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Abstract

In this paper, the estimation for the bivariate generalized exponential (BVGE) distribution under type-1 censored with
constant stress accelerated life testing (CSALT) are discussed. The scale parameter of the lifetime distribution at
constant stress levels is assumed to be an inverse power law function of the stress level. The unknown parameters are
estimated by the maximum likelihood approach and their approximate variance-covariance matrix is obtained. Then, the
numerical studies are introduced to illustrate the approach study using samples which have been generated from the
bivariate generalized exponential distribution.
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1. Introduction

In many situations such as the case of the development of a new component or a product failure data at normal
operating conditions are lacking and the reliability measure become difficult, if not impossible, to estimate. Indeed,
there are cases where the reliability of component is high and failure data of the component when operating at normal
conditions (design conditions) may not be attainable during its expected life. In such cases, accelerated life testing
(ALT) induces failures, and the failure data at accelerated conditions are used to estimate the reliability at normal
operating conditions. Accelerated life testing is usually conducted by subjecting the product (or component) to severer
conditions than those that the product will be experiencing at normal conditions or by using the product more
intensively than in normal use without changing the normal operating conditions. It is referred to these approaches as
accelerated stress and accelerated failure time, respectively. (See Elsayed [7]).

The most common stress loading is constant stress. In constant stress accelerated life test, the stress is kept at a constant
level of stress throughout the life of the test; that is, each unit is run at a constant high stress level until the occurrence of
failure or the observation is censored. Practically, most devices such as lamps, semiconductors, and microelectronics are
run at a constant stress, see Nelson [16]. Many authors have studied statistical inference of CSALT; for example,
Lawless [13], AbdelGhaly et al. [1] and Attia et al. [5].

Many times the lifetime data of interest is bivariate in nature. Any Study on twins or on failure data recoded twice on
the same system naturally lead to bivariate data. Paired data could also consist of blindness in the left / right eye,
failure time of the left /right Kidney or age at death of parent /child in a genetic study. Kundu and Gupta [10] defined a
bivariate generalized exponential distribution and provided that it's marginal distributions are generalized exponential
(GE) distributions. The joint cumulative distribution function, the joint probability density function and the joint
survival distribution function are in closed forms, which make it convenient to use in practice. They used the method of
maximum likelihood to estimate the parameters of the BVGE distribution from complete samples. Many authors
presented bivariate distribution, Houggard et al. [9] studied data on life length of Danish twins and Lin et al. [14]
considered data of colon cancer and the time from treatment to death. Marshal and Olkin [15] considered a bivariate
exponential distribution for the life length of two dependence components. Kundu and Gupta [10] analyzed one data set


http://creativecommons.org/licenses/by/3.0/

78 International Journal of Advanced Statistics and Probability

and observed that the proposed BVGE distribution provided a much better fit than the Marshal and Olkin bivariate
exponential model.

Many authors have studied the properties of the BVGE distribution, for example, Ashour et al. [3] provided the joint
and marginal moments of the BVGE distribution, also the joint and marginal moment generating function for the BVGE
distribution. Kundu and Gupta [11] introduced an absolute continuous bivariate generalized exponential distribution by
using a simple transformation from a well-known bivariate exchangeable distribution. Ashour et al. [4] estimated the
unknown parameters of the BVGE distribution from censored type-lI samples with random censor time using the
method of maximum likelihood. Shoaee and Khorram [17] introduced absolutely continuous baivariate generalized
exponential distribution. Attia et al. [6] presented the maximum likelihood estimators for the unknown parameters of
bivariate generalized linear failure rate distribution and their approximate variance-covariance matrix.

This paper is organized as follows: The underling BVGE distribution and the assumptions for CSALT for this model
are described in Section 2. Section 3 introduces the maximum likelihood estimators (MLESs) of the model parameters,
Fisher information matrix and variance-covariance matrix under type-l censoring. The simulation study needed for
illustrating the theoretical results are presented in Section 4. Section 5 contains some concluding remarks. Finally,
Section 6 contains Acknowledgements for my great people who have assisted me on this paper.

2. The model

2.1. The bivariate generalized exponential distribution

The CDF for BVGE distribution with the shape parameters a,, a,, @3 > 0 and scale parameter A > 0 provided as
following:

Fi(x,y) if 0< x<y<oo,
F(x,y) =1 F;(x,¥) if 0< y<x<oo,
F3(x) if 0<x=y<oo,

Where
Fi(x,y) = Fep(x; a; + az, DFep(y; az, 1)
— (1 _ e—AX)a1+a3(1 _ e—/ly)azl
Fy(x,y) = Fop(x; a1, DFee(y; ay + as, 4)
— (1 _ e—AX)al(l _ e—ly)a2+a3,
and
F3(x) = fep(x; a0 + ap + as, 1)
— (1 _ e—AX)a1+a2+a3l
where
Fop(x; @) = (1 — e )%,
The PDF for BVGE distribution with the shape parameters a,, a,, @3 > 0 and scale parameter A > 0 provided as
following:

filx,y) if 0< x<y<oo,
fO,y) =1 falx,y) f0<y<x<ow (2.1)
f3(x) if 0<x=y<oo,

where
f1(0y) = fee( oy + as, D fer(v; az, A)
— (041 + 0{3)0.’2/12(1 _ e—/lx)a1+a3—1(1 _ e—/ly)az—le—/l(xﬂ/),
£06Y) = fee(a, Dfee(ysaz + az, A)
(az + a3)a112(1 _ e—lx)al—l(l _ e—)Ly)ozz+a3—1e—/1(x+y)7

and
— a3 .
f3(x) = A fee(x;ay + ay + az, 2)
— 0(3/1(1 _ e—lx)a1+a2+a3—1_
where

for (x; @) = ale (1 — e~**)*~1 and The BVGE distribution will be denoted by BVGE (a;, a5, a3, A).
Note that: Kundu and Gupta [10] provided a special case of the PDF for BVGE distribution with 2 = 1 and denoted that
the results are true for general 2 also.

2.2. Model assumptions

The assumptions of accelerated life test are assumed to be as following:
i)  There are k levels of high stress V;,j = 1, ..., k in the experiment and V;, is the stress under usual conditions,
whereV, <V, < < V.
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i) A total of N bivariate observations divided into n; bivariate observations for each level of stress V;, j =
1,2, kand ¥f_,n; = N.

iii)  For each level of stress the n; bivariate observations divided into m;; bivariate observations where l = 1,2, ..., 6,
j=12,.,kand¥f_, X5, my; = N.

iv)  Each n; bivariate unit, j = 1,2, ..., k in the experiment is run at a pre-specified constant stress V; .

v) Itis assumed that the stress V;, j = 1,2, ..., k affects only the scale parameter A; of the bivariate generalized
exponential distribution through a certain acceleration function.

vi) By using the PDF (2.1) for general scale parameter A;,j =1,2,..,k then the (X;;,Y;;) observations, i =
1,2,..,n;and j =1,2,..,k atstress levels V; are the BVGE distribution function has the joint PDF:

fl(xij'Yij) if 0<ux;<y; <o,
f(xijyij) =1 f2 (x5, 1)) if 0<y;j <xy<oo, (2.2)
fs(xij) if 0<x;=y;<oo,

where
fl(xij'yij) = fGE(xiji a, + a3:/1j)fGE(Yij; “2,/1;')

= (a, + az)a X (1 - e—%m)“”“rl@ - e—ﬂjyij)“z_le—M(Xiﬁyu'),
fz(xij'Yij) = faE(xiji alﬂ/lj)fGE(yij;az + a3:/1j)

= (a + ag)ay A} (1 — e 250) 7 (1 — e A ) T g At
and

as
f3(xij) = m fGE(xij; a +ap + aSIAj)

— 053/1]' (1 _ e—ljxij)a1+a2+a3—1'

vii) The scale parameter A;,j = 1,2, ..., k of the underlying life time distribution (2.2) is assumed to have an inverse
power law function on stress levels, that is:

— P
;= CSF,
where

_V* . _ k b _n
S]_V_v V _szlléjy b]_F]!

]
And C > 0 is the constant of proportionality and P > 0 is the power of the applied stress, See, Singpurwalla [20],

Abdel-Ghaly et al. [1] and Attia et al. [5].

3. Maximum likelihood estimation of the parameters

Suppose that the N bivariate observations under study and i-th pair of the components with life-time (x,-,-.yij) have a
censoring time ¢; and the experiment is terminated at a pre-specified censoring timet;, j = 1,2, ..., k.
The life times associated with i-th pair of the components is given by

((xij'yij) 'max(xij')’ij) <t
(xij,t5) Xij < 4 <Vij,

x..’y.. =
( 7] l]) (t;yU) :}’ij < t] < xij’
k(tj, tj) ,t < min(x;, yi;) -

According to Hanagal [8], the likelihood function under type-1 censoring with CSALT of the sample size N bivariate
observations is given by:
mlj mzj M3j

L(ay, az, a3,C, P) = TTj=o{ [T1,25 fa, (i vy ) Ga ()] [TT2Y fa, (s vy ) Ga ()] [T,y Sy (i 31)Ga(8)]
myi mei —_
iz fay (i ) 9a(GITLL fas (65, 717)9a(8)1me Fa(ty, £)ga ()1} 3.1
where: f,(x;;,v:;) and g4 (¢;) are the joint PDF with accelerated life testing of (X;;,Y;;) and T; respectively, F,(t;, t;)
and Gy (t;) are survivor function with life testing of (7}, T;) and T; respectively,
ga(t) = CSPe™S5 >0, CP>0.
Ga(t;) = P[T; > max(xy, yy)]
= exp[—CSF max(x;j, vi;)],
fAl(xij'yij) = fGE(xiji a; +as, C, P)fGE(Yijiaz:C: P)
p a;+az—1
= (@ + @3)a,C2S7 (1 — e CS) Xij) (

fAz(xij'yij) = fGE(xiji ay, C, P)fGE(Yiji a, +as,C, P)

j

P az-1 P
—cstyy; —csP (g j+yi
1—e j YL]> e )( ij 3’11)’
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C252P —csPx; ) —csPy 2T P ity
fAz(xij,)’ij)=(“2+“3)“1 S; (1—9 ”) (1—6 ] ”) e IHUTIU

fAs(xi]') = fGE(xl]' a; +a, +as,C, P)

a1+a2+a3
asCSP (1 - e~ CSI Myt tartas-1,
P(xij<Xij<xij+6xij|Yij>tj)P(Yij>tj)

fa,(xijptj) = limsy o 5xi;

P P ai+az-1 P a
CSF (ay + az)e 5% (1 —eCSi "if) [1 - (1 —eCSi tf) ]

where 0 < x;; <'t;,C >0and P > 0.
. P(yij<Yij<yij+8yij|Xij>t;)P(Xij>t;)
fas (8, 1) = limsy, o == 571,

P P aztaz-1 P ag
= CSF(y + az)e 71 (1— 7657 [1 —(1-e7Y) ]
where 0 < y;; <t;, C >0and P > 0.

ajtaztas

=1-(1-e5)
Assumed that C and a5 are known, the Ilkellhood function (3.1) reduced to:

Uqj+U P _ +a,+
1920{21(011"‘613)193(012 +az) -1 I1j- foi{m 65 ]( wta) €57 Usi [1 A( )ot1 " aB]

1] Y Yo el e FYCOD RN il i FYC Ai

L(x'y|a1'a2'P) =

m“ T [8Ga)™ T (1 - () ™) T 1AG) ™™ (1 - 8(5) ™). (3.2)
where B is the constant of proportionality,

Ax;)=1- eCST ¥y, foralli=1,2,..,n; and j = 1,2,...,k,
95 = XK (my; +my;), forallj =1,2,..,k and r = 1,2,
9y = XK_1(my; + ms)), forallj =1,2,..,k,

Uy =2(m1,-+mz,-+m4j+m5,-), forallj =1,2,..,k,
Uy = ms} + Mg, forallj=1,2,..,k,
Uy = [(Xl] + yl]) + maX(Xll'yll)] + ZmZJ[(XIJ + yl]) + maX(Xll’yU)] + Z [maX(Xij'Yij)]

1=1(Xi1‘ + t]-) + Zi=1(3’ij + t]-) + (m6jtj), foralli=1,2,..,n; and j=1,2,..,k

The log-likelihood function for Equation (3.2) will be as:
In[L(ay, ay, P)] = In(B) + 9, In(a,) + 9, ln(az) + 95 In(a; + az) + 9, In(a, + ag) + Zﬁ‘ P ln(S]-) (Ulj + Uzj)

—CSfUsj + (ay + a3 — D[Y (L(xu)) + Zm‘“ (L(xl-j))] +(a, — 1) Zml] (L(yij)) +(a;—1)
mz, (L(xu)) + (a; + a5 — 1) [EmZJ (L(y”)) + Z (L(YU))] +(a+ay+az;—1)

Zm” (L(xl])) +my ;W + ms;Wyj + mgWaj} (3.3)
where
L(x;j) = In(1 - A(x;))), foralli =1,2,..,n; and j = 1,2, ..., k,
W, = In[1 - (1-A¢t))7), forall j=1,2,...k and r = 1,2,
aitaztas .
and Wy = In [1 - A(t;) ] forall j =1,2,..,k
The first partial derivatives of the log-likelihood function (3.3) with respect to the unknown parameters P, a; and «, are
as following:
din(L)
"—L = XK 1{[(U1, +Uy)) In(S))] = U Us; ln(S-) +(a +as— DI @) + (2, - 1) T (l/)(yu))
+(a1 - 1)2 (lp(xl])) + (0»’2 +az — 1)[2 (lp(ylj ) + Z (ll}(yl]))] + (al ta;+as— 1)2 (l/)( l.]))
+(a1 +a’S 1)2 (lp(xl])) +m4](p2] +m5](p1] +m6]§03]} (3-4)
where
Uyj = CSP forall j=1,2,..,k,
Ugjxi
P(xy) = ”‘”"llf’"(s{,fx] i foralli=1,2,..,n; and j = 1,2,...k,
e L
Ugiti,r, \@r—1
Orj = Grlajt) ln(i’);(t )Z]r]A(t’) , forallr =1,2and j =1,2,..,k,
—ALg
and

—Uyijti -
(@r+az+az)Usjtjin(Sj)e” “ 4 iA(j)@rtaztas—1
(p3j - 1_A(tj)a1+a2+a3 4

forall j =1,2,..,k,
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ammL) o 93 m m m m mg ;A(t;)" L(t )

day za_i+a1+a 1{2 UL("U)"'Z ZJL(xU)"'Z SJL(xU)-l_Z 4]L(xu) ]1 Azt :

mGjA(tj)d1+a2+d3 L(tj)
- a tazta }’ (35)
1—A(t1-) 1taztasz

and
aln(L) _ 9 9, m maiA(t) "2 L(t;)

3 ay =a_2+a2:a3 ?:1{2 LO’L})"‘Z LO’L})"‘Z 3}L(xu)+z L(yu) ‘Ul—A](—tj)azj

B mGjA(tj)a1+a2+a3 L(t]') (3 6)
1_A(tj)a1+a2+a3 .
The solutions for the first partial derivatives equations (3.4), (3.5) and (3.6) cannot be obtained theoretically. So that, a
numerical technique such as Mathcad Package will be used to obtain the solutions numerically.
The elements of the Fisher information matrix (F) for the MLEs can be obtained as a symmetric matrix of negative
second partial derivatives and the derivatives evaluated using the MLEs P, @, and &,, The asymptotic variance-

covariance matrix (X) for the MLEs is defined as the inverse of Fisher information matrix that is,
92In(L) d%in(L) d4%in(L)

ap2? dPow,  oPoa,
F= 92I1n(L) 4%2in(L) 8%in(L)
- d@,0P aa? da 0@, |

92in(L) 9%mn@) a%in(L)

d@,0P  0@,0a, a3 J
where the second partial derivatives of the log-likelihood function (3.3) with respect to the unknown parameters
P,a, and az are as following:

T = sk (= [UyUs; In(S) ) ]+ (a; +az - 1) TY D(xl,)] + (@ = DI/ (D) + (@ — DI (x;)]
+(CZ1 + ar + a3 — 1) Z D(xlj)] + (052 + a3 — mz][D(}’u) + ZmSJ[D(yl])] + (al + az — 1)
XD (xy))] + myHy, + ms;Hyj +me;Hs b,

where
-u -u
Uygjxij l"(sj)] e MX”{(l U41xu)A(xu) Uyjxije qu}
A(xlj)

Dxy) =
2 —2U,jt; ar—1
oy = 20U (ot e+ e = D5 8(5) ] e
1-A tj

]

arl

forall r =1,2,

(ar+az+as)Uyjty[in(s))] e "4 ia(e) 1 T2

and Hy; = s T A{[eY4% = Uy tie i + (ay + ay + az — DUy t;]
el
aitazta aitazt+az-1
-[1—A(tj) T 3] —(ay + ay + a)UtA(L) 0 Y,
2m(L) _ 9, 3
2 a2 —a—%—m K1 (msjQuj + me;Qs)),
where
A(E) T L(t))?[1-2a(e) %"
Qrj = GIREC) [ar 2( ) ] forall r = 1,2,
[1-a(e)*]
and
aj+az+asz 2 ajtaztasz
() L(t))?[1-24(t)) |
Q3f - [1—A(t- a1+a2+a3]2 ’
82 In(L) 01 9,
g - —“—5 ~ e Y1 (MajQz) +me;Qs)),
921n(L) m m m m
da, 0P 1{2 Ud’(xu) +2; ZIIP(XU) +2 3]1/’(3511) +2 ‘U lp(xu) Ms;Zyj — MejZ3j},
where
—Uyit; ar—-1
Ugjtie " 4A(t)"T " in(sy)
Z,; = {1+ a LI — A ] — e A L(E)},
(1-8(t)"")
and
Ugjtje” V4itin(e partaztaz=1in(s;) a1 tazta
Zyj ==+ [I—A(tj)]a1+a2+a3]2 o1+ (atay +a) L)1 - A®L) 7] = (gt + @)
. A(t')a1+az+a3L(t.)}.
82 In(L)

M—aP: 1{2 lp(yl]) +Z l/)(yl]) +Z l/)(xu) +Z lp(yu) m4-]ZZ] m6jZBj}'
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and
921in(L) _ k
da, daq - T 4j=1 (m6j03j)'

4. Simulation study

To illustrate the theoretical results, a numerical example will be given to obtain the MLEs of unknown parameters P, a;

and a, and their approximate variance-covariance matrix using Mathcad software. The simulation procedures are

described through the following steps:

i) Consider three accelerated stress levels V;= 0.75, V,= 1.5, V3= 2.25 and assume that usual stress is V,= 0.5.

i) Assume that the experiment is terminated at a specified time ¢;, j =1,2,3, where, t;= 4, t,= 3, t3= 2.

iii)  Generating random samples under usual stress of size n,, bivariate observations from the BVGE distribution with
parameter 1 = 0.25, a; = 2, @, = 1.5 and a3 = 1 as following:

o Generate n,, bivariate observations from uniform (0, 1).

. Generate {vy1, ..., Vin, } from GE(ay, 4), similarly, {v,q, ..., v, } from GE(a,, 4) {vs1, ..., V3,, } from
GE(a3, 1) Obtain x;;= max{vy;, v3;} and y;;= max{v,;, vs; }, fori = 1, ..., n,.

Thus, generated random samples for usual stress of size n,, = 25, 50, 75, 150 from a BVGE distribution are presented

with 1 =0.25, a; = 2, @, =1.95and a5 =1, see, kundu and Gupta [12].

iv)  The Kolmgrov-Simrnov (K-S) test is used for assessing that the data set follows the BVGE distribution; see Al-
Mutrairi et al. [2].

V)  Themyj,m,;,msj,myj, ms;and mg; for the generated BVGE random numbers are calculated as following:

my =Y 4y, my =Y my =N fy  may =Y by ms =Y dy, me =X py.
where
_{1 if X;<Y;<T,
% =0 if otherwise’
, _{1 if X;<T, <Y,
Yo if otherwise'
_{1 if Y;<X;<T,
i = o if otherwise'
. _{1 if Y <T <X,
Yo if otherwise’
Ty =10 if otherwise ’
1

Pij = { 0 if  otherwise '

vi) At each stress level 25, 50, 75, 150 bivariate observations (X, Y) was generated from a BVGE distribution then
N =75, 150, 225, 450.

vii) Assume that €=0.5 and a5=1 and the initial values P = —0.25, a;= 2 and a,=1.95, using the likelihood equation
(3.2) the MLEs P, &, and @,will be obtained using iterative procedure using Mathcad Software, their approximate
variance-covariance matrix, relative bias (RAB), mean square error (MSE) and a 99.99% asymptotic confidence
intervals are displayed in Table 1.

Table 1: The Estimates, Relative Bais, MSE and Confidence Interval.

N parameter MLE MSE Confidence Intervals

P —0.410 0.427 (—0.822, 0.002)
75 a, 2.761 0.518 (0.873, 4,649)

a, 1.561 0.321 (—0.076, 3.198)

P —0.411 0.424 (—0.701, —0.121)
150 a, 2.650 0.272 (1.288, 3.912)

a; 1.470 0.186 (0.378, 2.562)

p —0.41 0.415 (—0.647, —0.173)
225 a, 2.639 0.212 (1.616, 3.662)

a, 1.463 0.145 (0.576, 2.35)

P —0.41 0.413 (—0.577, —0.243)
450 a, 2.585 0.138 (1.879, 3.291)

a, 1.414 0.115 (0.803, 2.025)
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5. Conclusion

This paper presented statistical inference for BVGE distribution under CSALT with k-stress levels. The scale parameter
was assumed to be an inverse power law function of the stress level. The MLEs are obtained for the unknown
parameter P, a;and a, for BVGE distribution under type-I censored data with CSALT. Then, the MLEs are calculated
numerically for the unknown parameters under type-I censoring and CSALT. By using MLEs it is obtained the values
for their approximate variance-covariance matrix, relative bias, mean square error and 99.99% asymptotic confidence
intervals. Finally, Mathcad technique is used to obtain the numerical results for the proposed model, then, we conclude
that the MSE for unknown parameters are decrease as the sample size increase.
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