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Abstract

This paper compares a Least-Squared Random Coefficient Autoregressive (RCA) model with a Least-Squared RCA
model based on Autocorrelated Errors (RCA-AR). We looked at only the first order models, denoted RCA(1)
and RCA(1)-AR(1). The efficiency of the Least-Squared method was checked by applying the models to Brownian
motion and Wiener process, and the efficiency followed closely the asymptotic properties of a normal distribution. In
a simulation study, we compared the performance of RCA(1) and RCA(1)-AR(1) by using the Mean Square Errors
(MSE) as a criterion. The RCA(1) exhibited good power estimation in both cases where the data is stationary and
nonstationary. On the other hand, when data oscillates around its mean, RCA(1)-AR(1) performed better. For real
world data, we applied the two models to the daily volume of the Thai gold price and found that RCA(1)-AR(1)
performed better than RCA(1).
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1 Introduction

In recent years, models of time series data have been applied to the fields of finance, business, and economy. Time
series data in the field of economy can either show a stationary or a nonstationary time series data. There are
several stationary models fitted the stationary data such as the Autoregrssive (AR) model, Moving Average (MA)
model, and Autoregressive Moving Average (ARMA) model.

For nonstationary time series data, the Autoregressive Integrated Moving Average (ARIMA) model can be used.
The RCA Random Coefficient Autoregressive (RCA) model, introduced by Nicholls and Quinn [1], is another one.
Presently, it is very popular because it uses past data to help estimate parameters.

Nicholls and Quinn [1] employed the least square method and the maximum likelihood method to estimate
parameters. Wang and Ghosh [2] used the Bayesian approach to obtain the first order estimate of an RCA model.
Thavaneswaran and Abraham [3] applied an estimating function to nonlinear time series data. The estimating
function technique is equivalent to a weighted least square estimator discussed by Hwang and Basawa [4] and
Chandra and Taniguchi [5].

Prediction based on an estimate of a time series model is difficult because of the effect of autocorrelated error.
To address this type of error, various nonlinear autoregressive models have shown up in the literature: Haggan and
Ozaki [6] modeled nonlinear vibration by using an amplitude-dependent autoregressive time series model entitled
Exponential Autoregressive (EXPAR) model; Tong [7] introduced the Threshold Autoregressive (TAR) model of
nonlinear time series; and Chan and Tong [8] developed a TAR model into the Smooth-Transition Autoregressive
(STAR) model.

This study investigated an RCA model based on autocorrelated error and proposed applying the Least Square
(LS) method to estimate its parameters as well as compared it to a model without autocorrelated error. The
efficiency of an LS estimator can be validated by applying it to Brownian motion and Wiener process. Finally,
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we compared the performance of the LS method with that of the Mean Square Error (MSE) method using both
simulated and real data.

The rest of the paper is organized as follows: Section 2 describes two RCA Models, with and without autocor-
related error; Section 3 describes the LS method for parameter estimation; Section 4 showed the efficiency of the
LS estimator. We applied our proposed method to simulated data and real data (Thai daily gold price) in Section
5 and 6. Finally, in Section 7, we discussed the results and indicated some directions for further research.

2 The RCA model with autocorrelated errors

The general class of Random Coefficient Autoregressive model of order p, Wang and Ghosh [2] written RCA(p) by

P
Ty = a—f—Zﬁtixt,i—i—at t=1,2,...,n, (1)
i=1
1/2
Qt = Hﬁ + Eﬁ Uy,
where « is the scalar of constant, 8, = (Bi1, ..., Bip) | are the sequence of iid (independent and identically dis-
tributed) random variables, p 5= (g1, - -, pgp) " and g, ’s are the iid from a distribution with mean zero and unit

variance. Empirically, we can see that the time series data are appeared the autocorrelated in error terms which is
applied by AutoRegressive (AR) process as follows:

q
5t:ij5t,j+et Jgt=1,2,...,n. (2)
j=1

The RCA model with autocorrelated errors denoted RCA (p)-AR(q) can be rewritten by

P q
Ty = a+26ti$t_i+2pj5t_j+et gA4=1,2,....n, (3)
i=1 j=1
1/2
B, =ty +Eﬁ/ Yy

where p = (p1,... ,pq) " is the ¢ x 1 vector of constant.

In this paper, we will study the first order of RCA model with autocorrelated errors denoted by RCA(1)-AR(1)
that can be written as
vy = a+ B+ peio1te t=1,2,...,n, (4)
B = ppg+opug.
where z,’s are iid random variables with mean g, and variance cr%, e¢’s are iid random variables with mean 0 and
variance o2, and f3;’s and &;’s are independent.

For the parameter estimation of RCA(1)-AR(1), it can be seen from (4) that consisted of the intercept term «,
the mean pg, variance ag of the coefficient [3;, the variance o2 of the &;, the coefficient p of AR process, and the

variance o2 of the e;, or defined as 6 = (a,ug,ag, o2,02,p)".

3 Parameter estimation for RCA(1)-AR(1)

To estimate parameter of RCA(1)-AR(1), we propose the concept of LS method to estimate parameter 6 =
(a,pp,0%,02,02,p)" by minimizing sum of residuals square in 3 steps.
The first step, we consider following RCA(1) model

Ty = a+ Bixi_1+ ey t=1,2,...,n, (5)
B = pp+opu.

The parameter of RCA(1) is (ug,aé,og) based on the LS estimation. Given the sample z1,xa,...,T,, let g =
Ty — 0 — lgTe_1, then & is to estimate by minimizing sum of square errors,

& = Ty — Q& — Upgri-q,
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n n
Z(Et)Q = Z(fﬂt —a— pgwe-1)?,
t=1 t=1
n

L ST 5 PR )

t=1 t=1
A Zn: Lt Zn: Ti—1
& = t=1 — ug t=1 . (6)
n n

The LS estimate of fiz is given by

9 & -
Yoe)? = 2 (@ —a-ppreo)zs =0,

Onp 1= =1

fg = Z?:l Tk — & Z?:l Ti—1 (7)
Z?:l x7

From (7), let us replace in (6) and the solution of & is
& = Z?:l 37371 2221 Lt — 22121 TtXlt-1 2?21 Ty—1 )
n 22:1 TP g — (Z?:l xi_1)?

Thus fig is computed by

g =" R D DL DL I )
nd vty — (i m)?

For RCA(1) model, it can be written as

ZEt:d—FﬂﬁZEt_l ,t:1,2,...,n. (10)
Hence, the estimated errors can be denoted by
ét:(Et—OAé—‘rﬂﬁfEt,l ,t:1,2,...,n. (11)

The second step, we assume that the errors of time series data have an autocorrelation function. The RCA(1)-AR(1)
model used the concept of LS method by minimizing sum of square of autocorrelated errors as

€ = xt_d_ﬂﬂxt—l_Pét—l 7t:172a"'7n,
n n
Zet = Z (xt — & — figTi—1 — P§t71>2 s
t=1 t=1
6 n n
7 D (e = =23 (mr—a— figmi+ pér1)ér1 = 0.
t=1 t=1

We get p by computing

Sop g Tl — QY Er1 — i Yo q Te—1E4-1

p= " (12)
PIHE-
For RCA(1)-AR(1) model, we can write
Ty = &+ figri—1 + PEi—1 ,t=1,2,... n. (13)

The final step, we let F; be the information set up to time ¢, and denote e = & — o + pgxi_1, then it is seen that
E(et|Fy) = 0, and E(7|F;) = 02 4+ ojx7_;. The estimation process is to the form of residuals & = x; — & — figz; 1,

and let r} = &2 — 02 — 0%:1:?71. Nicholls and Quinn [1] showed the LS estimators of o2 and O‘% by regressing £7 on

2
x}_,, which are equivalent to minimizing > ;. _, (é% -2 — ogx%_l) given by

n n

er = Z (éf — o~ J%.’B?fl)z. (14)
t=1

t=1
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Consequently, the LS estimates of o2 and 0[23 are obtained by

_ 2 2 2
= n08—|—05§ Ti_1,

8 n n
992 Zr? = 22 Et — 0' U%xffl) =0,
€ t=1 t=1
n

t=1
n o a2 2y 2
2 D16t — 0j D1 Tio1 1
o, = ’ ( 5)
n
and
a n
2 _ 2.2 2 _
90% r; = —2 E £2 — o2 aﬁxt_l) Ti_1 =0,
B t=1
n n
22 2 _ 2 2 2 4
E €T, = oOof E Ty_1+og E Ti_q,
t= t=1
n a2 2\ 2
2 t= 15t33t 1 5Zt:1xt—1 16
Zt:l iy
The 62 and 63 can be written in general form as
no a2 n 4
~2 D1 €1 D tm1 Ty Zt lxt IZt 15t33t 1 17
62 = (17)

ny 133t 1 (Et L T 1)

&% _ ”Z?:l 5t$t—1—2t 1 ?Et 195t 1 (18)

nY v — (i v 1)

Notice that for Ug, we let F} be the information set up to time ¢, and denote e; = x¢ — o+ pga—1 + per—1, then
it is seen that E(et|Ft) =0, and E(ef|Fy) = 0? + o527 + 02p*. The estimation of 7 is used by corresponding LS
method as o2, and aﬁ Let & = oy — & — figmy—1 — P, S = €7 — 02 — O’%(E%_l — 62p%, and regress é2 on p?, which
are equivalent to minimizing Y ;" (&7 — 02 — o327 | — 02p*), that

n
Sos2=Y (& -0 —oda?, —5257)°. (19)

a n n A A A
) 2 Z ? = =2 Z (et - U? - Uﬁmt 1 ngz) p2 - 07
e =1 t=1
n n

& = nol+63y af o —n6lpt

t=1 t=1
.9 Z?:l nUQ*UﬁZt 1%2 L
Gz = (20)

np?

4 Efficiency of LS estimator
4.1 RCA(1) model
The RCA(1) model is presented by
Tr=a+ pgri1 +e¢ ,t=1,2,...,n (21)
The RCA(1) at (21) can be written in terms of the matrix form following a regression model

Y =XB+e¢, (22)
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where
T 1 xo €1
Y = : , X=|: : , ﬁ:[a},and e=
: : : P 15

Tp 1 z,_1 En

Nicholls and Quinn [1] showed that under the normality of § and ¢, if the process is second order stationary,

then 6 is consistent for # and moreover, if the forth moments of 8 and ¢, then \/ﬁ(é — 0) has a limiting normal
distribution. In this case, it is shown that if the o and s consistency estimates for & and fi3, then \/n(& — a) and
vn(fig — pg) has a limiting normal distribution.

Phillips [9] showed that the sample moment of {x:} converges to random functions of Brownian motion or
Wiener process:

n 1
n=3/2 th_l N / W (r)dr
t=1 0
n 1
n=2 th{l 2 / W (r)%dr
t=1 0
n 1
nt th,l £t 2 / W(r) dW (r)
t=1 0

where W(r) denotes a standard Brownian motion. Using the above equation Phillips [9] showed that

=
S)

l=
S

n(é — a) <,
d
4

n(fig — pg)

The LS estimator, the estimator (,6) is given by B (X'X)~"1X"Y. Then

R —1
= ~ = n n n 5
- 206} D1 Tl Dy x7 g Dot Te—1T

following Dickey and Fuller [10], we use (é —B) = (X'X)"'X'e. So we have

~ n -1 n
43) - [, BT [
up — kg Doim1 Tt—1 Dy x7 Dotm1 Tt—1E¢

_ 1 Zt 1 a7, - E:L:l Tt—1 ;?:1 €t
0 Zt 1 Te—1 n 1—1 Tt—1E¢
RN AR WRE P IREST
=3 MY oy Te—16t — D ymg Tt—1D 4y Et : (23)

where 6 =n Y7 2?1 — (37, x+-1)?. Araveeporn [11] studied the limiting distribution using v/n(f — ) as

N ”Z?:l 7y 2?21 €t _”Z? 1 Tt— IZ? 1 Tt—1E¢

n(a@—a) = !
( ) nZt 1T (Zt 1 Tt— 1)
a o? fo )2drW, —n n®/?0, fo r)drno? fo (r)dW (r)
6 9

where W; = Z?:l c¢. The t statistics of o can be written as

to = 5 (24)

Saz{o;"[l o) [ gl E ] W}

1/2
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Therefore

n 2
So% = 0? { 0 2221::1 xtii 2] s (25)
nzt:1 U (Zt:1 Ti1)

we given by

1
n?s2 LA n?o? [n20§ Jo ;V(”er] . (26)
Rewriting t, as
~ n(ad—a)
and using (26) and (27), we get
b n(é — a)
T s
@ Jo W)W, — n' o, [{ W (r)dr [y W(r)dW (r) 28)
172 :
[na? fol W(T)er]
From (28), we show the limiting distribution of us as
) n2y 0 xp 16— N o 1> E
n(iig —pg) = e ey
n Zt:l Tia (Zt:l xtfl)
¢ n?no? fol W (r)dW (r) —n n*/?0. fol W (r)drW,
— .
1)
The t statistics of ;g can be written as
fip — 1s
T (29)
e Sﬂﬂ
where 12
n -1
_ 0
Spy=1202[0 1 [ n Zg—lxtl} {}
He { c [ ] Db Tl Do T 1
Therefore
82 =02 | s
1o ‘ n Zt:l 1’%71 - (Zt:l xt*1)2
we given by
3.2
d [n’c
nQSﬁﬂH{ 65] (30)
Rewriting ¢,,, as
n(tip — pg)
t, = 2 _ TP/ 31
KB [n2SELB}1/2 I ( )
and using (30) and (31), we get

tug = [n2 SZ“ﬁ J1/2

n o? fol W (r)dW (r) —n'/?0. fol W (r)drW,
[no2]/2 .

1=

By Slutsky’s Theorem, under t — z in distribution as n — oo, where z is a standard normal distribution. Therefore
the & and fig are consistent estimator as n — oo.
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4.2 RCA(1)-AR(1) model
The RCA(1)-AR(1) model can be described in following simplest form

Ty =+ pgti—1 +pe—1 e ,t=1,2,...,n. (33)
The RCA(1)-AR(1) from (33) can be written in terms of the matrix form as a regression model
Y = Xg+e, (34)
where
Y=| |, X=| : ,5={”],e: E
T Zn—1 n—1 €n

and & + figrs—1 = 2p—1. The limiting normal distribution is focused on the o and pg, hence the Brownian motion
is showed by

. d
The LS estimator, the estimator (p) is given by é — (X'X)"'X"Y. Then
7]
n ~ —1 n
[ Dbt 21 Do Eio121 } [ Yo Tz }

S €1z D €i doie1 Tié—1

5

>

following Dickey and Fuller [10], we use (é B) = (X’X)~'X’e. Therefore we get

N n 2 no oA -1 n
[ v—=v ] _ { D1 %1 D1 Et—12t-1 } [ D1 €121 ]

p—p PO R DAY Do €tbio1
_ 1 Zt 15t 1 —2?21 Ei—121—1 } { Z?:l €tZt—1 }
vl =i 121 P doimyetéi1 |’

where v = Y"1 27 > r &2 — (Y0 éi—12:-1)% We show that

R Zn: 227 Zn: etéi—1 —Czn: Ct2t—1
n(p—p)z t=1~t—1 tl’y t=1

fo f Wi(r)dWi(r) — Cn o2 fo Wa(r)dWa(r)
Y

l=

where C' is constant. The t statistics of p can be written as

p—p
t, = , 36
F Sﬁ ( )
where
> T SN’
S, = 2 0 1 t= 1Zt 1 t Et— lzt 1 :| |: :| )
’ {JE[ ] |:Zt 1 €t—12t-1 Zt 1515 1 1
Therefore
Sp? =o? {t—}y—] 7 (37)

we present that

2 2 l”Q ol 0 Wz(r)Qd(T)l . (38)
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Rewriting t, as

n(p—p)
P W’ (39)
and using (38) and (39), we have
n(p—p)
ty BRI (40)
p

4 n’o? [y Wa(r)2d(r) [} Wi(r)dWi(r) = C [i Walr)dWa(r)
[n8 02 [y Wa(r)2d(r)]"/>

so p is consistent estimator as o and pg.

)

5 Simulation study

The simulation study is to compare the performance of RCA(1) model and RCA(1)-AR(1) model. We generated
data from RCA(1) that fixed o = 1 and 02 = 1 and used different values from (ug, 0%) with parameter values as
the following set;

Case 1: ug=0.8 and U% =1

Case 2 : ,ugzlandogzo
Case 3 : ug = —0.995 and 0[23 =0.1
Case 4 : pg = —0.1 and 0’% = 0.995.

The Figures 1 and 2 show 100 and 500 sample sizes generated from each of the above cases. Notice Case 1 looks
the stationary process, whereas in Case 2 presents nonstationary process, and Case 3 and 4 tends to oscillate around
its mean.

Table 1: Average and Standard Deviation of Mean Square Errors with RCA(1) and RCA(1)-AR(1) model (sample
size n = 100, 500 and 500 replications)

n=100 n=500

Case | RCA(1) | RCA(1)-AR(1) | RCA(1) | RCA(1)-AR(1)

Case 1 | 0.985 3.185 0.996 3.230
(0.139) (0.489) (0.060) 0.222)

Case 2 | 0.970 3.983 0.995 3.230
(0.136) (0.542) (0.063) (0.222)

Case 3 | 61.302 0.258 3091.059 8.582
(714.202) (3.053) (62224.38) 170.104)

Case 4 | 21.720 14.986 21.275 19.759
(91.771) (42.217) (42.202) (57.966)

Table 1 provides the average and standard deviation of Mean Square Error (MSE). We also computed the Mean
Square Error (MSE) defined as follows:

MSE
n

Z?:l(xt — &)°

where x; denotes the real values and Z; denotes the estimated values.

It appears from Table 1 that RCA(1) model is well estimated in Case 1 and 2 for all sample sizes. However the
RCA(1)-AR(1) model performs reasonably well in Case 3 and 4 for all sample sizes. For Case 3 and 4, we see that
the volatility is high and cluster around pg.

6 Application in real data

In this section, we will applied the RCA(1), and RCA(1)-AR(1) model using the LS method that we developed in
previous section. The data set, we use daily volume of the Thai gold price for selling per 1.5244 grams or called
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Figure 1: The time series plot for generated data (100 sample sizes)

1 Baht. This data are collected from March 1, 2012 to February 28, 2013 giving a total 288 observations which is
collected from http://www.goldpricethai.com/ and shown in Figure 3.
For starters, following the RCA(1) model;

Ty = a+ Biri—1 + &4,

Bt = g + ogus,
where &,’s are independently and identically distributed with mean 0 and variance o2.
Next step for parameter estimation, we fitted the RCA(1) model to obtain LS estimator 6 = (&,ﬂg,&%, 62T,

We get,

ét_l = Tt — (3[ - ﬂgl‘t_l.
Finally, the RCA(1)-AR(1) model is fitted by LS method and obtained 6 = (&, fig, &%, 62,62, p)T. We have
Ty = &+ figTi—1 + pEy—1-

Let x; denote the daily volume of the Thai gold price and &; denote the the daily volume of the Thai gold price
estimated from RCA(1) and RCA(1)-AR(1) model.
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Figure 2: The time series plot for generated data (500 sample sizes)

We use the MSE to compare the performance of RCA(1) model and RCA(1)-AR(1) model. The MSE of the
RCA(1) model (MSE = 377,077) is larger than the RCA(1)-AR(1) model (MSE = 1093.138), so the RCA(1)-AR(1)
model performs good estimates of Thai gold price.

In Figure 4 the bottom panel is the plot of Thai gold price ,the dashed line is RCA(1) model, and the solid line
is RCA(1)-AR(1) model. It can be seen that the RCA(1)-AR(1) model are competitive model when the data has
volatility.

7 Conclusion

In this paper, we studied the LS method for RCA(1) model without correlated error and for RCA(1)-AR(1) model
with autocorrelated error. We proposed to validate the efficiency of LS estimators by using Brownian motion or
Wiener process that asymptotically approach the normal distribution. Through a Monte Carlo simulation study,
we evaluated the performance of the LS method and showed its MSEs for different data in 4 cases at the sample
size of 100 and 500. For a stationary (Case 1) and a nonstationary data (Case 2), RCA(1) model worked reasonably
well for both the 100 and 500 sample size. When the data tends to oscillate around its mean (Case 3 and 4), the
RCA(1)-AR(1) model with the LS method worked better.

For real data, we were interested in the power of estimation of each model. Using the Mean Square Error (MSE)
as a criterion, we found that the RCA(1)-AR(1) model performed significantly better than the RCA(1) model.



International Journal of Advanced Statistics and Probability 161

Gold Price Daily in Baht

Baht
24000 25000
I I

23000
1

Figure 3: The time series plot of Thai gold price from March 1, 2012 to February 28, 2013
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Figure 4: The scatter plot of Thai gold price and estimated parameters of RCA(1), and RCA(1)-AR(1) model

As part of further work, we are going to study the following aspects of these same 2 models:
e Simultaneous estimation of the RCA-AR model using the Maximum Likelihood (ML) method approach.
e a higher order RCA model and RCA-AR model.
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