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Abstract

In this paper, a composite distribution of Kumaraswamy and Lindley distributions namely, Kumaraswamy-Lindley Kum-L distribution is
introduced and studied. The Kum-L distribution generalizes sub-models for some widely known distributions. Some mathematical prop-
erties of the Kum-L such as hazard function, quantile function, moments, moment generating function and order statistics are obtained.
Estimation of parameters for the Kum-L using maximum likelihood estimation and least square estimation techniques are provided. To
illustrate the usefulness of the proposed distribution, simulation study and real data example are used.
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1. Introduction

In recent years, there have been different approaches used to gen-
erate new family of distributions. These approaches include expo-
nentiated, generalized, mixed and compounded distributions. They
aim to make the base distribution more flexible and more conven-
ient to analyze complex real data sets. Furthermore, the new dis-
tribution generalizes sub-models for some widely known distribu-
tions.

In literature studies, the Kumaraswamy distribution has not been
common used and not seem to be very familiar to statisticians.
However, background and genesis of Kumaraswamy distribution
have been provided by Jones (2009) [9],and he made a compari-
son between the two-parameter family of distributions on (0, 1).
Jones showed that thisdistribution has its genesis in terms of uni-
form order statistics, and has particularly straightforward distribu-
tion and quantile functions, which do not depend on special func-
tions (and hence afford very easy random variety generation).

The commutative distribution function CDF and probability densi-
ty function pdf for generalized Kumaraswamy distribution have
been proposed by Cordeiro et al. (2011) [5] respectively as fol-
lows:

F(x)=1-|1-(6 (x))] §%))
And
f()=apg(x) () [t-@x) ] (1.2)

Lindley (1958) [11] obtainedexponential distribution with scale
parameter 8 mixture of gamma distribution with shape and scale

parameters respectably (2,0) (2,6) named, Lindley distribution.
The CDF and pdf for Lindley distribution respectively are:

G(x):l—we " x>0,0>0 (1.3)
0+1
And
g(x)= g (1+x)e™ ;x>0,0>0 (1.4)
f+1

Some properties of Lindley distribution have been discussed by
Ghitany et al. (2008) [8]. They showed that, in some applications,
the pdf which in (1.4) provides a goodness of fit model than the
exponential distribution. Lindley distribution has been transmuted
via the quadratic rank transmutation map, weighted, exponentiated
and modified by many authors such Nadarajah et al. (2011) [13],
Bakouch et al.Ghitany et al. (2011) [7]. Merovci and Elbatal
(2014) [12], Ghitany et al. (2013) [6], Sharma et al. (2015) [15]
and among others.

Now, substituting (1.3) in (1.1) and (1.4) in (1.2)then, the CDF
and pdf of the Kum-L distribution respectively are given by

Pl
F(x):l—{l—{l—we’“)} x>0,0>0 (1.5)
f+1
And
& ) O+1+0x )T
f(x)_aﬁ(9+l(1+x)e )(1 i ¢ ]
(1.6)
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Using the expansion (1-z)# = %2,(-1)’ (B]fl) z} , then, (1.5) and

(1.6) can be written respectively as:

e =1- 3 0 ()

Ms

j=0 k=0
X eJ;1++16x] (1 4 x)e~0kx 1.7
And
f(x) = < )ZZ( )j+k
j=0 k=0
X(B;l)(aj+1?—1)
[%]k (1 +x)e 0larix (1.8)

The survival function R(x) and hazard rate function h(x) respec-
tively are:

aqB
RGO = [1-{1-=5e ]
;x>0,a,8,06 >0 (1.9)
And
h(x) =
) _ o -6x
R(x) B (9+1 (1 + X)e )
{1_9‘;1*9"6—8)(}“_1
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Fig. 1. 1 Different Forms for Pdf of The Kum-L Dlstrlbutlon with Varlous
Values of the Parameters («, ,6) Respectively.
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Fig. 1.2: Different Forms for CDF of the Kum-L Distribution with Various

Values of the Parameters (a, 5, 9) Respectively.
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Fig. 1.3: Different Forms for H(X) of the Kum L Dlstrlbutlon with Vari-
ous Values of the Parameters («, 8,0) Respectively.

Figures (1.1) shows that the carve of the pdf for the Kum-L distri-
bution sometimes is positive skewed, decreasing and approximate-
ly symmetric respectively for different values of the parameters
(a.3.6).

The remainder of this paper is divided into four sections. Section 2
concerns with obtain some statistical properties of the Kum-L
distribution such as hazard function, quintile function, moments,
moment generating function and order statistics. Insection 3, esti-
mation methods of parameters for the Kum-L distribution, using
maximum likelihood estimation and least square estimation tech-
niques are provided. Section 4 concerns with application of nu-
merical study and real data set to illustratetheoretical results in
previous sections. Finally, Section 5 presents our conclusions.

2. Statistical properties

2.1. Quantile function

The quantile function Q(x) of the Kum-L distribution can be
computed by inverting the CDF as follows:

(9+1+9x)e_9x PR [ rewn

6+1

(2.1.1)

,0<u<1.

Numerically solution can be used to solve (2.1.1) in x.

The quantiles of the Kum-L distribution can be obtained by setting
u = (0.25,0.50,0.75) in the previous equation. Also, based on
(2.1.1), the skewness Sk and kurtosis K for the Kum-L distribution
respectively are

_eu/®-20(3)
~ Q(6/8)-Q(2/8)

Q(3/8)-Q(3/8)
Q(6/8)-Q(2/8)

(2.1.2)
2.2. Moments

Theorem 1:The r ™ non-central moments of the Kum-L random
variable X, are given by

i = BT = (27) B0 B ol (7 1)
(O ) e

Proof

r(r+i+2)
[g(k+1)](r+i+2)
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o5} o5}

m=5u0=ffﬂmmm=Em0=fﬂﬂmm

0 0

=ap (99: 1>§: i(_l)Hk

(=}

=0 k=0



International Journal of Advanced Statistics and Probability 19
X(ﬁ—l)(aj+a—1) ¢ K
j k M,(t) =f e™ f(x)dx = af (0 n 1) ijk
0
o . [0+1+6x]¥
x [ x" (1 + x)e~0Uk+Dxgy (2.2.2) o o
fo [ 9+1 ] X[fo xie=x0Gk+D~t] g5 4 fo xie—*[6(k+1)~t] dx] (2.3.1)
k k
The expansion [9";1:19’6] can be written as [1 + ;%] . Now, by _ aﬁ( ) r@i+1) ri+2) 2.3.2)
using the binomial expansion 0+1) "Ik [60c+ D=0 7 [0k + 1)~ o
i Where
k k 0 i !
(1+72) =38 o(5) ) 101> 1.
Sijk =

We have

= <e + 1)§: i Zk:(_l)Hk (e%)l

j=0k=01i=0

x (k) (.B ]— 1) (0{] +a— 1) x J‘0°° xr+i(1 + x)e—e(k+1)xdx

. (2.2.3)

[ee] [oe)

J-xr+i(1+x)e—9(k+1)xdx:fxr+ie—9(k+1)xdx
0 0

[oe)
_}_f xr+i+1(1+ x)e—ﬂ(k+1)xdx
0

ay

Let y = 6(k + 1)x, then, x = S

and dx =

0(k 1)

So that, the value of the first and two integrations respectively are:

r(r+i+1) r(r+i+2) .
6+ DI+ and Tk which complete the proof.

The mean and the variance of the Kum-L distribution are given
respectively by

oo 02 s r@+2)
u=E() =af o+ 1) Uk [6(k + 1)]T+2)
r(i+3)
DI o
And
rG+3) r@+4)
v =S.. X
(x) e Ta(k + D]+ T [0(k + 1)]T+D
02 r(i+2) ri+s) °
—ap (m) [Sijk [0 (k+1)]0+2) [9(k+1)](”3)] @29
Where,

S = S0 S Bieo -1 (4 (£ 1) (@ a1 (2

Using the relation between the central and non-central moments
which is

r

i = E(x=E@) = ) (7) (0" i

i=0
Then, the central moments p,- are given.

2.3. Moment generating function

e S0 () (PN (TN ()

2.4. Order statistics

Let X; X, -+, X,, the observed values of a sample of size n. Let
X, X2), -+ » X(ny denote the ordered values of X; X, -+, X,,. Then,
X)X, Xy are called the order statistics. The pdf of the

order statistics X, is given by

K0 = e

X [FGOT RCOT™"f () (241)
Where
r=12,-,n

Now, using Equations (1.5), (1.6) and (1.10) in (2.4.1), we have

fix(x) = m
k
Zz( 1)1+k( ) ) 9-;1:-19)(] (14 pye-tis
Jj=0k=
ZZ( )]+k( ) ollcj) %}k (14 x)e=0kx

xaf () S S0 () (T E T

k
% [9+1+6x] (1 + x)e—e(k+1)x; x €R (2_4.2)

0+1
3. Parameter estimation methods

3.1. Maximum likelihood estimation

The likelihood and log likelihood functions of the Kum-L distribu-
tion based on samples X; X,, -+, X;, are given respectively by

106 6,00 = @) (55 1) (1 +Zx)
0+1+6x _g, )%t
e

Xl—[" 1 {1 6+1+6x
i=1 0+1 €

xe =0 Ziaxi [T, {1 - (3.1.1)

_ex}a]ﬁ—l

And,
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LX; a,,0) =nlna+ninf +2nind —nin(6 + 1)

6+1+6xl
0+1

e—Bxi]

(3.1.2)

The first derivative of L(X; «,B,0) with respect to @, 8 and 6
respectively are

a—L=—+z:ln(1— ce %) — (B -1)

—ce~ 9% a
Sl Xin(1 — ™) (3.13)

=T 1 - {1- cem0n)] (3.1.4)

3

6L_2n n Z
-0 o+1 LM

i=1

A6
1— ce 0

n
+(@—-1) Z x;e 0%

i=1

(1= ce=0x)""
1-(1- ce'e"i)a

+a(B-1)¥™, xx;e~0%iA0 (3.1.5)

0+ 2+ Ox;+ x;

6+1+0x;
(6+1)2 '

6+1

Where A = and ¢ =

Solving these above non-linear equations after setting them to
zero, then, the likelihood estimators &, # and @ for the parameters
a, B and 6 respectively can be given. So, one of the numerical
analysis methods such Newton—Raphson can be used to solve this
system, (see, Salem and selim [12]).

Now, to construct the asymptotic confidence intervals, the approx-
imate variance-covariance matrix /;;(¢) can be obtained as fol-
lows

92L aL aL ]

da? 0dadf 9adl
%L oL
Lij(p) = 952 5pa6 (3.1.6)
2
002

Where the elements of the main diagonal in (3.1.6) are the vari-
ances of the parameters (a,5,6) and the off-diagonal elements
are the covariance between the parameters. The second derivative
of L(X; a, B, 6) with respect to a, 8 and 6 respectively are given
by

0%L
da?

=% -~
X Z{‘zl{[l - ce‘e"i]axln[l - ce‘g"i]} (3.1.7)

1-2(1— ce )"
1—(1— ce Oxi)a

°L  n
B B?
LK af0) _ 1
262 - (9+1)2 +(@-1) (3.1.8)
n —0x;
i [2(1+x) 2(14+x)
— 2cx: 2
XZ{l—ce‘gxt[(0+l)2+ gr1 caten
=
1 c—1-—x
11— ce x| 6+1 +cxi]—a(,8—1)
afyn [C= ce~®xi)™ —-0x;
w0 [Zm [1—(1- ooy XxieT7140|(3.0.9)
02L [1- ce‘e"t]
Sa0p = i Pr——— (3.1.10)
52 Xi Ox;
L O+1)  (6+1)2
_ _ox ) |6¥D (64D
= : —x;XIn(1 —
900 1= ¢ xxin(1 = c)
= uvw — (uvw)?
~B-Dx ) _
& u(6 + D[-1 + (uvw)]
u(02+20+260%x;+1+20x;+(0x;)?)
u(@+1)[-1+(uwvw)]? (3111)
e[ Z _B5pm0xi] "y oy,
D @11
Where
_ Na g, — (1 a (—0x)% 0+ 2+0x+ x;
u=0@+1+06x)*v= (6+1) w=e LA = ot
and

_ 0+1+40x;
o6+

Using (3.1.6), the confidence intervals for the parameters «, 8 and
6 with an approximate 100(1— €)% respectively will be

A+ Ze X EaZL +Z>< EazL
T aaz) B+ 2 22

And

0+2ex |[-E (agz) (3.1.13)

Hence Ze is the upper €th percentile of the standard normal distri-
2

bution.

3.2. Least square estimators

Swain et al. (1988) [16] obtained the least square estimators for
beta distribution via minimizing the relation that

Y [F (xw)

Using this method and substituting (1.5) in (3.2.1), we have

;12
Q) = -] 3.2.1)
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ot g |1~ 1~ (1 oo T

i

n+1

(3.2.2)

So, the least square estimators &, fFandd of the parameters
a, Band@ for the Kum-L distribution can be obtained by differen-
tiating (3.2.2) to the parameters «, fand® respectively as follows

1-[1- ce—exi]“}ﬁ‘l

3Q(;1f.9) — ﬁ2?=1 (3.2.2)
X [1 - ce‘axi]axln[l - ce‘g"i]
_ox 1P
0@ _ 5n {1-[1-cemox]") (3.2.3)
n 2.
ok X ln[l -(1- ce‘exi)a]
p-1
aQ(;céﬁ.B) - ap Z}Ll{l -l- Ce—exi]“} (3.2.4)

a-1

x[1 - ce=0%]

o (cx; +2cx0 + cx;0°> +c—x0 —x; — 60— 1)
@+ 1)?

Where

c= 0+1+0x;
To6+1

Setting the above non-linear equations system to zero and solving
them numerically, then, the least square estimators will obtained.

4. Application

Computer programs Math-CAD (2001) is used to find the numeri-
cal analysis for the last theoretical results. At different sample
sizes and different initial parameter values, the performance of the
maximum likelihood method is studied to estimating the parame-
ters of the Kum-L distribution by conduct simulations. 500 sam-
ples are generated from Kum-L distribution with parameters
a, Band. Table (1.a) and (1.b) display some measures such Aver-
age Bias (AV) and Root Mean Square Error (RMSE) of the MLE
@ of the parameter@ = (a, B, ). Also, Coverage Probability (CP)
and Average Width (AV) of 95% confidence intervals of the pa-
rameter® = (a, B, 0) are calculated. Where,

AV = %Z(@ —©),RMSE = /%Z(@ - 0)*

Table (1.A): Bias, MSE, Coverage Probability, and Average Width for
Mlesof KUM-L Distribution

Table 1.B: Bias, MSE, Coverage Probability, and Average Width for Mles
of KUM-L Distribution

a=2,f=2andd =0.5

Parameter n Bias MSE CP AW

50 -0.20347 0.97642 0.97548 6.5478
100 -0.17397 0.84261 0.98116 5.3246

a 200 -0.05341 0.70168  0.98324  4.9573
400 -0.03712 0.59473 0.97542 3.1198
500 -0.00971 0.35476 0.94826 2.6249
50 0.96511 1.74813 095111  8.3654
100 0.51275 1.06124 0.94652 5.3248

B 200 0.20169 0.84271 0.94872 3.9572
400 0.08421 0.46892  0.95476  2.4758
500 0.03476 0.28722 0.94712 1.3654
50 -0.00094 0.21458 0.98457 0.65112
100 -0.00062 0.16489  0.96522  0.58716

0 200 -0.00012 0.09147 0.95147 0.39571
400 -0.00011 0.06429 0.95011 0.26583
500 -0.00105 0.05411  0.95413  0.20854

The previous results indicate to that as the sample size n increases,
the biases of all the parameters decrease, the RMSEs decay toward
zero, CPs are quite close to 95% and AC widths Stricture.

A real data set will be analyzed as well. Table (2) shows the data
which is given from Jorgensen (1982) [10]. This data represents
the active repair times (h) for an airborne communication trans-
ceiver.

Table 2: Active Repair Times (H)

0.8 0.7 0.7 0.7 0.6 0.6 0.5 0.8

1.5 13 11 1 1 1 1 15
2.7 2.5 2.2 2 2 1.5 1.5 3

5 4.7 4.5 4 4 3.3 3 5.4
22 102 9 8.8 7.5 7 5.4 24.5

Three criteria statistics can be used to compare the proposed dis-
tribution results with the four selection distributions. These criteria
statistics respectively are (value of the log likelihood for the esti-
mated model that maximized) —2 £, (Akaike information criteri-
on) AIC and (corrected Akaike information criterion) AICC of
data, which are respectively defined as:

2p(p+ 1)
AIC = —2L + 2pandAICC = —2L + 2p + n—p—1

pis the number of parameters to be estimated. The best distribu-
tion fits quite well to data than other. Also, the four selection dis-
tributions are Exponentiated power Lindley EPL, power Lindley
PL, Gamma G and Lindley L distributions. Table (3) shows that
the comparison of the three mentioned criteria statistics.

Table 3: Comparison Criterion

a=05p8=04and6 =0.3

2L AIC AICC
Kum-L 191.2134 197.2134 197.8801
EPLD 192.3149 198.3149 198.9816
PLd 198.3547 202.3547 202.679
GD 201.6589 205.6589 205.9832
LD 204.8491 208.8491 208.9544

Parameter n Bias MSE CP AW
50 -0.00671 0.35528 0.8437 1.7264
100 -0.00395 0.23759 0.8234 1.4397
a 200 -0.00042 0.19457 0.7918 1.1849
400 -0.00002 0.16897 0.7347 0.9452
500 -0.00016 0.13598 0.7193 0.6579
50 0.89214 3.5642 0.8759 8.9421
100 0.67235 2.0156 0.8684 7.0195
B 200 0.59243 1.1245 0.8497 6.3485
400 0.42358 0.8567 0.8267 4.6587
500 0.25648 0.6354 0.8009 3.3476
50 0.00527 0.06531 0.865 0.2994
100 0.00356 0.04589 0.8574 0.2347
0 200 0.00085 0.03741 0.8433 0.1839
400 0.00033 0.26984 0.8327 0.1635
500 0.00019 0.19351 0.7967 0.3761

Table (4) displays the maximum likelihood estimators for the
parameters to each one of the five fitted distributions.

Table 4: Maximum Likelihood Estimators for the Parameterse, fand 6

a B 6
Kum-L 3.1053 0.3648 33.6547
EPLD 2.9724 0.2981 31.8942
PLd 0.9437 0.8462
GLD 0.8694 1.9523
LD 0.6842
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5. Conclusion

A new distribution named Kumaraswamy-Lindley distribution has
been introduced and studied. Various mathematical and statistical
properties of the Kum-L distribution such as hazard function,
quintile function, moments, moment generating function and order
statistics have been obtained. The maximum likelihood estimation
and the least square estimation methods have also been discussed
for estimating the parameters of the Kum-L distribution. An ex-
ample of real data set, and numerical study have been presented to
show the applications and goodness of fit of Kum-L distribution
over on exponential power Lindley, power Lindley, gamma and
Lindley distributions. The Kum-L distribution has been fitted
active repair times for an airborne communication transceiver data
better than the four selection distributions.
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