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Abstract 

 

The Fibonacci sequence and Fibonacci polynomials are famous for possessing wonderful and amazing properties and 

identities. In this paper, Fibonacci-Like polynomials (FLP) is introduce and define by 

1 2 2n n ns ( x ) xs ( x ) s ( x ), n    with 
0s (x)=2 and 

1s (x)=2x . Also some basic identities are presented and derived by 

standard method. 
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1 Introduction 

It is well-known that the Fibonacci polynomials and Lucas polynomials are closely related and widely investigated. 

Fibonacci polynomials appear in different frameworks. These polynomials are of great importance in the study of many 

subjects such as algebra, geometry, combinatorics, approximation theory, statistics and number theory itself. Moreover 

these polynomials have been applied in every branch of mathematics. Fibonacci polynomials are special cases of 

Chebyshev polynomials and have been studied on a more advanced level by many mathematicians. The Fibonacci 

polynomials appear as the elements of Q - matrix. 

 

The Fibonacci polynomials [4] are defined by 

1 2 2n n nf ( x ) xf ( x ) f ( x ),  n   
 
with 0 10 1f ( x ) ,  f ( x ) . 

                                                   (1.1)
 

 

Similarly, The Lucas polynomials [4] are defined by 

1 2 2n n nl ( x ) xl ( x ) l ( x ), n   
 
with

 0 12l ( x ) , l ( x ) x. 
                        (1.2) 

 

Fibonacci-Like sequence [10] is defined by 

1 2 0 1,  2 with 2 and 2.n n nS S S n S S     
                       (1.3) 

 

There is a long tradition of using matrices to study Fibonacci, Lucas, Pell, Pell Lucas, Modified Pell, Jacobsthal, 

Jacobsthal Lucas numbers and polynomials. Many authors [1, 3, 5, 6, 7, 8, 9] were studied properties of these sequences 

and polynomials by matrix methods.  

 

In this paper, Fibonacci-Like polynomials (FLP) is introducing with some basic identities and derived by standard 

method. 

 

2 Preliminaries of Fibonacci-Like Polynomials 

In this section, Fibonacci-Like polynomials is present with some basic results. 

 

Fibonacci-Like polynomials (FLP) is introduced and defined by the recurrence relation: 
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1 2 2n n ns ( x ) xs ( x ) s ( x ), n   
 
with initial terms 

0s (x)=2
 
and 

1s (x)=2x.                       (2.1) 

 

A few Fibonacci-Like polynomials are as follows: 

1 2s ( x ) x,
 

2

2 2 2s ( x ) x ,   

3

3 2 4s ( x ) x x,   

4 2

4 2 6 2s ( x ) x x ,  
 

5 3

5 2 8 6s ( x ) x x x, . . .  
 

 

For 1x  , we obtain Fibonacci-Like sequence (1.3). 

 

The characteristic equation of recurrence relation (2.1) is 2 1 0.x         
 

It gives two real roots
2 24 4

 and . 
2 2

x x x x
 

   
                     (2.2) 

 

Also, 21,  ,  4.x x                                                                       (2.3) 

 

Generating function of Fibonacci-Like polynomials is  

2 1

2
0

2
2 1

1

n

n

n

s ( x )t ( xt t ) .
( xt t )






   
 


      

                    (2.4) 

 

Its Hypergeometric form is  

2

2 1

0

2 1 1 1
n

xt

n

n

t
s ( x ) e F ( n , ;  ;  t ).

n!





                                                                                                                 (2.5) 

 

Binet’s formula of Fibonacci-Like Polynomials is defined by 

n n

ns ( x ) A B   , where
2( )

 
x

A


 





and 

2( )x
B



 




                                                                                         (2.6) 

 

Matrix Representation  

Define
sQ , a 2 2  order matrix by 

2
2 1

1 0

      2 1          2

      2                     2
S

s ( x ) s ( x )( x ) x
Q

s ( x ) s ( x )x

   
    

                                 
  (2.7) 

 

By induction, 

2 2 11

2 1 2 2

        
2

      

n nn n

s

n n

s ( x ) s ( x )
Q

s ( x ) s ( x )



 

 
  

 
 for 1n  , where 

2ns ( x ) is Fibonacci-Like polynomials.                                         (2.8) 

 

3 Some Identities of Fibonacci-Like Polynomials 

In this section, some identities like Catalan’s, Cassini’s, d’Ocagne’s identities etc. are present with solution by Binet’s 

formula or explicit sum formula or generating function or respective matrix. 

Theorem (3.1): Let sQ  be a 2 2  matrix, then for all integers 1n  , 

2 1 2

2 2 1

      
2

        

n nn n

s

n n

f ( x ) f ( x )
Q .

f ( x ) f ( x )





 
  

                                                               
 (3.1) 

By induction, it can easily be proved. 
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Theorem (3.2): Let 
sQ  be a 2 2  matrix, then for all integers 1m  , 1n  ,  

2 2 1 2 1 2 2 2 ( m n ) m n m n( i ) s ( x ) s ( x )s ( x ) s ( x )s ( x )                                   

2 1 2 1 2 2 2 2 1 2 ( m n ) m n m n( ii ) s ( x ) s ( x )s ( x ) s ( x )s ( x )       

2 1 2 2 2 1 2 1 2 2 ( m n ) m n m n( iii ) s ( x ) s ( x )s ( x ) s ( x )s ( x )                             

2 2 2 2 2 2 2 1 2 1 2 ( m n ) m n m n( iv ) s ( x ) s ( x )s ( x ) s ( x )s ( x ).        

 

Proof: By (2.8), it follows that 

2 2 11

2 1 2 2

        
2

      

( m n ) ( m n )m n m n

s

( m n ) ( m n )

s ( x ) s ( x )
Q .

s ( x ) s ( x )

    

   

 
  

  

                    (3.2)

       

Since 
m n m n

s s sQ Q Q ,  therefore we have                                                           

2 2 2 1 2 1 2 2 1 2 1 2 22

2 1 2 2 2 2 1 2 1 2 1 2 2 2 2

          
2

       

m n m n m n m nm n m n

s

m n m n m n m n

s ( x )s ( x ) s ( x )s ( x ) s ( x )s ( x ) s ( x )s ( x )
Q .

s ( x )s ( x ) s ( x )s ( x ) s ( x )s ( x ) s ( x )s ( x )

      

      

  
  

  
                  (3.3) 

Equating corresponding elements of (3.2) and (3.3), we obtain required results. 

 

Theorem (3.3): Let 
sQ  be a 2 2  matrix, then for integers 1m  , 1n  , 

 2 2 2 2 1 2 1 2( m n ) m n m n( i ) s ( x ) f ( x ) f ( x ) f ( x ) f ( x )                                   

 2 1 2 2 1 2 1 2 2( m n ) m n m n( ii ) s ( x ) f ( x ) f ( x ) f ( x ) f ( x )      

 2 2 1 2 2 2 1 2( m n ) m n m n( iii ) s ( x ) f ( x ) f ( x ) f ( x ) f ( x )                           

 2 1 2 1 2 1 2 2 2( m n ) m n m n( iv ) s ( x ) f ( x ) f ( x ) f ( x ) f ( x ) .      

 

Theorem (3.4): Let 
sQ  be a 2 2  matrix, then for all integers 1m  , 1n  ,  

2 1 2 2 2 1 2 1 ( m n ) m n m n( i ) f ( x ) f ( x ) f ( x ) f ( x ) f ( x )                                    

2 2 2 1 2 1 2 ( m n ) m n m n( ii ) f ( x ) f ( x ) f ( x ) f ( x ) f ( x )     

2 2 1 2 2 2 1 ( m n ) m n m n( iii ) f ( x ) f ( x ) f ( x ) f ( x ) f ( x )                            

2 1 2 1 2 1 2 2 ( m n ) m n m n( iv ) f ( x ) f ( x ) f ( x ) f ( x ) f ( x ).      

 

Theorem (3.5): Let 
sQ  be a 2 2  matrix, then for all integers 1m  , 1n  , 

2 1 2 1 2 1 2 2 4 ( m n ) m n m n( i ) f ( x ) s ( x )s ( x ) s ( x )s ( x )                                    

2 2 1 2 2 2 2 1 4 ( m n ) m n m n( ii ) f ( x ) s ( x )s ( x ) s ( x )s ( x )      

2 2 2 2 1 2 1 2 4 ( m n ) m n m n( iii ) f ( x ) s ( x )s ( x ) s ( x )s ( x )                            

2 1 2 2 2 2 2 1 2 1 4 ( m n ) m n m n( iv ) f ( x ) s ( x )s ( x ) s ( x )s ( x ).        

 

The proof of above identities can be given easily by (2.8) and (3.1) similar as theorem (3.2). 

 

Theorem (3.6): The summation of Fibonacci-Like polynomials is given by 
1

1

0

2n
n n

k

k

s ( x ) s ( x )
s ( x ) .

x






 


                                                             
(3.4) 

Proof. By Binet’s formula (2.6), obtain

 1 1

0 0

n n
k k

k

k k

s ( x ) A B 
 

 

    
 

1 1

0 0

n n
k k

k k

A  
 

 

  
1 1

1 1

n n

A B
 

 

    
    

    
 

                 

1 1

1

n n n n( A B ) ( A B ) ( A B ) ( A B )

( )

      

  

       


    
1

1 1

0

2 0 ( ) ( 1) ( ) ( ) ( ) 2
( )

1 ( 1)

n
n n n n

k

k

s x s x s x s x
s x

x x


 



     
 

  

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Theorem (3.7): The explicit sum formula for Fibonacci-Like polynomials is given by 

 
2

2

0

2

n

n k

n

k

n k
s ( x )  x .

   k

 
 
 





 
  

 


                      (3.5) 

Proof: By generating function (2.4), obtain 

2 1

0

2 1n

n

n

s ( x )t ( xt t )






    
1

2 1 ( x t )t


    

0

2 n n

n

( x t ) t




 
0 0

2
n

n n k k

n k

n
t  x t

k




 

 
  

 
 

                                                   

      
0 0

2
n

n k k n

n k

n!
 x t

k !n k !


 

 




 2

0 0

2 n n k

n k

n k !
 x t

k !n!

 


 


                                           

2
2

0 0

2
2

n

n k n

n k

n k !
 x t

k ! n k !

 
 

  


 







                                           
Equating the coefficient of ‘ nt ’ on both sides, obtain the required explicit formula.  

 

Theorem (3.8) (Catalan’s Identity): Let  ns ( x )  be the thn Fibonacci-Like polynomial, then 

2 1 2

11  for 1n r

n n r n r rs ( x ) s ( x )s ( x ) ( ) s ( x ) n r . 

      
                  

(3.6) 

Proof: Using Binet’s formula (2.6), obtain 
2

2= 

n n r n r

n n n r n r n r n r

s ( x ) s ( x )s ( x )

( A B ) ( A B )( A B )     

 

   



  
 

2n r r r rAB( ) ( )       

 21
1

1

n r r

r

( )
AB( ) ( )

( )
 


  


 

1 2

2

4
1 n r r r( ) ( )

( )
 

 

   


  2

14 1
r r

n r( )
 

 

   
   

 
  

Since 1 12 2

4 2

r r

r r rxs ( x ) s ( x ) s ( x )
,

 

 
 

 
 

obtain

 
2 1 2

1 1 n r

n n r n r rs ( x ) s ( x )s ( x ) ( ) s ( x ). 

    

  

Corollary (3.9) (Cassini’s Identity): Let  ns ( x )  be the thn Fibonacci-Like polynomial, then 

2

1 1 4 1  1n

n n ns ( x ) s ( x )s ( x ) ( ) , n .    
                                                                                 

(3.7) 

Proof:

 

If

 

1r    in the Catalan’s identity, then obviously proved. 

 

If x=1, then obtain Cassini’s identity for Fibonacci-Like sequences. 

 

Theorem (3.10) (d’Ocagne’s Identity): Let  ns ( x )  be the thn Fibonacci-Like polynomial, then 

1

1 1 12 1  0n

m n m n m ns ( x )s ( x ) s ( x )s ( x ) ( ) s ( x ), m n .

       
                                     

(3.8) 

Proof: Using Binet’s formula (2.6), obtain 
1 1 1 1

1 1  = m m n n m m n n

m n m ns ( x )s ( x ) s ( x )s ( x ) ( A B )( A B ) ( A B )( A B )          

      

 
1 1 1 1m n n m n m m nAB( )             

 
n m n m n m n m nAB( ) ( ) ( )                

1 n m n m nAB( ) ( )( )       
 

1

2

4
1 n m n m n( ) ( )( )

( )
   

 

     
  
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14 1
m n m n

n( )
 

 

 
  

   
 

 

From 1 1

1 2

2 2

2 2 2

m n m n

m n m n m nxs ( x ) s ( x ) s ( x )
,

xs ( x ) s ( x )

 

 

 

    
 

 
obtain

 

1

1 1 12 1  n

m n m n m ns ( x )s ( x ) s ( x )s ( x ) ( ) s ( x ).

     

 

Hence, 1

1 1 1 2 1  1  0,  n

m n m n m ns ( x )s ( x ) s ( x )s ( x ) ( ) s ( x ), m , n m n.

        
 

 

Theorem (3.11) (Generalized Identity): Let  ns ( x )  be the thn Fibonacci-Like polynomial, then 

1

1 11  1m r

m n m r n r r n m rs ( x )s ( x ) s ( x )s ( x ) ( ) s ( x )s ( x ), n m r . 

          
                                                                

(3.9) 

Proof. The proof can be given by Binet’s formula. 

 

The identity (3.9) is generalization of Catalan’s, Cassini’s and d’Ocagne’s identities. 

 If m= 1m n   in identity (3.9), then obtain Catalan’s identity (3.6). 

 If 1m n  , 1n n    and 1r   in identity (3.9), then obtain Cassini’s identity (3.7). 

 If , n m,   1m n    and 1r   in identity (3.9), then obtain d’Ocagne’s identity (3.8). 

 For 1x  , we obtain Catalan’s, Cassini’s and d’Ocagne’s identities of Fibonacci-Like numbers. 

 

Theorem (3.12): For positive integer 0n   , prove that  

2 1 2

1 4
2

2 2

n

n

n n
s ( x ) x F , ;  n;  .

x

    
  

   
Proof:  By explicit sum formula (3.5), it follows that  

 2

2

0

2
2

n

n k
n

k

n k !
s ( x ) x x

k ! n k !









    

 2 2
2

2
0

1 1
2

1 1

n k k
n n k

k
k nk

( ) ( ) ( n ) x
x

k !( n ) ( ) ( )





 


 
   

 
2

2 2

2
0

1
1 2

2 2
2

1

k k
n k

n k k

k
kk

n n
( )

x
x

k !( n ) ( )





     
    

   


 
  

 2
2

0

1 4

2 2
2

k

n

n k k

kk

n n

x
x

( n ) k !


       
     
     




  

2 1 2

1 4
Hence, 2    

2 2

n

n

n n
s ( x ) x F , ; n; .

x

    
  

 
 

 

Theorem (3.13): For positive integer 0n   , prove that  
2

3 2 2
0

1 1 2
2 1 1

2 2 2 2 1

n
c

n n

n

t c c n n t
( c ) s ( x ) ( xt ) F , ,n ; ; ; .

n! ( xt )






   
   

 


 

Proof: Multiplying both sides of the explicit sum formula (3.5) by 
n

n

t
( c )

n!
 and summing between the limit 0n   

to n   , obtain
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2
2

0 0 0

2
2

n

n n
n k

n n n

n n k

t n k ! t
( c ) s ( x ) ( c ) x

n! k !n k ! n!

 
 

   


  





    

                                

2

2

0 0

2
2

n n k

n k

n k

n k !
( c ) x t

k !n!n k !

 




 





       
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4 Conclusion 

In this paper, Fibonacci-Like polynomials (FLP) is introduced and presented some basic results. Further some basic 

identities (like Catalan’s, Cassini’s, d’Ocagne’s etc.) are describe with derivation by standard method. The concept of 

Fibonacci-Like polynomials can be extended in two and three variables with basic results and identities.  
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