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Abstract

Leiva et al. [10] introduce the skewed sinh-normal distribution, which is a skewed version of the sinh-normal
distribution, discussed some of its properties and characterized an extension of the Birnbaum-Saunders distribution
associated with this distribution. In this paper, we will introduce further properties of the skewed sinh-normal
distribution, and introduce a new approximate form of its probability density function and cumulative distribution
function (cdf), along with numerical comparison between the exact and approximate values of its cdf. Moreover, a
random number generator for the distribution will be suggested and a goodness of fit test will be carried out to examine
the effectiveness of the proposed random number generator. Finally, maximum likelihood estimation for the unknown
parameter of the skewed sinh-normal distribution will be investigated, and numerical illustration for the new results will
be discussed.
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1. Introduction

Although the normal distribution is still the most commonly used distribution in both statistical theory and application,
it has been observed in various applications that data do not conform to the normal distribution or any other symmetric
distribution, which built strong motivation to obtain more flexible probability models that admit asymmetry. In his
attempts to build non-normal distributions, Johnson [7] mentioned that it is natural and also convenient to build non-
normal distributions by transforming a random variable (RV) that follows a normal distribution. He used the translation
method to generate models of probability which could assume wide varieties of shapes by the transformation

Z=v+8g(Y;v,0) 1)

Where the variate Z~N(0,1) and g(Y;y, o) is a monotone function. Later, Rieck [12] defined that, if 6 = 2/« and
g(Y;v,0) = sinh(y —y/o) in (1) then Y follow a four parameters sinh-normal (SHN) distribution with shape
parameters v € R, a > 0, location parameter y € R, and scale parameter ¢ > 0, and the notation Y~SHN(q, v, o,Vv) is
used, which is reduced simply to Y~SHN(a, v, 0) when v = 0; for more details and applications of the SHN distribution
see Rieck and Nedelman [13], Galea et al. [4], and Leiva et al. [9]. If Y~SHN(a, v, 2), then T = exp(Y) follows the
Birnbaum-Saunders (BS) distribution with shape parameter « > 0 and scale parameter B = exp(y) > 0, which is
denoted by T~BS(a, B); see Birnbaum and Saunders [3], Johnson et al. [8], and Sanhueza et al. [14]. For this reason, the
SHN distribution is also called the log-Birnbaum-Saunders distribution.

In analogous way to the definition of the SHN distribution, Leiva et al. [10] introduce a skewed version of the SHN
distribution, which they call the skewed sinh-normal (SSN) distribution, by replacing the standard normal distribution
by the skew-normal (SN) distribution introduced by Azzalini [2], i.e. they consider the transformation:

Y-y

Z=v+ ésinh ( ) where Z~SN(A) and A € R is the shape parameter which determine the skewness.

[}
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Now the notation Y~SNN(q,v,o,v,A) is used, where a« > 0, v € R and A € R are shape parameters, y € R is the
location parameter, and ¢ > 0 is the scale parameter. The probability density function (pdf) of SNN distribution is given

by:

fy(y) = %cosh (%) ) (v + gsinh (y%‘y)) D (7\ [v + zsinh (?)D ,ZVER
And, its cumulative distribution function (cdf) is given by:

Fy(y) = @, (v + zsinh (%)) ,YER

Where @, (+) is the cdf of the SN distribution, ¢(+) and ®(+) are the pdf and cdf of the standard normal distribution,
respectively. In addition to introducing the SSN distribution, Leiva et al. [10] characterize its corresponding extension
of the Birnbaum distribution as follows: if Y~SNN(a, v, 0,v,2) then the rv T = exp(Y) follow extended Birnbaum-
Saunders distribution with shape parameters a« > 0, ve R and A € R, scale parameter = exp(y) > 0 and power
parameter ¢ > 0, its pdf is given by

0= (2 - Do (2 - e

U(xﬁl/"t(tI

Where, ¢(+) and &(-) are the pdf and cdf of the standard normal distribution, respectively, and the notation
T~EBS(a, B, o, v, A) is used.

The main purposes of this article are: (1) introduce further properties of the SSN distribution, (2) introduce a new
approximate form of the pdf and cdf of the SNN distribution, and study the accuracy of the proposed approximate form
through a numerical comparison between the exact and the approximate values to its cdf. (3) introduce a random
number generator for the SNN distribution, (4) maximum likelihood (ML) estimation for the unknown parameter of the
SSN distribution, and (5) numerical illustration for the new results which contains, first, a goodness of fit test for
random samples generated using the proposed random number generator in order to assess its effectiveness, second,
study the performance of the ML estimates of the SSN distribution depending on random sample generated using the
proposed random number generator, for different sample sizes and different values of the unknown parameter.

2. Further properties of the SSN distribution

In this section, we will introduce several theorems about the properties of the skewed sinh-normal distribution.
Theorem 1: If Y~SNN(a, y, g,v, 1) then its cumulative distribution function is given by

Fy(y; a,v,0,v,A) = (DA(V + by)

Where by, = 2 sinh([y — y]/0)/a, @, (") is the cdf of SN(1), and it satisfies the following properties:

Property (1): Fy(y; o, v,0,v,1) = (Cb(v + by))z,

Property (2): Fy(y; o,y,0,v,A) =1 — Fy(—y; a, =y, 0, =V, —1),

Property (3): Fy(y; &,v,0,v,A) = ®(v + by) — 2T(v + by, }).

Where ®(+) is the cdf of the standard normal distribution, and T(x, h) is the function studied by Owen [11].

Theorem 2: If ~SNN(a,y,0,v,4), wherea > 0,v € R,A € R,y € R and ¢ > 0 then the general form for the rth
population moment about zero is given by

E(Y) = ¥I_, (lr{) wiy"™ , wi = [ 20* {sinh? [g (t— v)]}k dODAD)dt

Where, ¢ () and @ (-) are the pdf and cdf of the standard normal distribution, respectively.

Theorem 3: If Y~SNN(a,y, 0,v, 1), then—Y~SNN(a, —y, g, —v, —1).

Theorem 4: If Y~SNN(a,y,0,v,4), then any linear combination of Y still have skewed sinh-normal distribution.

Moreover if V=a+bY where a€R , then for b>0 V~SNN(a,a + by,bo,v,A) , and
V~SNN(a,a + by, |blo,—v,—4) for b < 0.
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Theorem 5: If Y~SNN(a,y,0,v, 1), then Yo = 2(Y — y)/ao converges to skew normal distribution with parameter A
whena — 0.

Note: the proof of theorems 1 and 2 are easily obtained using simple calculations on the pdf of SSN distribution, while
the proof of theorems 2, 3 and 4 can be readily seen by change of variable theorem.

3. A new approximation form for the SSN distribution

Although that the SN and SSN distributions share the flexibility of modeling skewed data they also have an important
disadvantage in common, since the SN and SSN distribution pdf contain the cdf of the standard normal distribution, and
hence they are not in a closed form. Using Hoyt [6] approximation, Ashour and Abdel-hamed [1] introduce an
approximate formula h(x, 1) for the skew normal pdf, this approximation is easier for calculations, convenient and in
closed form for any value of the rv X, and the skew parameter A = 0, they also drive the corresponding approximation
of the skew normal cdf H(x, 1), they also make a comparison between the approximated cdf H(x, A) and the exact cdf
of the skew normal distribution to ensure the accuracy of the approximation, and they show that the maximum absolute
error is not exceeding 7.0604 x 10~3 when A varies from 0 to 5, and when A varies from 5 to 10 the maximum
absolute error increase from 7.0604 x 1073 to 0.0519.

Now, we will define an approximation to the SSN distribution pdf and cdf using Ashour and Abdel-hamed [1]
approximation by establishing the relationship between the SSN distribution and the SN distribution which follow that:
if arv Z have SN distribution with parameter 4, then the rv Y defined as

Y=y +osinh™?! (@)

Follow SSN distribution with parameters «,y, g, v, and A, for simplicity, and without loss of generality, we will set
y = 0 and o = 1, hence the pdf of Y is

fry) = %cosh(y) ¢ (v + ésinh(y)) [0 (A [v + gsinh(y)]); yER
=2b",¢(v + b, )®(A[v + b, ]).

Where, ¢(-) and @(-) are the pdf and is cdf of the standard normal distribution and b, = 2 sinh(y)/a, b’y =
2 cosh(y)/a is the first derivative of b,,.
Hence, the pdf of the SSN distribution could be written in terms of the SN distribution pdf as follows:

fr@) =b'ya(v+by); yER @)
Where ¢, (+) is the pdf of the SN distribution, i.e., ¢;(z) = 2 p(2)®(12);z € R.

Now, our proposed approximation for the SSN distribution is yield by replacing the pdf of the SN distribution in (2), i.e.,
$1(v + by) by its approximation i.e., h(v + by, 1) we will denote it by h(y, 6) , where 8 = (a, v, 1), hence

h(y,0) =b',h(v+ by, 2); y€R

Therefore, the approximate pdf of the SNN distribution is given by

0;y < sinh™! <—%(vl + 3))
hy(y,0) ;sinh™t (—% (vad + 3)) <y <sinh™! (—% (vad + 1))
h(y,8) =< h,(y,0) ;sinh™! (—%(vl + 1)) <y <sinh™! (—%(vl - 1))
hs(y,8) ;sinh™! (—%(VA - 1)) <y <sinh™! <—%(v/1 - 3))

hy(y,6);y = sinh™ (_2"‘_1(1,,1 _ 3))

Where
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hl(y,Q)— e —(v+by) /2(9/1(1/_'_1) )+3/12(v+b ) +M+9)'
hy(v,6) = \/_e ~+22)°/2 (32(v + b,) - 20 GO
h3(y,0)— \/_e (V+by) /2 (9A(V+b )—312(V+by) +M+7),

And
h4(y, 6) — b/y\/%e—(v+by)2/2.

Now, the corresponding approximate formula for the SSN cdf, H(y, 8) is integrate out h(y, 8) up to y, which need a lot
of simple but rather tedious calculations, and it is given as follows

0;y < sinh™! <— %(vl + 3))
H,(y,0);sinh™! (—%(M + 3)) <y <sinh™! (—%(M + 1))
H(y,0) =< H,(y,0) ;sinh™! (— %(v/l + 1)) <y <sinh™! <— %(v/l - 1))
Hy(y,0);sinh™! (—% (vA — 1)) <y <sinh™?! (—% vA — 3))

20(v+by) —1;y = sinh™! (—%(v/l - 3))

Where

V+by

H,(y,0) = 8¢—[(3’12+9)f3/a e 2dy+/1(3+ ,12)e e
2 .9 1.9 2 _M
—2(9+222 +34(v +b,) +32(v+b,))e” = |
Hy(y,0) = [(3/12+9)f3//le 2dy+8f Ve 2dy+/1(3+ Az)e e

_1 2 2 _M
2+ 220 @ +22 (=9 + 222 + (v +b,) ) e ]
And

Hy(y,0) = \/_[(3/12+9)f3me 2dx+8f1Me 2dx+(7—3/12)fv+bye Zdy

(v+5y)
+1(3+322) e w —22(27 - 9ax + 247 + (v + b,)") e_%].

A computer program using Mathcad package has been used to present tables of the approximated cdf of the SSN
distribution, for y ranging from 0.00 to 2.00 with increment 0.01 for different values of the parameters «, v and A, while
the location and scale parameters y and o are fixed to be 0, and 2 respectively (for example see table 1). Moreover, to
study the accuracy of the proposed approximation of the SSN distribution, another computer program using Mathcad
package has been used to obtain the absolute difference between the value of approximated and exact cdf in the range
of y, and all the results is listed in table 2.
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Table 1: The Approximate Cdf of the SSN Distribution for Some Values of the Parameters o, v and 4.

X 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
@ a=05v=01=1

0.0 0.26 0.27 0.29 0.31 0.32 0.34 0.36 0.38 0.40 0.42
0.1 0.43 0.45 0.47 0.49 0.51 0.53 0.55 0.57 0.59 0.61
0.2 0.63 0.64 0.66 0.68 0.70 0.71 0.73 0.75 0.76 0.78
0.3 0.79 0.80 0.82 0.83 0.84 0.85 0.86 0.87 0.88 0.89
0.4 0.90 0.91 0.92 0.93 0.93 0.94 0.94 0.95 0.95 0.96
0.5 0.96 0.97 0.97 0.97 0.98 0.98 0.98 0.98 0.99 0.99
0.6 0.99 0.99 0.99 0.99 0.99 0.99 1.00 1.00 1.00 1.00
0.7 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
0.8 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
0.9 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
1.0 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
1.1 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
1.2 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
1.3 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
14 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
15 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
1.6 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
1.7 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
1.8 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
(b) a=15v=-1,1=1

0.0 0.03 0.03 0.03 0.03 0.03 0.03 0.03 0.03 0.04 0.04
0.1 0.04 0.04 0.04 0.04 0.05 0.05 0.05 0.05 0.05 0.05
0.2 0.06 0.06 0.06 0.06 0.06 0.07 0.07 0.07 0.07 0.08
0.3 0.08 0.08 0.09 0.09 0.09 0.09 0.10 0.10 0.10 0.11
0.4 0.11 0.11 0.12 0.12 0.12 0.13 0.13 0.14 0.14 0.15
0.5 0.15 0.15 0.16 0.16 0.17 0.17 0.18 0.18 0.19 0.19
0.6 0.20 0.20 0.21 0.22 0.22 0.23 0.23 0.24 0.25 0.25
0.7 0.26 0.27 0.27 0.28 0.29 0.30 0.30 0.31 0.32 0.33
0.8 0.33 0.34 0.35 0.36 0.37 0.38 0.38 0.39 0.40 0.41
0.9 0.42 0.43 0.44 0.45 0.46 0.47 0.48 0.48 0.49 0.50
1.0 0.51 0.52 0.53 0.54 0.55 0.56 0.57 0.58 0.59 0.60
1.1 0.61 0.62 0.63 0.64 0.65 0.66 0.67 0.68 0.69 0.70
1.2 0.71 0.72 0.73 0.74 0.75 0.76 0.77 0.78 0.79 0.80
1.3 0.80 0.81 0.82 0.83 0.84 0.84 0.85 0.86 0.87 0.87
14 0.88 0.89 0.89 0.90 0.90 0.91 0.92 0.92 0.93 0.93
15 0.94 0.94 0.94 0.95 0.95 0.95 0.96 0.96 0.96 0.97
1.6 0.97 0.97 0.97 0.98 0.98 0.98 0.98 0.98 0.99 0.99
1.7 0.99 0.99 0.99 0.99 0.99 0.99 0.99 0.99 1.00 1.00
1.8 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
) a=1v=1,1=05

0.0 0.76 0.76 0.77 0.78 0.78 0.79 0.80 0.80 0.81 0.81
0.1 0.82 0.82 0.83 0.84 0.84 0.85 0.85 0.86 0.86 0.87
0.2 0.87 0.87 0.88 0.88 0.89 0.89 0.90 0.90 0.90 0.91
0.3 0.91 0.91 0.92 0.92 0.92 0.93 0.93 0.93 0.94 0.94
0.4 0.94 0.94 0.95 0.95 0.95 0.95 0.96 0.96 0.96 0.96
0.5 0.96 0.97 0.97 0.97 0.97 0.97 0.97 0.98 0.98 0.98
0.6 0.98 0.98 0.98 0.98 0.98 0.98 0.99 0.99 0.99 0.99
0.7 0.99 0.99 0.99 0.99 0.99 0.99 0.99 0.99 0.99 0.99
0.8 0.99 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
0.9 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
1.0 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
1.1 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
1.2 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
1.3 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
14 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
15 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
1.6 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
1.7 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
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X 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09

d a=1v=11=2

0.0 0.68 0.69 0.70 0.71 0.72 0.73 0.74 0.75 0.75 0.76
0.1 0.77 0.78 0.79 0.79 0.80 0.81 0.81 0.82 0.83 0.83
0.2 0.84 0.85 0.85 0.86 0.86 0.87 0.87 0.88 0.88 0.89
0.3 0.89 0.90 0.90 0.91 0.91 0.91 0.92 0.92 0.92 0.93
0.4 0.93 0.93 0.94 0.94 0.94 0.95 0.95 0.95 0.95 0.96
0.5 0.96 0.96 0.96 0.97 0.97 0.97 0.97 0.97 0.97 0.98
0.6 0.98 0.98 0.98 0.98 0.98 0.98 0.98 0.99 0.99 0.99

0.7 0.99 0.99 0.99 0.99 0.99 0.99 0.99 0.99 0.99 0.99

0.8 0.99 0.99 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

0.9 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

1.0 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

1.1 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

1.2 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

1.3 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

14 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

15 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

1.6 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

1.7 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

1.8 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
Table 2: The Maximum Absolute Error of the Proposed Approximation for Some Values of 2.

Value of A Maximum Absolute Error

0.1 1.871x10°

0.2 3.524 x 10

0.4 5.684 x 10

0.8 6.376 x 102

1 5.879 x 102

2 3.267 x 10

5 1.206 x 107

10 0.044

When we study the maximum absolute error for different values of the SSN parameters a,v and A, we find that the
shape parameters a and v, does not potentially affect the accuracy of the approximation ,so0 we fix their values. We
conclude that the maximum absolute error increase with 1, when 0 < A < 0.8 to reach 6.376 x 1073 at A = 0.8, and
then decreases as A decrease to reach its lowest value at A = 6, and then increase again, but in general the maximum
absolute error does not exceeding 0.044, when 6 < A < 10.

4. Random number generator for the SSN distribution

As we mentioned in section (2) a rv Y follows SSN distribution with shape parameters « > 0,v € Rand 1 € R,
location parameter y € R, and scale parameter o > 0, is defined by

Y=y +osinh™?! (_a[ZZ—v]) ©)]

Where Z~SN (). This relationship could be used to generate random numbers from Y~SNN(a,y, g,v, 1), since if we
have an appropriate random number generator for Z~SN (1), for desired values of a,y, g, and v, therefore (3) defines a
random number generator for the SSN distribution. several representation of the SN random variates in terms of normal
distribution, truncated normal each of which could be used to generate SN random numbers, but we shall use the
representation introduced by Henze [5], which state that if U; and U, are independent uniformly (0,1) distributed
random variables then

. 2
§/—2InU; sin(nlU,) +V1—6%,/-21nU; cos(nU,) ~SN(X), Where § = T

Therefore, the above representation of the SN distribution will be used, since it depends on random numbers from the
uniform distribution, which is too easy to be generated using computer programs. Thus the algorithm steps to generate
random numbers form SSN distribution will be as follows:
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1)  Generated random numbers u, and u, from two independent uniformly (0, 1) distributed random variable.
2) Set value for A, then z=§,/—2Inu, sin(mu,) +V1—8%,/-2Inu, cos(ru,) is a random number

form Z~SN(}) , where § = A/vV1 + A2
3)  Setvalues for a,y,0, and v, hence Y = y + o sinh™1(a[Z — v]/2) is a random number from Y~SNN(a, y, o, v, ).

Obviously, the above algorithm is quite simple and easy to be performed using a computer program; however, a
goodness of fit test is needed in order to assess its effectiveness, which will be discussed in section (6).

5. Maximum likelihood estimation for the unknown parameters of the SSN
distribution

Next, we will discuss ML estimation of the parameters a,y,o,v and A of the SSN distribution. Suppose that

Y1,Y,, ..., Y, are a random sample of size n from the SSN distribution with a, v and A shape parameters and y location
parameters, o is a scale parameter, then the pdf of each Y; is given by

100 = &eosh(52) (o i (252))0 3 -+ 2o ()

g

To simplify the calculations on the pdf we will take by, = 2 sinh([y; —y]/o)/a, and then the first derivative of b,,
isb'y, = 2cosh([y; —y]/o)/a o, hence

fr,) =2b",. (v + by )P(A[v+by]); yER,i=12,..,n

Then the likelihood function is given by

L(a,y,0,v,2) = [Ty fr,(v) = [I}=1 2b"y, ¢ (v + by, )@(A[v + by, ])

And, the log likelihood function will be

nL(a,y,0,v,2) x T {lnp(v + by,) + In@(A[v + b, |) + In b, } 4

Differentiating (4) with respect to the parameters a, y, g, v and A, and then equating each derivative with zero will gives
the likelihood equations as follow

w (Lo s Y RO 1)
i=1 &(V‘Fbyl)by: ae[d(v+by,)] 7t @ =0

i=1 )

n s Y _24’[2(?"'5;1)] T 1 b/:;l} —
1 {(V+ by, )7y, o[A(v+by,)] Y Zb,, =0,

{0+ 55) (252) 7, - 2 (22) SETmll L ety et

o

n (s ¢[2(¥+b,)] e
=14 m -+ byl)} =0,

n (SAE+by )] o ] _
i:l{m(‘/ + byl)} = 0.

Where by, = 2 sinh([y; — 71/8)/@ ,and b",, = 2 cosh([y; — 71/6)/& 6.

The ML estimators for a,y, o, v and 4, are obtained by solving the likelihood equations which constitute a nonlinear
system of equations, unfortunately there is no explicit solution, so that a computer program should be used to carry out
a numerical procedure to solve this system of equations. In the next section, we will present the results of the ML
estimator of the SSN distribution for specific values of the parameters «,y,o,v and 1, based on random samples
generated by the proposed random number generator.
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6. Numerical illustration

In this section, we present the results of Pearson’s Chi-square test for the proposed random number generator, and the

results of the ML estimator of the skewed sinh-normal distribution for specific values of the parameters a,y, g, v and A.

First, in order to study the effectiveness of the proposed random number generator, we will generate 100 sample of size

50 from the skewed sinh-normal distribution with parameters a,y, o, v and A using the proposed random number

generator, and then a pearson’s chi-square test is performed for each sample, to examine how well those samples fit into

the model at specific significance levels. In table 3, we list the y? calculated in a pearson’s chi-square test for 100

random samples of size 50 generated using our random number generator for « = 1.5,y = 2,0 =2, v =15and 1 =1,

along with the x? tabulated at significance levels 0.01, 0.05, and 0.1. Table 3, show that at significance levels 0.01, 0.05,

and 0.1 there are only 3, 6, and 10 random samples rejected out from the whole 100 random sample, respectively, which

give us a good impression about the effectiveness of the proposed random number generator.

Second, we will generate 50 sample of sizes 20, 30, and 50 from the skewed sinh-normal distribution for different

values of the parameters a,y, g, v and 4, using the proposed random number generator, and then the ML estimates for

each sample will be obtained, along with the mean, standard deviation, mean square error, skewness, kurtosis, and

distribution type of those estimates for the different sample sizes (for example, example see table 4). The steps of this

procedure will be as the following:

1)  Set the values of the parameters a, y, o, v and 4.

2)  Generate 50 samples of sizes 20, 30, and 50 from SSN(«, v, 6, v, ).

3)  Obtain the ML estimates for a,y, o, v and A, for different sample sizes.

4)  Obtain the mean, standard deviation, mean square error, skewness, kurtosis, and distribution type for the ML
estimates for different sample size.

5)  Repeat 1:4 for different values of o, y, o, v and A.

Table 3: Pearson’s Chi Square Test for 100 Samples of Size 50 Generated from the SSN Distribution for @« = 1.5,y = 2,0 =2,v=1,and 1 = 1.

Sample No. x? calculated Sample No. x? calculated Sample No. x? calculated
1 0.506 35 9.842 *** 69 2.342
2 2.676 36 0.27 70 3.119
3 1.937 37 0.812 71 1.572
4 3.871 38 1.122 72 1.257
5 1.122 39 2.688 73 0.478
6 0.364 40 1.426 74 3.057
7 3.119 41 0.4 75 1.521
8 0.736 42 0.27 76 0.376
9 0.074 43 1.092 77 0.24
10 0.509 44 0.647 78 1.937
11 2.192 45 5.455 * 79 4.279
12 0.655 46 4953 * 80 1.257
13 4.414 47 1.2 81 1.326
14 0.309 48 0.074 82 1.521
15 3.129 49 1.211 83 0.488
16 1.28 50 0.074 84 2.003
17 1.679 51 1.412 85 1.551
18 1.352 52 0.488 86 0.209
19 5.41* 53 1.063 87 9.437 ***
20 2.558 54 0.71 88 0.569
21 0.108 55 1.332 89 0.48
22 4.388 56 0.036 90 2.788
23 8.021 ** 57 6.984 ** 91 3.083
24 5.003 * 58 3.459 92 2.593
25 3.638 59 4.174 93 0.24
26 2.106 60 2.333 94 0.634
27 0.783 61 2.593 95 4.478
28 0.392 62 0.993 96 10.433 **=*
29 1.24 63 1.136 97 0.233
30 1.426 64 0.27 98 1.426
31 1.178 65 2.738 99 0.713
32 0.316 66 0.337 100 1.042
33 6.226 ** 67 3.88

34 0.448 68 0.584

* Rejected at significance level 0.1, ** Rejected at significance levels 0.05, *** Rejected at significance level 0.01.
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In table 4, we list the mean, standard deviation, mean square error, skewness, kurtosis, and distribution type for the ML
estimates of the parameters a,y, o, v and A, for 50 random samples of sizes 20,30 and 50 generated by the proposed
random number generator for different values of the parameters. Table 4 shows that in general the standard deviation
and the mean square error for the estimates of the parameters a,y, g, v and 1 Decrease as the sample size increase,
nevertheless, the standard deviation and the mean square error for the estimate of the scale parameter o is often larger
when it compared with the standard deviation and the mean square error for the estimates of the parameters «,y, v and 1.
The distribution type for the parameters «,y, o, v and A is vary between Type I, Type 1V, and Type VI, while the Type I
is the most common.

Table 4: The Mean, Standard Deviation, Mean Square Error, Skewness, Kurtosis, and Distribution Type for the Maximum Likelihood
Estimates of the SSN Distribution.

a=1 y =2 og=2 v=15 A1=1
Sample size
a 14 7 v A
Mean 1.762 2.023 2.02 1.317 1.183
Std 1.153 1.262 1.84 1.216 0.816
MSE 1.884 1.561 3.318 1.482 0.686
20 Skewness 2.14 2.349 231 2.157 0.603
Kurtosis 11.606 8.422 7.691 8.333 3.213
K 2.1519 -1.8393 -1.5597 -2.3427 -0.4485
Dist. Type Type VI Type | Type | Type | Type |
Mean 1.635 1.972 1.96 1.395 1.112
Std 0.867 0.663 1.556 0.773 0.645
MSE 1.14 0.432 2.376 0.597 0.42
30 Skewness 0.723 1.035 2.686 0.846 -0.043
Kurtosis 4772 3.918 11.091 3.519 2.376
K 0.2277 -0.7463 -2.8868 -0.5745 -0.0011
Dist. Type Type IV Type | Type | Type | Type |
Mean 1.496 1.918 1.647 1.359 1.001
Std 0.609 0.615 0.637 0.683 0.569
MSE 0.609 0.378 0.523 0.478 0.317
50 Skewness 0.568 1.453 1.329 1.309 0.586
Kurtosis 2.651 4.826 5.126 4.885 5.106
K -0.1605 -0.9297 -1.8311 -1.3484 0.0912
Dist. Type Type | Type | Type | Type | Type IV
a= y=0 o= v=20.5 A=
a 4 7 v 1
Mean 1.436 0.354 3.019 0.662 0.849
Std 1.133 0.822 2.519 0.869 0.955
20 MSE 1.448 0.787 7.259 0.765 0.9
Skewness 0.585 1.402 0.959 1.439 0.485
Kurtosis 2.205 5.987 2.671 5.302 2.222
K -0.1137 28.0263 -0.273 -1.4817 -0.0866
Dist. Type Type | Type VI Type | Type | Type |
Mean 1.273 -0.088 2.789 0.661 0.915
Std 0.963 0.862 1.985 0.797 0.808
30 MSE 0.984 0.736 4.485 0.679 0.663
Skewness 1.119 -2.814 0.953 -1.556 0.7
Kurtosis 4.4 13.351 2.614 9.105 2.453
K -1.2935 -5.8512 -0.2648 0.6145 -0.1705
Dist. Type Type | Type | Type | Type IV Type |
Mean 1.158 0.005 2.106 0.421 0.924
Std 0.519 0.565 0.955 0.645 0.748
MSE 0.289 0.313 0.905 0.414 0.554
50 Skewness 0.319 0.16 1.082 0.983 0.705
Kurtosis 2.293 6.382 3.447 5.115 3.466
K -0.0467 0.0033 -0.4522 0.6814 -0.7503
Dist. Type Type | Type IV Type | Type IV Type |
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