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Abstract

The Fibonacci sequence and Fibonacci polynomials are famous for possessing wonderful and amazing properties and
identities.  In  this  paper, Fibonacci-Like  polynomials (FLP) is introduce and define by
S,(x)=xs, ,(X)+s, ,(Xx), n=2with s,(x)=2and s,(x)=2x. Also some basic identities are presented and derived by

standard method.
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1 Introduction

It is well-known that the Fibonacci polynomials and Lucas polynomials are closely related and widely investigated.
Fibonacci polynomials appear in different frameworks. These polynomials are of great importance in the study of many
subjects such as algebra, geometry, combinatorics, approximation theory, statistics and number theory itself. Moreover
these polynomials have been applied in every branch of mathematics. Fibonacci polynomials are special cases of
Chebyshev polynomials and have been studied on a more advanced level by many mathematicians. The Fibonacci
polynomials appear as the elements of Q - matrix.

The Fibonacci polynomials [4] are defined by
f(x)=xf_,(x)+f, _,(x), n=2 with f,(x)=0, f(x)=1.

(1.1)
Similarly, The Lucas polynomials [4] are defined by
1, (x) =X, (x)+1,_,(x), n=2 with l,(x)=2, L(x)=x. (1.2)
Fibonacci-Like sequence [10] is defined by
S,=S,,+S,,, n=2withS;=2and S, =2. (1.3)

There is a long tradition of using matrices to study Fibonacci, Lucas, Pell, Pell Lucas, Modified Pell, Jacobsthal,
Jacobsthal Lucas numbers and polynomials. Many authors [1, 3, 5, 6, 7, 8, 9] were studied properties of these sequences
and polynomials by matrix methods.

In this paper, Fibonacci-Like polynomials (FLP) is introducing with some basic identities and derived by standard
method.
2  Preliminaries of Fibonacci-Like Polynomials

In this section, Fibonacci-Like polynomials is present with some basic results.

Fibonacci-Like polynomials (FLP) is introduced and defined by the recurrence relation:
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S,(X)=xs ,(X)+s,,(x), n>2 with initial terms s (x)=2 and s,(X)=2x.

A few Fibonacci-Like polynomials are as follows:
s,(x)=2x,

S,(X)=2x"+2,

s,(X) =2x% +4x,

s,(x)=2x" +6x"+2,

S;(X)=2x" +8x* +6X, . ..

For x =1, we obtain Fibonacci-Like sequence (1.3).

The characteristic equation of recurrence relation (2.1) is A —xA—-1=0.

XX +4 :x+x/x2+4

It gives two real roots o = — and g Y

Also, aff=-1, a+ =X, a—,li’:\ixz+4.

Generating function of Fibonacci-Like polynomials is
2

isn(x)t” - oy - 2t

Its Hypergeometric form is

an(x)%z 2¢" ,F(n+1, 1; 1; t2).
n=0 bl

Binet’s formula of Fibonacci-Like Polynomials is defined by

", BA" _2x=p) _2a=x)
s,(x)=Ax"+Bp", Where A= oy and B = oy

Matrix Representation
Define Q,,a 2x2 order matrix by

{2(x2+1) 2x} {sz(x) sl(X)}

s 2 | [s0) s(x)
By induction,
n _ on-1 sZn(X) SZn—l(X) - - . . .
Q=2 forn>1, where s, (x) is Fibonacci-Like polynomials.
SZn—l(X) SZn—Z(X)

3 Some ldentities of Fibonacci-Like Polynomials

153

(2.1)

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

2.7)

(2.8)

In this section, some identities like Catalan’s, Cassini’s, d’Ocagne’s identities etc. are present with solution by Binet’s

formula or explicit sum formula or generating function or respective matrix.

Theorem (3.1): Let Q, be a 2x2 matrix, then for all integersn>1,
an:2n|:f2n+1(x) on(X) :|

on(X) I:2n—1(X)
By induction, it can easily be proved.

3.1)
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Theorem (3.2): Let Q, bea 2x2 matrix, then for all integersm>1,n>1,
(1) 2Symeny(X) = S 1 (X)S50 1 (X) + S, (X)S0(X)

(ii) 252(m+n)—1( X) = S50 1 (X)85_5(X) 485, (X)S5 4(X)

(i) 252( m+n)—l( X) =Sy 5 (X)S501(X) + 85 1(X)S5,(X)

(iv) 232(m+n)—2( X)= S‘2m-z( X )Szn-z( X)+ SZm—l( X )SZn—l( X).

Proof: By (2.8), it follows that

s X Sy memy1( X
Q™" _ omn-1 2(’“*”)( ) 2(m+n) (%) ] (3.2)
S2(m+n)—l( X) SZ( m+n)—2(x)
Since Q" =Q"Q/',therefore we have
Qm+n — m+n-2 |:SZm(X)SZn(X)+SZm1(X)32n1(x) sZm(X)SZn—l(X)+52m—1(x)52n—2(x) (3 3)
) sZm—l(X)SZn( X)+82m—2( X)SZn—l(X) SZm—l(X)SZn—l( X)+32m—2( X)SZn—z( X)

Equating corresponding elements of (3.2) and (3.3), we obtain required results.

Theorem (3.3): Let Q, be a 2x2 matrix, then for integersm>1, nx1,
(1) Symeny(X) = 2{ £ (X) T (X) + Ty s (X) T (X))}

(1) Symany 2 (X) = 2{ £ (X) T (X) + T () Fo0 (X))

(1) Sy eny (X)) = 2{ oy 1 (X) T (X) + T (X) T2 (X))}

(IV) Symenya(X) = 2{ For 1 (X) T (X) + F, (X) F (X))

Theorem (3.4): Let Q, be a 2x2 matrix, then for all integersm>1, n>1,
(1) f2(m+n)+1(x) = f2m(X)f2n(X)+ f2m+1(x)f2n+1(x)

(1) Fomny (X) = T (X) Ty (X)+ F s (X) £ (X)

(i) f2(m+n)(x) = Foma(X) 50 (%) + £, (X) 0 (X)

(iv) f2(m+n)—1(x)= f2m_1(x)f2n-1(x)+ me(X)on(X)_

Theorem (3.5): Let Q, bea 2x2 matrix, then for all integersm=>1, n>1,
(i)4 fz(m+n)+1( X) = Spm_1(X)Sp0 1 (X) + 85 (X)S,,(X)

(ii) 4 f2(m+n)( X)= SZm—l( X)Szn-z( X)+ SZm( X)Szn—l( X)

(iii) 4f2(m+n)( X)= SZm—Z( X)SZn—l( X)+ SZm—l( X)Szn( X)

(V) 4550y a(X) = Spp 2 (X)S50 o (X) + S50 4 (X)S5, 4 (X).

The proof of above identities can be given easily by (2.8) and (3.1) similar as theorem (3.2).

Theorem (3.6): The summation of Fibonacci-Like polynomials is given by
i S,(x)+s,,(x)-2
kzsk(x): Xl : (3.4)
Proof. By Binet’s formula (2.6), obtain
n-1 n-1 v v l a 1 ﬁ
Zsk(x)=Z[Aa +Bg :| —AZa +Zﬁ _A[ }+B[ }
k=0 k=0 -a 1-p
_(A+B)—(AB+Ba)—-(Aa"+BS" )+ af( A" +Bp"™)
a 1-(a+B)+af
2-0-s,(X)+(=Ds ,(x) s, (X)+s,,(x)-2

1-x+(-2) B X

S (X) =

=~ B
I |
o -



International Journal of Advanced Mathematical Sciences 155
Theorem (3.7): The explicit sum formula for Fibonacci-Like polynomials is given by

H n—k\) .,
sn(x):sz;( ‘ )x : (3.5)
Proof: By generating function (2.4), obtain
zw:sn(x)t" —o(1-xt—t2 ) = 21— (x+ )]

_ZZ(XH) " _anét Z( J

R~ nkkJrn_ooaon_’_k nn+k
ZZZk'n k! ZZZk'nI 2

n=0 k=0 n=0 k=0
w[;:} n kl n2kn
2.2

Equating the coefficient of <t"” on both sides, obtain the required explicit formula.

Theorem (3.8) (Catalan’s Identity): Let s (x) be the n" Fibonacci-Like polynomial, then
s2(x)=s,, (X)s,_, (x)=(=1)""'s?,(x) forn>r>1 (3.6)
Proof: Using Binet’s formula (2.6), obtaln

$7(X) = Sy, (X8, (X)

=(Aa"+B"Y ~(Aa™BA™ )(Aa"" +BA™)

=AB(ap)'(2-a'B" —a' B")

n(l) ry\2
= AB(- l)(l)(a -5

4

= _1 n—r+1 r_ pry2

o YT =)
— Af _1\"-r+L ar_ﬁr i
=4(-1) [—a—ﬂ]
al’_ﬂl’ _ 2XSr(X)—23r+1(X) _ Sr—1(X)
a-p B —4 B
$7 (%) =8, (X)s,_ (X) = (=1)""*'s7 ().

Since

,obtain

Corollary (3.9) (Cassini’s Identity): Let s (x) be the n" Fibonacci-Like polynomial, then

$7(X) =S, (X)s, 4 (X)=4(-1)", n21. (3.7)
Proof: If r =1 in the Catalan’s identity, then obviously proved.

If x=1, then obtain Cassini’s identity for Fibonacci-Like sequences.

Theorem (3.10) (d’Ocagne’s Identity): Let s (x) be the n" Fibonacci-Like polynomial, then
Sm( X)Sn+1( X)_ sm+1( X)sn( X) = 2( _1)n+1sm—n—1( X )' m>nz2 0 (38)
Proof: Using Binet’s formula (2.6), obtain
$n(X)8,,1(X) =S,,1(X)5,(X) = (A" +BA" )(Aa™ +BA™ ) —(Aa™ +BA™ )(Ac" +Bf")
= AB( amﬂn+1 + an+lﬂm _anﬂmﬂ _am+lﬁn )
= AB(ap) [ Bla™" = B )—a(a™" = ") ]
= AB(-1)"(B—a)(a™" = p"")

1n+1 -n _ pm-n
=~ ﬁ)()(aﬂ)(a B")
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= 4(—1)™ (%}

" _ﬂm_n _ 2Xsm—n(x)_zsm—ml(x) _ Sm—n—l(x)
a-pB  2xs,(X)-25,(x)

From a , obtain

Sm( X )Sn+1( X ) - Sm+1( X )Sn( X) = 2( _1)n+l Sm—n—l( X )
Hence, s, (X)S,,,(X)=S,..(X)s,(X)=2(=1)"'s__ ,(x),m=1,n>=0,m>n.

Theorem (3.11) (Generalized Identity): Let s (x) be the n" Fibonacci-Like polynomial, then

Sm( X)Sn( X ) - Sm—r( X )Sn+r( X) = (_1)m_r+lsr—l( X )Sn—m+r—1( X )! n>mzrz2 1 (39)
Proof. The proof can be given by Binet’s formula.

The identity (3.9) is generalization of Catalan’s, Cassini’s and d’Ocagne’s identities.

e Ifm=m=n+1 inidentity (3.9), then obtain Catalan’s identity (3.6).
e Ifm=n+1, n=n-1 and r =1 in identity (3.9), then obtain Cassini’s identity (3.7).
e If,n=m, m=n+1 and r =1 inidentity (3.9), then obtain d’Ocagne’s identity (3.8).

e For x=1, we obtain Catalan’s, Cassini’s and d’Ocagne’s identities of Fibonacci-Like numbers.

Theorem (3.12): For positive integer n >0 , prove that

-n —-n+1 —4
s,(x)=2x",F| —, ;N — |
(-2 5[ 2. )
Proof: By explicit sum formula (3.5), it follows that
L
sy(x)=2x"y ——x~
() ;k!n—zk!

[n/2] K 2
oo N0 (L) () (—n )y X
- kZ:;‘(—n)k(—l)Zk(l)n k!

k~2k [ —N -n+1
—2x”[§:](_1) i [2Jk( 2 jk X
B (—n (-1 k!

k=0

-n -n+1 -4 k
[k/zzj( 2 ](k_(n; jk (x:!j

Hence,sn(x):ZX”ZFlE_?n, Lﬂ; -n: __4j

2 x?

Theorem (3.13): For positive integer n >0 , prove that

0 n 2
Z(c)nsn(x)t—:2(1—xt)’°3F2 E,c_+1,n+1;n+1;n+2; t > |.
pwry n! 2 2 2 2 (1-xt)

n

Proof: Multiplying both sides of the explicit sum formula (3.5) by (c)nt—I and summing between the limit n=0
n!

ton=o0, obtain
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(C) Xn72k ﬂ

z(c)nsn(m 2y

n=0 n=0 k= kl 2kl n!
_ b n+k ngn+2k
_anz;‘klnm+2k'( hea X't
> (xt)" | & n+k! 2%
=2 c+2k
nZ::( )n n! kz(;kln 2k| )Zk
> (cs2ky  N+K!
z (1-xt) Kine 2k|( )2k )
K
- t" > n+k t?
(ChSa(X)—= 2(1-xt)* (c)
zo n! g “| (1-xt)’

e N+K! c)(c+l |
=21 (EMT] {u—xt)} /( |
~ . (n+1)k c)(c+l Lk

=2(1-xt) Z n+l), (21( 2 ]k{(l—xt)Z} /(!,
(e -
_2(1xt)z . {t }/('
n+1

~ (n+1j [n+2} (1—xt)?
2 )\ 2 )
© t" c n+2 t?
Hence, ) (c)s,(Xx)—=2(1-xt)°,F,| =, ——, n+L, ; ; -
Z( hsal )n! ( ) 2[2 2 2 2 (l—xt)zJ

c+1

4  Conclusion

In this paper, Fibonacci-Like polynomials (FLP) is introduced and presented some basic results. Further some basic
identities (like Catalan’s, Cassini’s, d’Ocagne’s etc.) are describe with derivation by standard method. The concept of
Fibonacci-Like polynomials can be extended in two and three variables with basic results and identities.
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