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Abstract

For a(molecular)graph, the first zagreb index M; is equal to the sum of squares of the degrees of vertices the second zagreb

index M, is equal to the products of the degrees of pairs of adjacent vertices.

HM(G)= ¥
uveE(G)

Similarly, the hyper zagreb index is defined as

2
(d(;(u) +d(;(v)) . In this paper, First we obtain the hyper zagreb indices of some derived graphs and the generalized

transformations graphs. Finally, the hyper zagreb indices of double, extended double, thorn graph, subdivision vertex corona graphs, splice

and link graphs are obtained.
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1. Introduction

All the graphs considered in this paper are connected and simple.
For a vertex u € v(G), the degree of the vertex u in G, denoted
by dg(u), is the number of edges incident to u in G. A topologi-
cal index of a graph is a parameter related to the graph. It does
not depend on labeling or pictorial representation of the graph. In
theoretical chemistry, molecular structure descriptors (also called
topological indices) are used for modeling physicochemical, phar-
macologic, toxicologic, biological and other properties of chemical
compounds|[2]. Several types of such indices exist, especially those
based on vertex and edge distances. One of the most intensively
studied topological indices is the wiener index. Two of these topo-
logical indices are known under various names, the most commonly
used ones we the first and second zagreb indices.
The zagreb indices have been introduced more than thirty years
ago by Gutman and Trinajestic[3]. They are defined as M;(G) =
Y dw)? My(G)= Y dg(u)dg(v). Note that the first za-
uev(G) uveE(G)

greb index may also written as M (G) = ¥, (d(;(u) +dg(v)).
uveE(G)

the zagreb indices are found to have applications in QSPR and
QSAR studies as well, see[1]. The hyper zagreb index is defined
2
s HM(G)= Y (dG(u) +dG(v)> .
uveE(G)
For the survey on theory and application of zagreb indices see [6].
Feng et al.[5] have given a sharp bounds for the zagreb indices
of graphs with a given matching number. Khalifeh et al.[4] have
obtained the zagreb indices of the cartesian product, composition,
joint, disjunction and symmetric difference of graphs. Ashrafi et
al[8] determined the extremal values of zagreb coindices over some
special class of graphs. Hua and Zhang [10] have given some rela-

tions between zagreb coindices and some other topological indices.
Ashrafi et al.[7] have obtained the zagreb indices of the cartesian
product, composition, joint, disjunction and symmetric difference
of graphs. shirdel et al.[11], have obtained the hyper-zagreb indices
of the cartesian product, join, composition and disjunction of graphs.
The hyper zagreb indices of some classes of chemical graphs are
obtained in [11,13,14]. In this paper, we compute the hyper zagreb
indices of double, extended double, thorn graph, subdivision ver-
tex corona of graphs. Next,we obtain the hyper zagreb indices of
generalized transformations graphs and some derived graphs.

1.1. Some Derived Graphs

In this section, the hyper Zagreb indices of the following derived
graphs are computed.

(i) The subdivision graph S(G) is the graph obtained from G by
replacing each edge of G by a path of length two.

(ii) The edge-semitotal graph T (G) is obtained from G by inserting
anew vertex into each edge of G, then joining with edges those pairs
of new vertices on adjacent edges of G.

(iii) The vertex-semitotal graph T>(G) is obtained from G by adding
a new vertex corresponding to each edge of G, then joining each
new vertex to the end vertices of the corresponding edge.

(iv) The total graph T(G) has as its vertices the edges and vertices
of G. Adjacency in T(G) is defined as adjacency or incidence for
the corresponding elements of G

(v) The line graph of G, denoted by L(G), is the graph whose ver-
tices correspond to the edges of G with two vertices being adjacent
if and only if the corresponding edges in G have a vertex in com-
mon.

Lemma 1.1

Let G be a graph on p vertices and g edges. Then HM(S(G)) =
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F(G)+M;(G)+8q.

Proof. Observe that V (S(G)) = (V(S(G)) N V(G)) U (V(S(G)) \

V(G)), thatis |V (S(G))| = p+q and |E(S(G))| = 2¢. Note that for
x € V(S(G))NV(G), dg(g)(x) = dg(x) and for x € V(S(G)) \ V(G),
dg()(x) = 2. The hyper Zagreb index is given by,

Hus@) = Y (dyo tdyo )

xyeE(S(G))

= Y (dye)()+2)
x€V(5(G))

= ) dox +2)%.
xeV(G)

- X (dG(x>+4dé<x>+4dG(x>)
xeV(G)

= F(G)+M(G)+8q.

Lemma 1.2

Let G be a graph on p vertices and ¢ edges. Then HM(T>(G)) =
AHM(G) +4F (G) + 8M, (G) + 8.

Proof. From the definition of 7>(G), it is observed that,
for x € V(T2(G)) N V(G), dpy)(x) = 2dg(x) and for
x € V(T2(G)) \V(G), dpy(g)(x) = 2. Also [V(T2(G))| = p+¢ and
|E(T>(G))| = 3¢g. Hence the hyper Zagreb index of T>(G) is given
by,

HM(T>(G))

Y (d'[:q(G) () +dpy ) (Y)> ’

eE(1(G))

2
(dTg(G) (x) +dpy(c) (y))
XYEV(G)EE(T3(G))

2
+ Y (de(G) (u) +dzy6) (V))
UeV (G)veV (15(G))W (G )quE('I‘o(G))

= Y (o) +2d6(y)*+ Y do(u)(2dg(u) +2)?
Xy€E(G) ueV(G)

=4 Z +d(, ))
neF(G)

+ Y (4d(u) +8d5 (1) +4dg (u))

ueV(G)

=4HM(G)+4F(G)+8M(G) +8¢.

Theorem 1.1

Let G be a connected graph on p vertices and ¢ edges.
Then HM(T1(G)) = EM53(G) +2EM»(G) + 8EM, (G) + HM(G) +
3M;(G) — 16q.

Proof. From the structure of the edge-semitotal graph 71 (G), it
is clear that dy, ) (v) = dg(v), dy;(G)(e) = dg(u) +dg(v) where

e =uv in T1 (G). The edges of the graph T; (G) is MI( ) + m. Hence

the hyper zagreb index of 71 (G) is given by,

HM(Ty(G) = Y. (dgc)(w)+dry)(v)?
uveE(Ti(G))

= Yy (d1,(6) () +dr,(6) (v)?
weE(TL(G)NE(L(G))

+ )»

wvek(1i(G)-E(L(G))

= )y (dg(a) +2dc(b) +dg <)
u=ab,v=bccE(G)

+ X ((dG(u)+dG(u)+dG(W))2

uwe2E(G

- ¥

(3,‘7(3]65(6)

T (o) +dow) +do(w) +dgw)’
uw€eE(G)

- ¥

ei—e;€E(G)

+4 Z (d(;(u) + d(;(w))2

uw€eE(G

= EM3( )+2EM2(G) +8EM1 (G) +HM(G) +8M1(G) — 16q,

(dr, 6y (1) +dpy 6y (v)*

2

(dG(ei) +dgl(ej) +2)2

[(do(ei) +dG(ej))2 + 8<dG(ei) +dG(ej)) + 16]

Theorem 1.2

Let G be a connected graph on p vertices and ¢ edges.
Then HM(T (G)) = EM3(G) +2EM»(G) + 8EM; (G) + HM(G) +
8M1(G) — 16q.

Proof. From the structure of the total graph 7'(G), it is observe
that, for the edge e = uv in T(G), dy)(v) = 2dG(v).dr(g)(e) =
di(u) +dg(v). The edges of the graph T'(G) is
the hyper zagreb index of 7' (G) is given by,

HM(T(G)= Y  (drg)(w)+dr(v)*
uveE(T(G))
= Y lreW+dre®)
weE(T(G)N(E(G))

w +2m. Hence

(dr(6)(u) +dp(g)(v))?

+ )y

uveE(T(G))—(E(G)UE(L(G)))

2
= a) +2dg(b) +dg(c)
u=ab,v= hr‘elz

>

uwe2E(G)

= ) (dc(ei)+dG(€j)+2)2

ei—e;€E(G)

Y (o) +do(w) + da(w +dg(w)
uweE(G)

= X

(3,‘7L’j€E(G)
2
+4 Y (dgl)+dg(w))
uweE(G)
= EM3(G) + 2EM2(G) +8EM; (G) + HM(G) + 8M, (G) — 16q.

(dr(c) () +dr) ()

((dc;(u) o) +dg(w))

[(doten) +dote)” +8(dalen +dates)) + 16]

Theorem 1.3

Let G be a connected graph on p vertices and g edges.

HM(L(G)) = 8M1(G) —8HM1(G) + HM>(G) — 164.

Proof. One can see that the vertices and edges of L(G) are ¢ and

Mi(G)
2

Then

— m, respectively. Moreover any edge e = xy of the graph G
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is incident to dg(e) = d(x) +dg(v) — 2 other edges of G. Hence
the hyper zagreb index of L(G) is given by,

HM(L(G)) = Y

xy€E(L(G)
= X
uv,yweE(G)
= X
uvyweE(G)
~8(do(u) +2dG (v) +d(w)) +16)

= HM,(G)—8HM,;(G)+ 16(M12(G) —q)

= 8M,(G)—8HM;(G) +HM,(G) — 164.

(dr6)(x) +dp ) (7))

(d(u) +2dG (v) +dg (w) —4)*

() +2dg(v) +dg(w))*

1.2. Generalized Transformation Graphs

Sampathkumar and Chikkodimath [23] defined the semitotal-point
graph of given graph. Based on this definition, Gutman were intro-
duced some new graphical transformations. These generalize the
concept of semitotal-point graph.

Let G = (V,E) be a graph, and let @, 8 be two elements of V(G) U
E(G). The associativity of o and f3 is defined as + if they are ad-
jacent or incident in G, otherwise is —. Let ab be a 2—permutation
of the set {+,—}. Let o and 3 correspond to the first term a of ab
if both ¢ and f are in V(G), whereas o and 8 correspond to the
second term b of ab if one of o and B is in V(G) and the other is in
E(G). The generalized transformation graph G of G is defined on
the vertex set V(G) UE(G). Two vertices o and 8 of G are joined
by an edge if and only if their associativity in G is consistent with
the corresponding term of ab.

In view of above, one can obtain four graphical transformations of
graphs, since there are four distinct 2—permutations of {4—}. Note
that G™ is just the semitotal-point graph T»(G) of G, whereas the
other generalized transformation graphs are Gt—,G~" and G~
In other words, the generalized transformation graph G is a graph
whose vertex set is V(G) UE(G), and «, B € V(G®). o and B are
adjacent in G% if and only if either (%) or (s*) holds:

(*) @, B € V(G),at, B are adjacent in G if a = + and o, are not
adjacentin G ifa = —.

(#x) @ € V(G) and B € E(G),a, B are incident in G if b = + and
o, B are not incident in G if b = —.

The vertex v; of G% corresponding to a vertex v; of G is referred to
as a point vertex . The vertex e; of G* corresponding to an edge ¢;
of G is referred to as a line vertex.

Theorem 1.4

Let G be a connected graph on p vertices and ¢ edges. Then

HM(G*) = 4HM(G) + 8¢ +4F (G) +8M; (G).

Proof. Note that |[V(G")| = p+gand |E(GT")| = 2¢. Moreover,
dG** (Vi) = 2dg(v,-) and dG** (e,‘) =2.

HM(G™) = Y
uveE(G*)

- ¥

uveE(GTH)NE(G)

)

uvek(Gt)—E(G)
= Y (2dg(u)+2dg(v))
uveE(G)

+ Yy (2+2d;(v))?
uveE(Gt+)—E(G)

= 4HM(G)+Y (4+4d5(v)+8dg(v))

(d(;++ (u) +dg++ (V))2
(dG++ (l/t) +dg++ (V))2

(dgr+ () +dgr+ (v))°

= 4HM(G)+2m(4)+4 Y dz(v)
uveE (G )—E(G)
+82d(;(v)
= 4HM(G)+8q+4 Y dz(v)+8 Y dg(v)
veV(G) veV(G)

= 4HM(G) +8q+4F(G)+8M;(G).

Theorem 1.5

Let G be a connected graph on p vertices and ¢ edges.
HM(G'™) =4¢> +q(p—2)(p+q—2)*.

Proof. Note that [V(G*™)| = p+q and |[E(G)| =q(p—1).
Moreover, dg++ (v;) = g and dg++ (e;) = p—2.

(dg+- () +dg- (v))?

Then

HM(GT™) = Y
uveE(G*)
= Y (dg+ () +dg-(v))°
uveE (Gt )NE(G)

o)

weE(G)—E(G)
= Z (m+m)* + Z
weE(G) WeE(G)—E(G)
= q(29)*+(pqg—29)(p+q—2)*
= 44 +q(p-2)(p+q-2)

(dg+ () +dg(v))?

(g+(p—2))°

Theorem 1.6 Let G be a connected graph on p vertices and ¢ edges.
Then HM(G™+) =2(p—1)*[p(p—1) +4].

_ _ -1
Proof.Note that |[V(G")| = p+gqand |E(G )| =g+ w
Moreover, dg-+(v;) = p—1 and dg++ (e;) = 2.

HM(G™1) = Y
uveE(G)

-

uveE(G™)

Ny

uveE(G—)UE(G)

= Y (p-D+(p))+ Y

uveE(G) weE(G—)—E(G)
= (O -a4p-1)*+(E)+q-E)+a)(p+1)*
= 2(p—1)7*[pp—1)+q.

Theorem 1.7 Let G be a connected graph on p vertices and ¢
edges. Then HM(G~~) = (2p+2q —2)*((5) — q) + 4HM(G) —
4(2p+2q—2)M1(G)(2p+q—3)q(p—2) —2(2p+q—3)(2m* —
My (G))+4 r dz(v).
uweE(G)—E(G)

Proof. Note that [V(G~ )| = p+q and |[E(G )| = P<P{1)
q(p—3). Moreover, dg— (vi) = p+¢q—1—2dg(v;) and dG-- (e;)
p—2.

(dG-+(u) +dg—+ (v))?
(dg—+(u) +dg—+ (v))?

(dg-+ () +dg-+ ()’

I+

2+(p—1)°
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HM(G™™) LetS; = Y (dg(v)+pi+dg(vj)+p;)?
viv;€E(G)
= dr de— (V)2
2, (o) +dg() = % (tot) +datn)?
uweE(G™™)
viv;€E(G)

(dG- () +dg—(v))°

>

weE(G)NE(G)
+ X

wveE(G—)—E(G)
= Y (p+q+1-2dgu)+p+q—1-2d(v))*

uveE(G)

X

uveE(G~)—E(G)

= ¥ [er+20-27+4(dg )+ do(v)?

uweE(G)
—4(2p+2q - 2)(dg () +dg(v))]
+ X
weE(G—)—E(G)
~42p+4-3)do(v)]
= (2p+29—2)*((5) — q) +4HM(G) — 4(2p+ 29— 2)M1 (G)
(2p+4q—-3)%a(p—2)—2(2p+4q—3)(2m" — M, (G))

+4 Z dé (v).
ueE(G—~)—E(G)

(d-- () +dg—-(v)*

(P=2)+(p+q—1-2dG())?

[(2p+4-3)2 +4d3(v)

1.3. Thorn Graph

An edge e = uv of a graph G is called a thorn if either dg(u) = 1
or di(v) = 1. The concept of thorn graph was first introduced by
Gutman [17] by joining a number of thorn to each vertex of any
given graph G. Some of the topological indices of thorn graphs are
studied in [18, 20, 21].

Let V(G) and V(GT) be the vertex sets of G and its thorn graph GT'
respectively. Let V(G) = {vi,va,...,v,} and VT (G) = V(G) UV U
Vo U...UV,, where V; are the set of degree one vertices attached to
the vertices v; in G' and Vi UVj= @, i # j. Let the vertices of the
set V; are denoted by v;; for j=1,2,...,p;and i=1,2,...,n. Thus

n
[V(G")| =n+z where, z= Y. p;. Then the degree of the vertices
i=1
v; in GT are given by dgr (v;) = dg(vi) + p;, fori=1,2,...,n.
The hyper Zagreb index of thorn graph is computed as follows.

Theorem 1.8

Let G be a graph. Then HM(GT) = HM(G)+2 ¥
viv;€E(G)

n
(pi + i) + .leid%;("i) +
=

(pi +

pldc(vi) + dg(vj)) + X
viv,€E(G)
_glpi(Pi-ir1)2+2§1Pt(171+1)d(;(vi)-

Proof. From the definition of hyper Zagreb index,

HM(GT) = Z( )(dGr(v,->+dGr(vj)>2
viv;€E(GT
= Z (dGT(V[)+dGT(Vj))2
viv,€E(G)
n. pi
+ Zi Zl(dc'r (vi) +dgr (vi)))?
i=1j=
= Z (d(;(Vj)+Pi+d(;(Vj)+Pj)2
viv;€E(G)
+Zn: f‘,(dG(Vi)+Pi+1)2~

i=1j=1

+2(pi+pj)(dc(vi) +dG(v)) + (pi+ pj)*
= HM(G)+2 Y (pi+pj)ds(vi)+ds(v}))

V;VjGE(G)
+ Y (pi+p)*
viv;€E(G)

N
LetS, = (dG(vi)+ pi+1)?

™=

J

I
-
I
-

S

- (00 + (i 12+ 20+ 1 ()
1

I
=

Il
—

J

n n
pidg(vi)+ Y pi(pi+ 1)* +2Y. pi(pi+ 1)dg(v)).
i=1 i=1

I
=

Il
—

The desired result is obtained by add S; and S».

Corollary 1.1 If G” is a thorn graph with parameters p; = ¢ for all
i, then HM(G") = HM(G) + 5tMy (G) +nt(t + 1)* +4tm(2 +1).
Corollary 1.2 If the parameters p;(i > 1) is equal to the degree of
the corresponding vertex v;, then HM(GT) = 4HM(G) 4 4M, (G) +
4F (G) +2m.

Corollary 1.3 If u is a integer and y > dg(v;),i = 1,2,...,n and
if GT is a thorn graph with parameters p; = u — dg(v;), then
HM(G") = 2 + 1)M1(G) — F(G) — (1* +4pt + D)m + p(p +
1)2n.

Corollary 1.4 If the number of thorns, that is pendant edges at-
tached to any vertex of the parent graph is a linear function of
the degree of the corresponding vertex v;, that is p; = adg(vi) + b,
where a and b are any constants, then HM(GT ) = (a+1)>HM(G) +
(a®(3b +4) 4+ 2a(2b 4+ 1) +7b)M{(G) + (a® + 3a)F (G) + b*(nb +
2n+ 6am+24) +2m(a+ 2b + 6ab) + nb.

1.4. Subdivision Vertex Corona of Graphs

Let G; and G; be any two simple connected graph with n; and
np number of vertices and m; and m; number of edges respec-
tively. The subdivision vertex corona of Gi and G, is denoted
by G1 o G, and was introduced by Lu and Miao [19]. The graph
G1 0 G, is obtained from S(Gy) and n; copies of G,, by joining the
i-th vertex of V(Gp) to every vertex in the i-th copy of G;. Let
V(G1) = {vi,va,...,vy, },I(G1) = {vi,vg,...,vfm} and V(Gy) =
{ur,u2,....un, }, s0 that V(S(G)) = V(G)UI(G). Let u} ,ul, ... ul,
denote the vertices of the i-th copy of Gy ;i = 1,2,...,n1, so that
V(G10Gy) =V(G1)UI(G1)U[V(G21)UV (G 2)U...UV(Gop, )]
The hyper Zagreb index of Subdivision Vertex Corona of Graphs is
computed as follows.

Theorem 1.9 let G; and G, be two graph with ny,n;
and mp,mp edges, respectively. Then HM(Gi o Gp) =
anM(Gz) + Snyi My (Gz) + (3]11 + 4)M1(G1) + dnymy + 2(712 +
2)2my +nyny(ny + 1) 4 8mymy + 4(ny + 1) (nomy +nymy).

Proof. The degree of the vertices of Gy o G, is given by
dGloGg(Vi) = dG1 (V,‘) +ny for i = 1,2,. Lo, n, dGloGg(ei) =2 for
i=1,2,...,my, dGloGz(Mi‘) = d(;z(uj) +1fori=1,2,...,n; and
j=1,2,...,n;. Let the vertex set of G1 o G, can be partitioned into
three subsets E; = {xy € E(G10Gy)|x,y € V(G2;),i=1,2,...,n1},
E, = {xy € E(G10G)|x € V(G1),y € I(G1)}, and Ez = {xy €
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E(G10Gy)|lx e V(Gy),y €V(Gay), i=1,2,...,n1}.

Y (6,06, (x) +dG,06,(9))*

xy€ek

ny

Z Z (dGz(Mi)+1+dG2(uj)+l)2
i=luu;€E(Gy)
Y X
i=luu;€E(Gy)
+4(dg, (ui) +dg, (uj)) + 4)
anM(Gz) +4n M, (Gz) +4nymy.

N

((dos () +do, ()

S, Y (6,06, (¥) +dg,06, (v))?
xy€eEy
ni

Z(dGl (vi) +na+2)dg(vi)
i=1

Y (42,00 + (m4+2)? +2(m2+2)dg, () ) d, (v)
-1

F(Gl) =+ 2(112 =+ 2)2m1 + 2(1’!2 + Z)Ml (Gl).

S3 Z (dG,06, (X) +dG,06, (Y))z
xyeEs

n np

Y Y (dg, (vi) +no +dg, (uj) + 1)
i=1j=1

ny n

Xy ((d2, () + 2, () + (2 + 1)? + 22, (), ()
=1 )=

2+ 1), () +2(ms + 1) 7))

noMy (Gl) +m M, (Gz) + I’llnz(nz + 1)2 + 8mymy
+4ny (np + 1)my +4ny (ny + )my.
Add S to S5 the desired result is obtained.

1.5. Double Graph and Extended Double Cover

Let us denote the double graph of a graph G by G*, which is con-
structed from two copies of G in the following manner [15,16]. Let
G be a graph with V(G) = {vq,v2,...,v, }. The vertices of the dou-
ble graph G* are given by the two sets X = {xy,x,...,x,} and
Y = {y1,y2,...,yn}. Thus for each vertex v; € V(G), there are two
vertices x; and y; in V/(G*). The double graph G* includes the ini-
tial edge set of each copies of G, and for any edge v;v; € E(G), two
more edges x;y; and x;y; are added.

Theorem 1.10

The hyper Zagreb index of the double graph G* of a graph G is
given by HM(G*) = 16 HM(G).

Proof. From the definition of double graph it is clear that dg+ (x;) =
dg-(yi) = 2dg(vi), where v; € V(G) and x;,y; € V(G*) are corre-
sponding clone vertices of v;. Therefore

HM(G*)

Y, (dg(w)+dg(v)?

uveE(G*)

)y

X,‘X/EE(G*)

sy

Xiy;€E(G*)
+ X
X;yi€E(G¥)
4 Y (2dg(vi)+2dg(v)))?
viv,€E(G)
16 HM(G).

(dg- (x;) +dg- (x)))* + )y
Viy;€E(GY)
(do-(x1) +dg- (v)))?

(dg (i) +dg-(v;))?

(de- (x)) +dg (i))*

The construction of the entended double cover was introduced by
Alon[16] in 1986. Let G be a simple connected graph with V(G) =
{v1,v2,...,vn}. The extended double cover of G, denoted by G** is
the bipartite graph with bipartition (X,Y) where X = {x1,x2,...,%,}
and ¥ = {y1,¥2,...,y,} in which x; and y; are adjacent if and only
if either v; and v; are adjacent in G or i = j.

Theorem 1.11

Let G be a graph with n vertices and m edges. Then the hyper
Zagreb index of the extended double cover G** of the graph G is
given by HM(G**) = 2HM(G) + 8M, (G) + 8m.

Proof. From the definition of extended double cover graph G**
consists of 2n vertices and n + 2m edges. Moreover, dg(x;)
dg~(yi) = dg(vi) + 1, for i = 1,2,...,n. Here, v; € V(G) and
xi,yi € V(G*) are corresponding clone vertices of v;. Hence the
hyper Zagreb index of G** is given by,

)}

uveE (G*)

)y

X,')'jEE(G**)

Ay

X;yi€E(G*)

+ i(dG** (x;) +dg ()
=1

2 )

viv;€E(G)
2 )

viv;€E(G)
2HM(G) +8M; (G) + 8m.

HM(G*™) (d+ (u) +dg(v))*

(dg (xi) +dg (y;))*

(d(x}) +dg-(7))*

(dG(vi)+1+dg(vj) +1)*

((d(;(v,') +dG(Vj))2 +4(dg(v) +d(;(Vj)) +4>

1.6. Splice and Link Graphs

A splice of Gy and G, was introduced by Doslic[22]. Let y € v(Gy)
and z € v(G;) be two given vertices of G and G, at the vertices
y and z is denoted by S(G1,G>)(y,z) and is obtained by identify-
ing the vertices y and z in the union of G; and G;. The vertex
set of S(G1,Ga;y,7) is given by V(S(G1,G2;y,2)) = [V(G1) —y|U
[V(G2) — 7] Ux, where the vertex obtained by identifying y and z by
x. Let N(v) denotes the set of vertices which are the neighbors of
the vertex v, so that [N(v)| = dg(v). Also, let 8 (v) dg(u).

= X
ueN(v)
Theorem 1.12

The hyper Zagreb index of the splice graph S(Gy,Gz;,7)
of the graph G; and G, is given by HM(S(G1,G2;y,2))
HM(Gl) + HM(GZ) + d%;l(y)dGz(Z) + dG](y)dg;g(Z) +
2dg, (2)(d, (v) + 86, () + 2d, (y)(dg, (2) + 8, (2))-

Proof. Let S = S(G1,G;y,z). From the construction
of the splice of two graphs it is clear that dg(v)

{dG,.(v), ifveV(G)andv#y,z

dg, (v) +dg, (2) ifv=y.z.
Hence the hyper Zagreb index of the splice graph S is given by,

HM(S) Y (ds(u)+ds(v))?

uveE(S)

)y

uveE (G )uv#y

)

uveE(Ga)uv#z

+ (dGl (y) + dGz (Z) + dGl (V))2
uveE(G)u=y,veV(G)

)»

uveE(Gy),u=z,veV(G)

(de, () +dg, (v))?

(dg, () +dg, (v))?

+ (dg, (v) +dg, () +dg, (v)*



52

International Journal of Advanced Mathematical Sciences

(dg, () +dg, (v)?

- ¥

uveE (G )uv#y

+ Y

uveE(Gr)uv#z

+ Z (dG1 (Y) +dG1(V))2
wveE(G),u=yveV(Gy)

+ )»

uveE(Gy)u=z,veV(G)

+ Y (da, (2))°
uveE(Gy),u=y,veV(Gy)

+ )»

weE(Gy),u=z,veV(Gy)

(dg, () +dg, (v))

(dGz (Z) + dGz (V))z

(dey ()

+ )y 2, (2)(da, (¥) +da, (v))?
uveE (Gy),u=y,veV(Gy)
+ > 2dg, (y)((dc, () +da, (v)))

weE(Gy),u=z,veV(Gy)
= HM(Gy)+HM(G>)+dg, (v)de, (2) +da, ()dg, (2)

+2dg, (2)(dg, (v) + 86, () +2d6, (¥)(dg;, (2) + 86, (2)).-
Theorem 1.13 The hyper Zagreb index of the link graph L(Gy ~
Gy)(y,z) of the graph Gy and G, is given by HM(Gp) +
HM(Gy) + 2dg, (v) + 286, (y) + 23, (2) + 286,(2) + do;, (v) +

d, (2) + (dg, (y) + dg, (2)).

Proof. Let L = L(Gy ~ G3)(y,z). From the construction of link

graphs, it is clear that
dg,(v)veV(G)),i=1,2, ifv#yz
dr(v)= . .
dg,(x)+1, ifv=y,zi=1,2
Hence the hyper Zagreb index of the link graph L is given by,

HM(L) = Y (d(u)+dp(v)>
uveE(L)

- ¥

uveE(Gy) uyv#y

>

uveE(Gy) u,v#z

+ )»

uveE(Gy)u=y,veV(Gy)

(da, () +dg, (v)?
(dGz (M) + dGz (V))2

(1 +dG1 (y) +dG1 (v))Z

= Y (e () +dg, (v)
uveE(Gy) uyv#y
+ Y (o) +de,()
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+ Z (1+dG1 (y)+dG1 (V))z
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+ )»
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2
+((de, () + 1)+ (A6, (2) + 1)

(1+dg, (2) +dg,(v))?
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