dispersion
curves of waves in a functionally graded elastic plate have been
analyzed by [11]. Meshless local petrov-Galerkin method for
coupled thermo elasticity analysis of a functionally graded thick

structures. I . . hollow cylinder has discussed with [12].Thermoelastic wave
High frequency vibration of Piezoelectric crystal plates has been  nro5a0ati0n in functionally graded materials using meshless local

studied by [1]. Wave propagation in Piezo composite plate have petrov-Galerkin(MLPG) method has studied by [13]. Exact
analysed by [2].The vibration of pyro electric sandwich plate has g5 |ytions for magneto electro elastic laminates in cylindrical
studied by [3].Free vibrations of pyro electric layer he_xagonal bending is studied by [14].Exact solution for simply supported and
(6mm) class has analysed by [4].Vibration of pyro electric plates 1, ,itj jatered Magneto-Electro-Elastic plates is analyzed by [14].In

are di_scussed by [5]. In [6] dealt with free vibrations o_f Pigzo [15],[16] had given a MATLAB algorithm for finite element
electric layer of Hexagonal (6mm) class. The free vibration [ merical implementation.

response of two dimensional magneto-electro-elastic laminated

plates has been studied by [7]. The Finite Element Modelling of a . .

Layered, Multiphase Magneto electro elastic cylinder subjected to 2. Governlng equation

an ax symmetric temperature Distribution has been studied by

[8].Galerkin finite element derivation for vibration of a thermo  The equations of linear thermo piezoelectricity were proposed by
piezoelectric structure have been analysed by [9]. Transient  Mindlin [1].The governing equations are,

analysis of thermo elastic waves in thick hollow cylinders using a

The dynamic behaviour and wave propagation in structures have
been used to safety evaluation of stress field in engineering

1
Tkj = ijrssrs — €y E, _dkin —,Bij, Skj = E(uk,j +uj,k)v
1
D, =eS, +euE —mH, + BT, E.=—-o,., @)
B, = djiSrs +myE + 24 H +7T
n=pByS; + RE +7H, +aT, azpCvTofl, qk:—kijJ.

Where T; and Sy; are the stress and strain tensors, the induction,  piezo  magnetic, ~magneto electric, magnetic
permeability and pyromagnetic coefficients respectively. T is the

remaining terms Uy, Dk ' Ek and Hk are mechanical temperature change from a reference temperature To 0 j the

displacement, the electric displacement, the electric and magnetic

fields respectively. Bk d My Ly and 7, are magnetic heat flux, ¢ the electric potential, 77 the entropy, o the mass

ji
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density andejrs, o
stress coefficient, dielectric, pyroelectric material
the specific heat. The usual notation is

,Bkl, gkl, P, are the elastic, piezoelectric,
constants
respectively and C,
displayed, and the comma followed by a lower case denotes

u,(r.0,z,t)=U (r)expi(klz + km& — wt)
u,(r,@,z,t)=V (r)expi(klz + kme@ — wt)

Uy (r. 0, 2.t) = [ljw (r)expi (KIz + kmo — ct)

@ (r,0,z, t)'[ess ][q’( )jexpi(klz+km¢9—
W(r,e,z,t)_i[d%][‘f’( )]expi(k|2+km9—

o(r.o,z.1) _[ﬂ33 ](‘9( )jexpi(klz+km¢9—a)t)

Where Kis the number and @is

| =cos@, m=sind, 1°+m’>=1 and i=+-1.

Introduce the non dimensional wave number & =Kkh (h is the
thickness of the cylinder).

wave frequency.

3. Boundary condition

In traction free boundary conditions, the body force and the

densities are absence. By using these, the governing equations can

bewritten as,

Tkj,j = pU,
D, =0,

B,,=0

i« +T077 =0

©)

The equation (1) can be rewritten as,

u, (r,0,z,t)=z""*expi(klz + kme — pt){U}
u,(r,0,z,t)y=z"7 expi(klz+kmo — pt){Vv}

u,(r,o0,z,t) :[ijzj_l expi(klz +kmo — pt){w}

C44

DO(r,0,z,t)=i
( ) o

w(r,0,z,t) =( o j( jz’fl expi(klz +kmo — pt) {W¥}

e(r,0,z,t) = ,6

for

Substitute the free boundary condition, shape function, equation
(5) in (4) and to make integrate over the suitable corresponding
volume. Obtain a completely coupled system of the following

](ij zitexpi(klz + kme& — wt) {D}

j[ jz’ “expi(klz+kme — pt){®}

j=1to 4

partial differentiation of that coefficient with
independent variable.
The assumed solution for an infinite solid cylinder along with

(1,m,0) direction ~ with  cylindrical

respect to

polar  coordinates

(I‘, o, Z,t) are as, by [7]

&)
wt)
wt)
CKJI'SSI’S rk] r dKI H ﬂk]T puk' 1
D, =¢S5, +&,E -mH, +RT =0, @

B, =d,S,+m.E, +uH,+7T =0

jivrs

k
n=p;Sy+PE +rH, +aT —_I_—k'

0

T,.=0

4. Finite element technique

The assumed shape functions are required to construct the finite
element formulation, that the corresponding mechanical,
magnetic, electrical and thermal fields are as follows,

=) o=yl =IN9J 0=y Jor
Where {ue},{yxe}{¢ }and e} are unknown nodal

N LN LN Jand NG| are

corresponding shape functions and € is the element level degrees
of freedom.

In a wave propagation of an infinite solid cylinder, along the
thickness direction, Power series are most commonly used for
shape functions.

The solution of an infinite solid cylinder can be assumed as,

points  and

i (5)
Global stiffness [K], Damping [C] and Mass [M ] matrices
are,




() [MIU}+[clUj+[Klu}=0
[r< oo ]:J[Bu I'[e]l[B.]av,
[Keue]=J[Bu I'A21IN, T av,
[Ke¢e]=\_/f[B¢]T [plIN,T av,
<o 1= [ [B.T [ 1[5, Jav .
<ol fB. T
[Cew]=J [NCT LT [Bl]av,
"o 1= JIN, T [al [N, Jav .

Where dVv =2,zdrd@odz

1[N, T av,

The equation (6) contains elasticity in Cartesian coordinates and
are obtained by using the assumed shape functions solutions of
equation (5). The four noded element is considered. Every element
in each matrices contained smaller sub-matrices that are
multiplied by various type of in-plane functions.

-p?[M]iu}-ip[Ciu}+[K]{u}=0

M, 0 0 00

uu 0 0

where [M]=| 0 0 0|, [C]= o o
0 00

Cau _C9¢

by using the method of concatenation, the above equation was
solved and resulting eigen values are denotes the frequencies.
Numerical illustrations are obtained by using the material
constants values of Cadmium selenide and Cobalt ferrite.

5. Newmark’s finite difference formulation

In on forced vibration boundary conditions, the electric
displacement is vanished. By using these conditions, the equations
of motion can be written in the form,

o] [} ] [0 fo] pffu] [l I [ [ [l [0} u]

ol =] [ [o] [o] ]jv || o] [o] [o] [o] ] o] |v

o] o] [Mw] [o] [o] folfw | | ] [ [l P} ][] ),

] [ [ [o] [o] fo]jé| | [o] [o] [o] [o] ] o] |

] fo] [o] [o] [o] [oJf¥| | [o] fol [ol ~ [o] o]~ [o] |

o) ] [ [o] [o] folfe ) Lletw] [eow] [etw] [etw] Feta] [etw]l o)
ko] ko] ko] o] [Frow] o] Tur] o
S (S S N S B S R O RO I
o] e fen] Frec] fel] [l ol g,
Kew] [kea] ko] ] Frow] o] Jor| |0
S A B ) I S I o 2
1 g B o ke lo

[<eus]= J[Bu I [e]l[B, Jav
[Ke¢¢]=J[B¢]T [=]1[B,]av
[<eoo]= [[E, 1 [K][2, Jav
(<o ]=f[e. T Ldle, Jav
[coo]= [IN,T [eT [B,]av
[coo 1= [INLT [eT [B, Jav

[M<]= JINT [LolIN]av

The nondimensional frequencies and the corresponding shape
functions are obtained by solving the above Eigen value problem
without external forces.

Assemble all element equations, the required frequency equation
is,

- (7)

Kuu Ku¢ Kuqﬁ - Ku€
and [K] K'?‘U - K¢¢ - K¢W K¢9
wo KW - KW KW
o Cuw 0 0 0 Koo

Ty; + R =pU

Dy = 0,
x=0 - (8)
O +To7 =0

Substitute equation (5) and corresponding shape function values
are in (8) and to make integration over the corresponding volume.

Equation (6) can be change over to the following Stiﬁness[K],
Damping [C], Mass [M ] and force [F] matrices.

e
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Mew] ] [o] [o] [o] [o]]u o) [0 [o]  [o] [0] [0] Tue
] [me] [o] [o] [o] [o]] v o] [0 [o] o] [0] [o] | ve
o] [o] [M%w] [o] [o] []jw | | [o] [o] [o] o] [0] o] | we |,
o] [o] [o] [o] [o] [o]f&c| | [o]] [o] [o] [o] [0] [0] | &
o] o] [o] [o] [o] [o]jw¥e| | [o] [o] [o] o] o] ~ [o] |
ol [ [ [o] [o] [l ] Lleww] feow] [eow] [eta] o] fecwll o)
Kew] [Kow] [Kow] [FKow] [Fkew] [o] Tue] [Fe
[Kou] [Kow] [kow] o] o] o] v | |Fe
ko) ko] o] Fren) Fren] o Jw| e o)
K| [Kew] [Ko] [FKow] [k ] [o] o0 | |Fe
[en] [n] ko] o] o] o] es| |Fe
o] [o] [o] [o] o] [kwlle*] |F°
(ie) IMRU+[CHU+[KKU}=[F] 10 [MHO}+[CHD}+[KKD}=[F] (12)

After getting the global Stiffness, Damping, Mass and force
matrices of each element, consider the following shape functions
for each element

U.
®=[N, N,], U :[u' } 0=dU
i+1 (ll)
T -
O =[N, Nz],T{ },TdeT
Ti+1 i

The following dynamic finite element governing equation can be
obtained for each element by using linear shape function are

[M].{®}+[CL{D}+[K]{D}=[F],
Where {@} ={4, T, 4, T.}

"e'i "i"stand for i node. After assembling

12)

th
e"is € element and"'|
of all matrices of each of the elements, the coupled thermos
electric elastic problem in the form of stochastic frame work can
be rewritten as,
[K]e

{(U )t+At} = ([F]eﬁ )1

Where [K] =[K]+a,*[M]+4a *[C] and

— (14)

The above equation is in transient nature. By applying the
Newmark’s integration method, and to approximate the time
derivatives and to solve the equations of forced vibration. About
this method, the functions and its corresponding derivatives are
approximated by the following assumptions.

Initially to calculate the value of displacements {UHM}, the

constitute equation can be evaluated at time {,, ,, as,

MHU),.; HICHU .y H+KHU),.} ={(F)es} (13)

Where At =time step, { =step number. Rearranging the above
equation,

{U)3=IMI"*([FI-[CI{W) }-[KI{VL) D
The {(U )t+At}

{(U),., }and acceleration matrix {(U),, ., } can be found by
using following equations,

displacement  matrix ,velocity — matrix

([Fl ). =[F1+IM]* (3, *{(U) }+a, *{(U) }+a,*{(U) }) +[C1* (& *{(U) } +a,*{(U) } +a,*{U).})
{(U )t+At} = ao *({(U )HA(}_{(U )1}) - az *{(U )1}_ as *{(U)(}

{(U )t+At} = {(U )t}+ 8 *{(U)t}+ a, *{(U)I+At}

Once the value of displacements {(U),, .} at time t,,,, are
obtained then solving equation (14) the velocities {(U eiatk

and accelerations {(U )t . At}are obtained respectively.
In equations
(14), (15)and (16), a,,&,,a,,a;,a,,a;,8; and a, are

Newmark parameters and the values are given in Appendix. In
Newmark difference method the best convergence can be reached

by choosing a=0.25and 6=0.5 the above
parameters.

in

6. Static analysis

In on static vibration boundary conditions, the velocity and
acceleration are vanished. By using these conditions, the

governing equilibrium equations can be written in the form,

— (15)
— (16)

[KJ{u}={F}

7. Analysis and results

17

The values of displacement {(U ), .} velocity {(U),, ,, }and

acceleration {(U)Hm} for the materials Cdse/CoFe204 are

obtained. The terms for non-dimensional are necessary to solve
the problem and assumed as follows. The thermo magneto electric
elastic terms are assumed by Ref [2, 3&4] and the additional
non-dimensional terms were derived based upon the constitute
equations. The non-dimensional terms for the infinite solid
cylinder analysis are as follows,
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The displacement  {(U),,,} .velocity {(U),,,}and

acceleration {(U),.,} are obtained by using MATLAB

software. The natural frequencies and static vibrations are
obtained by various values of dimensionless wave number. The
displacement, velocity and acceleration values are obtained and
represented graphically, with different time variants.

8. Conclusion

The static, transient and free vibration analysis of an infinite
thermo- magneto-electric-elastic solid cylinder is solved by using
hybrid numerical method. The cylinder is of 6mm class with ¢ =
cos 30°and m = sin30°. Thickness of the cylinder is taken by
h = 0.05mm. The constitute equations for thermo-magneto-
electric-elastic materials are derived by using Finite element
formulations with free/forced vibrations. The coupled mass,
stiffness and damping and matrices, the global transient equations
are executed in time domains. In static vibration the acceleration
and velocity are vanished. The Newmark finite difference method
with suitable time step is used and the equilibrium equations are
solved.The values of displacement, velocity, acceleration and the
natural frequencies are obtained. The numerical illustrations have
been carried out for Cadmium selenide and Cobalt ferrite.

nondimensional wave number versus the displacement, velocity
and acceleration values are calculated with suitable time variants.
Finally, it is observed that in the case of Free vibration, the natural
frequencies of thermo magneto-electric-elastic infinite solid
cylinder made by the material CoFe204 is significantly greater
than that of Cdse material. The damping effect analyzed through
the imaginary part of complex frequencies. In the case of
Transient, different values of nondimensionl wave number, if the
time domain increased when the values of the displacement,
velocity and acceleration of CoFe204 material is significantly
greater than that of Cdse material. In the case of static,different
values of nondimensionl wave number, if the time domain
increased when the values of the displacement of CoFe204
material is significantly greater than that of Cdse material.

9. Numerical illustration and figures

In Static State

€ Displacement
Cdse CoFe2o04
0.2 | 0.181976-0.12228i | 0.35957-0.14607i
04| 0.635618-0.16709 | 0.65289-0.52207i
045 [ 0.725172+0.17587i | 0.86797-0.154551
0.6 | 0.88758-0.186163i | 0.97829-0.94006i
0.7 | 0.93236-0.215972i | 1.34113+1.37515i
0.8 | 1.52199+0.616027i | 1.84732-1.20416i

1] 2.12598-0.715699i
2.65865+0.8§91626i
3.39057+1.163713i
3.783265- 1.1984 54

2.70513+ 0.74629i
3.25022-0.338561
3.86912-0.163381
4.33984+ 0.42162i

In Transient State

Solutions are tabulated and illustrate graphically. The
Displacement
€ T=0.1 T=0.2
Cdse CoFe2o4 Cdse CoFe2o4
0.2 | 0.17385-0.145061 | 0.20752+ 0.582091 | 0.25859 + 0.29842i | 0.28412-0.29253i
0.4 | 0.25789-0.110451 | 0.28679 - 0.698871 | 0.33439+ 0.267421i | 0.37911+0.234851
0.45 | 0.36597-0.376451 | 0.39195 + 0.68642i | 0.40287- 0.371691 | 0.44421-0.423321
0.6 | 0.43747+0.499661 | 0.49815 +0.68991i | 0.48592+ 0.494391 | 0.52654+0.402851
0.7 | 0.47353+0.54084i | 0.56147 +0.703531 | 0.52616-0.506871 0.62674+0.458961
0.8 | 0.56538-0.52136i | 0.61119 - 0.808251 | 0.67404+0.43702i 0.70067+0.486641
0.66715+0.41488i | 0.76455+ 0.881991 | 0.74361-0.44021i 0.84259+0.39632i
2 0.69415+0.49345i | 0.83675-0.88844i 0.83889-0.35139i 0.87208+0.43583i
2.7 | 0.78849+0.408121 | 0.86049+ 0.981581 | 0.86654+0.354941 0.90776-0.41547i
4 0.81515+0.43338i | 0.88897+0.99925i 0.90306-0.336751 0.96908 -0.60415i
Velocity
€ T=0.1 T=0.2
Cdse CoFe2o4 Cdsge CoFe2o4
0.2 | 0.31656+ 0.133351 | 0.36402-0.23719i | 0.36741-0.275471 | 0.48047+0.337261
0.4 | 0.52734+0.12334i | 0.57281- 0.23719i | 0.54796-0.937671 | 0.61385+0.22356i1
0.45 ] 0.56981 - 0.468831 | 0.65236+0.18112i | 0.61424+0.266681 | 0.71812+0.43727i
0.6 | 0.63598 -0.4688321 | 0.72882+0.67454i | 0.71948-0.937661 | 0.78442+0.437261
0.7 [ 0.71108 + 0.43336i | 0.83364+0.674571 | 0.83941-0.937681 | 0.86372-0.478591
0.8 | 0.77965- 0.368831i | 0.88438+0.67453i | 0.92532+0.26667i | 0.98192+0.33727i
1 | 0.85828 +0.233351 | 0.94805+0.67454i | 0.95512+0.71597i | 1.39095+0.647631
2 | 091656+ 0.133361i | 0.96096+0.77456i | 1.23983-0.93767i | 1.82008-0.118591
2.7 | 0.94274+ 0.13336i 1.2973+ 0.674591 | 1.8547+0.266681 2.45712-0.11856i
4 | 0.98332 +0.133351 | 1.9219+ 0.674541 | 2.6623+0.266881 2.89935+0.90558i1
Acceleration
T=0.1 T=0.2
€ Cdse CoFe2od Cdse CoFeZod
0.2 | 0.23982-0.537651 | 0.26841 + 0.60589i | 0.36741-0.47557i 0.39601+0.604631
0.4 | 0.47966-0.43766i | 0.56402 -0.41859i 0.52663+0.466671 | 0.58385+0.52357i
0.45 | 0.53962-0.437661 | 0.60952-0.418591 0.61425+0.466781 | 0.66377+0.472351
0.6 | 0.61899+0.366671 | 0.64414+0.43726i 0.68994+ 0.26678i | 0.72355+0.40936i
0.7 | 0.68582+0.51597i | 0.73874+0.505591 | 0.72216+0.468661 | 0.77907+ 0.487251
0.8 | 0.72533+0.56667i | 0.79872+0.50559i 0.75325+ 0.56667i | 0.81922+0.53727i
1 | 0.83166+0.466671 | 0.89114 +0.420491 | 0.86125+0.463201 | 0.91004-0.51859%1
2 0.91024+0.71599i | 0.94805+0.83727i 0.96334+0.566511 | 0.98201-0.978891
2.7 | 0.98547+0.586671 | 1.188-0.549721 1.4521-0.25841i1 1.95705+0.905581
4 | 1.2662+ 0.266671 | 1.4615-0.194751 1.7731-0.216351 2.89936+0.905591
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In Free vibration

€ Frequency

Cdse CoFe2o4
0.2 0.30322457-0.1097239i 0.416517+0.124592i
0.4 0.43469401 -0.1775241i 0.501383+ 0.4905423i

0.45 0.46385599-0.1886535i1 0.624275-0.518148i
0.6 0.53948156-0.2322687i 0.810398-0.210655i

0.7 0.55015719-0.3175681 0.867063-0.5860721
0.8 0.5977587+0.107401i 0.872373-0.6126301
1 0.6592016-0.23674 0.910399-0.5106551
2 1.08611619-0.10179798i 1.442395+0.543578i
2.7 1.1015069-0.87832i 2.0541178-0.270685i
4 | 1.31437205+0.743434 2.8305593+0.884324
' In Transient atate tad.1 . In Transient state 1x0.2 '
| P — Lo [+ o |
1 CoF edod o 1 Ll !
1 1 1 1
1 1 1 1
1 12 1 1 1
1 1 1 1
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1 l_-‘ i 1 1 -E_ 1
1 d 1 1 3 E g 1
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Figure 3: Non dimensional wave number Vs Acceleration with transient state
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