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Abstract 
 

This article introduces a two-parameter probability model which represents another generalization of the Inverse 

Exponential distribution by using the quadratic rank transmuted map. The proposed model is named Transmuted 

Inverse Exponential (TIE) distribution and its statistical properties are systematically studied. We provide explicit 

expressions for its moments, moment generating function, quantile function, reliability function and hazard function. 

We estimate the parameters of the TIE distribution using the method of maximum likelihood estimation (MLE). The 

hazard function of the model has an inverted bathtub shape and we propose the usefulness of the TIE distribution in 

modeling breast cancer and bladder cancer data sets. 
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1. Introduction 

The one parameter Exponential distribution describes the time between events in a Poisson process. Its discrete 

analogue is the Geometric distribution. Apart from its usage in Poisson processes, it has been used extensively in the 

literature for life testing. The Exponential distribution is memoryless and has a constant failure rate; this latter property 

makes the distribution unsuitable for real life problems with bathtub failure rates (See Singh et al [17] for details) and 

inverted bathtub failure rates, hence the need to generalize the Exponential distribution in order to increase its flexibility 

and capability to model some other real life problems. For details about the Exponential distribution, we refer readers to 

[12-15]. 

The one parameter Inverse Exponential distribution otherwise known as the Inverted Exponential distribution was 

introduced by Keller and Kamath [7]. It has an inverted bathtub failure rate and it is an important competitive model for 

the Exponential distribution. It has been identified and discussed by Lin et al [9] as a lifetime model. If X is a non-

negative Exponential random variable, then the distribution of a random variable 
1

Y
X

  follows an Inverse 

Exponential distribution. Hence, if X denotes a random variable, the cumulative density function (cdf) and the 

probability density function (pdf) of the Inverse Exponential distribution with a scale parameter   are respectively 

given by; 

( ) expF x
x


 

 
 
 

                                                                                                                                                                (1) 

( ) exp
2

f x
xx

 
 

 
 
 

                                                                                                                                                           (2) 

Where 0x  , the scale parameter 0   

A generalization of the Inverse Exponential distribution called the Kumaraswamy-Inverse Exponential distribution has 

been defined and studied by Oguntunde et al [12]. 

Shaw and Buckley [16] studied the quadratic rank transmutation map (QRTM) and in recent times, several authors have 

used the understanding to generalize several known theoretical models. For instance, Aryal and Tsokos [2] generalized 
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the Weibull distribution using the QRTM and named the resulting distribution the Transmuted Weibull distribution. In 

the same manner, the Transmuted Rayleigh distribution by Merovci [10], Transmuted Exponentiated Modified Weibull 

Distribution by Ashour and Eltehiwy [3], Transmuted Modified Weibull distribution by Khan et al [8], Transmuted 

Lomax distribution by Ashour and Eltehiwy [4], Transmuted Exponentiated Gamma distribution by Hussian [6], 

Transmuted Inverse Rayleigh distribution by Ahmad et al [1], Transmuted Pareto distribution by Merovci and Puka [11], 

Transmuted Inverse Weibull distribution by [5], [8] are noticeable examples in the literature. 

This article seeks to develop another generalization of the Inverse Exponential distribution by using the QRTM 

proposed by Shaw and Buckley [16]. The statistical properties of the resulting model shall also be systematically 

studied. The rest of this article is organized as follows; Section 2 introduces the proposed Transmuted Inverse 

Exponential distribution including a study of some of its basic statistical properties, Section 3 gives the estimation of the 

model parameters using the method of maximum likelihood estimation (MLE), followed by a concluding remark. 

2. The Transmuted Inverse Exponential Distribution 

Starting from an arbitrary parent cumulative density function 1( )F x , a random variable X is said to have a transmuted 

distribution if its cdf is given by; 
2

( ) (1 ) ( ) ( )2 1 1F x F x F x                                                                                                                                                (3) 

Differentiating Equation (3) with respect to x  gives; 

( ) ( ) 1 2 ( )2 1 1f x f x F x                                                                                                                                                 (4) 

Where | | 1  , 1( )f x  and 2 ( )f x  are the associated pdf of 1( )F x  and 2 ( )F x  respectively. 

It is good to note that if 0  ; Equation (3) and (4) reduces to the parent distribution. 

Hence, a random variable X is said to have a Transmuted Inverse Exponential distribution with parameters   and   if 

the cumulative density function is given by; 

( ) exp 1 expF x
x x

 
     

      
     

      
                                                                                                                            (5) 

The corresponding pdf is given by; 

( ) exp 1 2 exp
2

f x
x xx

  
     

    
    
    

                                                                                                                         (6) 

For 0, 0x    and | | 1  . 

where   is the scale parameter 

  is the transmuted parameter 

For notational purposes, we write; ( , )X TIE  :  

By choosing various values for parameters   and  , we provide a possible shape for the pdf of the TIE distribution as 

shown in Figure 1 below; 

 

 
Fig. 1: Plot for the TIE pdf at Various Parameter Values 

 

Relationship with other distributions 

Some well-known theoretical distributions can be derived from the proposed TIE distribution. For instance; 

1) For 0  , Equation (6) reduces to give the one-parameter Inverse Exponential distribution. 

2) If a random variable Y is such that 
1

Y
X

 and 0   in Equation (6) then we have the Exponential distribution. 

The plot for the TIE cdf at various parameters values of   and   is shown below in Figure 2 as; 
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Fig. 2: Plot for the TIE cdf at Various Parameter Values 

 

2.1. Some Properties of the TIE distribution 
 

This section provides some of the statistical properties of the TIE distribution. 

 

2.1.1. Moments 

 

The r-th moment of a random variable X, r  is given by; 

r
E Xr   
 

 

Therefore, the r-th moment for the TIE distribution is given by; 

exp 1 2 exp
20

r
x dxr

x xx

  
  


    

    
    
    

 

 1 exp 2 exp 2
2 20 0

r r
x dx x dxr

x xx x

   
  

 
     

    
    
    

 

After some calculations, 

   1 1 2
r r

rr        
 

                                                                                                                                           (7) 

We observe that Equation (7) only exists when 1r  . The implication is that the first moment, second moment and other 

higher-order moments does not exist. 

 

2.1.2. Moment generating function 

 

The moment generating function (mgf) of a random variable X is given by; 

   tX
M t E eX   

Following Khan et al [8], we derive the mgf of the TIE distribution as follows; 

   1 exp 2 exp 2
2 20 0

M t tx dx tx dxX
x xx x

   
 

 
     

    
    
    

                                                                                   (8) 

By Taylor’s series expansion, Equation (8) gives; 

    2 2
1 exp 2 exp 2

! ! 20 00 0

k k
t tk k

M t x dx x dxX
k x kk k

 
   
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 

    
    
    

 

Hence, the mgf of the TIE distribution is given by; 

   
 

 
 

 
2

1 1 1
! !0 0

k k k
t t

M t k kX
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 
 

 
       

 
                                                                                          (9) 

 

2.1.3. The Quantile function and median 

 

The Quantile    of the Transmuted Inverse Exponential distribution is the real solution of the equation; 
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                                                                                                                   (10) 

Hence, the median of the distribution is derived by substituting 0.5q   in Equation (10). That is, 

   
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                                                                                                                                 (11) 

 

2.1.4. Reliability Analysis 

 

In this sub-section, we present the reliability function and the hazard function for the proposed TIE distribution. 

The reliability function is otherwise known as the survival or survivor function. It is the probability that a system will 

survive beyond a specified time and it is obtained mathematically as the complement of the cumulative density function 

(cdf). 

 The survivor function is given by; 

        1

x

S x P F xX x f u du



     

Hence, we present the reliability function of the TIE distribution as; 

  1 exp 1 expTIES x
x x

 
      

      
     

      
                                                                                                                 (12) 

Where 0, 0, 0x      

The plot for the survival function of the TIE distribution at 5   and 0.5    is shown in Figure 3; 

 

 
Fig. 3: Plot for the Survival Function of the TIE Distribution 

The probability that a system having age ' 'x  units of time will survive up to ' 'x t  units of time for  

0, 0, 0x      and 0t   is given by; 
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                                                                                                  (13) 

The hazard function is otherwise known as the hazard rate, failure rate, or force of mortality. It is obtained 

mathematically as the ratio of the probability density function  f x  to the survival function  S x . It is given by; 
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We thus present the hazard rate for the proposed TIE distribution as; 

 

exp 1 2 exp
2

1 exp 1 exp

x xx
h xTIE

x x
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                                                                                                               (14) 

 

The plot for the hazard rate at various values of parameters   and    is shown in Figure 4; 

 

 
Fig. 4: Plot for the Hazard Function of the TIE Distribution 

We can infer from Figure 4 that the shape of the hazard rate is unimodal; it increases at the initial stage and later 

decreases. We can also say that the hazard rate shows an inverted bathtub shape. 

3. Estimation of Parameters and Inference 

We estimate the parameters of the TIE distribution using the method of maximum likelihood estimation (MLE) as 

follows; 

Let , ,...,1 2X X X n  be a random sample of ‘n’ independently and identically distributed random variables each having a 

TIE distribution defined in Equation (6), the likelihood function L is given by; 

| , exp 1 2 exp
21

n
L X

x xi x

  
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Differentiating   with respect to   and   respectively gives; 

1
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Solving the nonlinear system of equations of  0
dl

d
  and 0

dl

d 
  gives the maximum likelihood estimates of   and 

  respectively. 

Following Aryal and Tsokos [2], we obtain the 2 x 2 observed information matrix through; 
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Where; 
2 2

2
1

2 2

2

l l

V E
l l

 

  



  
 

   
  
 
   

                                                                                                                                               (15) 

The solution of the inverse matrix of the observed information matrix in Equation (15) gives the asymptotic variance 

and co-variance of the maximum likelihood estimators 


 and 


. The approximate  100 1 %  asymptotic 

confidence intervals (C.I) for   and   are given by; 

11

2

Z V
 

  ; 22

2

Z V
 

  

It is good to note that 

2

Z   is the th   percentiles of the standard normal distribution. 

4. Conclusion 

We defined a two-parameter Transmuted Inverse Exponential distribution as a generalization of the one-parameter 

Inverse Exponential distribution. The model is positively skewed and its shape is unimodal, it also has an inverted 

bathtub failure rate. An explicit expression was provided for the r-th moment and the moment generating function. The 

moment for the distribution only exists for 1r  . The behavior of the hazard function indicates that the model is a 

competitive model for other probability models having inverted bathtub failure rates like the one parameter Inverse 

Exponential distribution and can serve as an alternative. Further research would involve assessing the flexibility of this 

model to that of the Kumaraswamy and Beta-counterpart distributions using real data sets. This new model can be used 

for modeling cases where the risk is low at the initial stage, increases with time and later decreases; for instance, cases 

of breast cancer and bladder cancer (among others). 
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