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Abstract

The Co-PI index of a graph G, denoted by Co− PI(G), is de�ned as Co− PI(G) = å
uv=e∈E(G)

∣∣nGu (e)−nGv (e)
∣∣ , where nGu (e) is

number of vertices of G whose distance to the vertex u is less than the distance to the vertex v in G. Similarly, the edge Co-PI index

of G is de�ned as Co− PIe(G) = å
uv=e∈E(G)

∣∣mG
u (e)−mG

v (e)
∣∣ , where mG

u (e) is number of edges of G whose distance to the vertex u

is less than the distance to the vertex v inG. In this paper, the upperbound for the Co-PI and edge Co-PI indices of bridge graph are obtained.
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1. Introduction

All the graphs considered in this paper are connected and simple.A

vertex x ∈V (G) is said to be equidistant from the edge e= uv of G

if dG(u,x) = dG(v,x), where dG(u,x) denotes the distance between
u and x in G. The degree of the vertex u in G is denoted by dG(u).
The edges e = uv and f = xy of G are said to be equidistant edges

if min{dG(u,x),dG(u,y)}= min{dG(v,x),dG(v,y)}.
For an edge uv = e ∈ E(G), the number of vertices of G whose

distance to the vertex u is smaller than the distance to the vertex v in

G is denoted by nGu (e); analogously, n
G
v (e) is the number of vertices

of G whose distance to the vertex v in G is smaller than the distance

to the vertex u; the vertices equidistant from both the ends of the

edge e = uv are not counted. Similarly, mu(e) denotes the number

of edges ofGwhose distance to the vertex u is less than the distance

to the vertex v.

The vertex PI index of G, denoted by PI(G), is de�ned as

PI(G) = å
e=uv∈E(G)

(
nGu (e)+ nGv (e)

)
and

the edge PI index of G, denoted by PIe(G), is de�ned as

PIe(G) = å
e=uv∈E(G)

(mG
u (e)+mG

v (e)).

Similarly, the Co-PI index of G, denoted by Co-PI(G), is de�ned as
Co−PI(G) = å

e=uv∈E(G)

∣∣nGu (e)−nGv (e)
∣∣ and

the edge Co-PI index of G, denoted byCo−PIe(G), is de�ned as

Co−PIe(G) = å
e=uv∈E(G)

∣∣mG
u (e)−mG

v (e)
∣∣ .

Khadikar [12] �rst introduced edge PI index of graphs and they

investigated the chemical applications of the PI index. The PI in-

dex of the graph G is a topological index related to equidistant ver-

tices. Another topological index of G related to distance of G is the

wiener index of G, �rst introduced by wiener, see[18]. Khadikar,

Karmarkar and Agarwal [12] �rst introduced edge Padmakar-Ivan

index of graphs and they investigated the chemical applications of

the Padmakar-Ivan index. The mathematical properties of the PIv
and its applications in chemistry and nanoscience are well stud-

ied by Ashra� and Loghman [1,3]. Ashra� and Rezari [2], Deng,

Chen and Zhang [6], Khadikar [10], Khalifeh, Youse�-Azari and

Ashra� [11], Klav�zar [13] and Youse�-Azari, Manoochehrian and

Ashra� [17]. The vertex PI indices of the tensor and strong prod-

ucts of graphs are studied in [14, 16]. In [20, 21, 22] the PI in-

dices of bridge graphs and chain graphs are discussed. In this

paper, the upper bounds for the Co-PI and edge Co-PI indices

of bridge graphs are obtained. Let {Gi}si=1
be a set of �nite

pairwise vertex disjoint connected graphs with vi ∈ V (Gi). The
bridge graph B(G1,G2, . . . ,Gs) = B(G1,G2, . . . ,Gs;v1,v2, . . . ,vs)
of {Gi}si=1

with respect to the vertices {vi}si=1
is the graph obtained

from the graphs G1,G2, . . . ,Gs by connecting the vertices vi and

vi+1 by an edge for all i= 1,2, . . . ,s−1.

2. Co-PI Index of Bridge Graph

Let G be a graph and let v ∈V (G). The set of all edges xy such that

dG(x,v) = dG(y,v) is denoted by Nv(G). De�ne K(Gi) = {e= xy ∈
E(Gi)\Nv|d(x,v)< d(y,v)} and

L(Gi) = {e= xy ∈ E(Gi)\Nv|d(x,v)> d(y,v)}.
Theorem 2.1

Let G = B(G1,G2, . . . ,Gs) of {Gi}si=1
with respect to the ver-

tices {vi}si=1
and |V (G)| = a. Then Co − PI(G) ≤

s

å
i=1

(Co −

PI(Gi)) +
s

å
i=1

(|V (G)| − |V (Gi)|)(ki + ℓi) +
s−1

å
i=1

(
2ai − a

)
, where

ai =
i

å
j=1

∣∣V (G j)
∣∣ ,ki = |E(K(Gi))| and li = |E(L(Gi))| .
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Proof. From the de�nition ofCo−PI(G),

Co−PI(G) = å
e=uv∈E(G)

∣∣∣nGu (e)−nGv (e)
∣∣∣

=
s

å
i=1

å
e=uv∈E(Gi)

∣∣∣nGu (e)−nGv (e)
∣∣∣

+
s−1

å
i=1

∣∣∣nGvi (vivi+1)−nGvi+1
(vivi+1)

∣∣∣
=

s

å
i=1

å
e=uv∈Nvi

(Gi)

∣∣∣nGu (e)−nGv (e)
∣∣∣

+
s

å
i=1

å
e=uv∈E(Gi)\Nvi

(Gi)

∣∣∣nGu (e)−nGv (e)
∣∣∣

+
s−1

å
i=1

∣∣∣nGvi (vivi+1)−nGvi+1
(vivi+1)

∣∣∣ . (1)

The summations in equation (1) are computed separately.

Case (A):

If e= uv∈Nvi(Gi), then all the vertices inV (G)\V (Gi) are equidis-

tant from the ends of the edge e = uv. This implies nGu (e) = n
Gi

u (e)

and nGv (e) = n
Gi

v (e). Then

å
e=uv∈Nvi

(Gi)

∣∣nGu (e)−nGv (e)
∣∣= å

e=uv∈Nvi
(Gi)

∣∣∣nGi

u (e)−n
Gi

v (e)
∣∣∣ .

Thus
s

å
i=1

å
e=uv∈Nvi

(Gi)

∣∣nGu (e)−nGv (e)
∣∣ =

s

å
i=1

å
e=uv∈Nvi

(Gi)

∣∣∣nGi

u (e)−n
Gi

v (e)
∣∣∣ .

Case (B):

If e= uv ∈ E(Gi)\Nvi(Gi) then, the following cases are arise:

(i) If e= uv ∈ K(Gi), then

nGu (e)−nGv (e) = nGi

u (e)+ |V (G)|− |V (Gi)|−nGi

v (e)

= nGi

u (e)−nGi

v (e)+ |V (G)|− |V (Gi)| . (2)

(ii) If e= uv ∈ L(Gi), then

nGu (e)−nGv (e) = nGi

u (e)− (nGi

v (e)+ |V (G)|− |V (Gi)|)
= nGi

u (e)−nGi

v (e)− (|V (G)|− |V (Gi)|). (3)

Thus, å
e=uv∈E(Gi)\Nvi

(Gi)

∣∣nGu (e)−nGv (e)
∣∣

= å
e=uv∈K(Gi)

∣∣∣nGu (e)−nGv (e)
∣∣∣+ å

e=uv∈L(Gi)

∣∣∣nGu (e)−nGv (e)
∣∣∣

≤ å
e=uv∈E(Gi)\Nvi

(Gi)

∣∣∣nGi

u (e)−nGi

v (e)
∣∣∣

+ å
e=uv∈K(Gi)

|(|V (G)|− |V (Gi)|)|

+ å
e=uv∈L(Gi)

|(|V (G)|− |V (Gi)|)| .

Case (C):

If e is an edge e = vivi+1, then there exists no vertex t which is

equidistant from the ends of the edge e. Since nGvi (e)− nGvi+1
(e) =

i

å
j=1

∣∣V (G j)
∣∣− s

å
j=i+1

∣∣V (G j)
∣∣ = ai − (|V (G)| − ai) = 2ai − |V (G)| ,

the last summation in (1) becomes

s−1

å
i=1

∣∣∣nGvi (vivi+1)−nGvi+1
(vivi+1)

∣∣∣= s−1

å
i=1

∣∣∣∣∣ i

å
j=1

∣∣V (G j)
∣∣− s

å
j=i+1

∣∣V (G j)
∣∣∣∣∣∣∣

≤
s−1

å
i=1

(
2ai−|V (G)|

)
.

Hence,Co−PI(G) =
s

å
i=1

å
e=uv∈Nvi

(Gi)

∣∣∣nGi

u (e)−nGi

v (e)
∣∣∣

+ å
e=uv∈E(Gi)\Nvi

(Gi)

∣∣∣nGi

u (e)−nGi

v (e)
∣∣∣

+ å
e=uv∈K(Gi)

|(|V (G)|− |V (Gi)|)|

+ å
e=uv∈L(Gi)

|(|V (G)|− |V (Gi)|)|

+
s−1

å
i=1

(
2ai−|V (G)|

)
≤

s

å
i=1

(Co−PI(Gi))+
s

å
i=1

(|V (G)|− |V (Gi)|)(ki+ ℓi)

+
s−1

å
i=1

(
2ai−|V (G)|

)
.

3. Edge Co-PI Index of Bridge Graph

For a graph G with v ∈V (G), let Tv(G) be the set of edges uv of G
such that dG(x,v) = dG(x,u). For a bridge graph B(G1,G2, . . . ,Gs),
i = 1,2, . . . ,s− 1, let K(Gi) be the set of edges e = xy ∈ E(Gi) \
Tvi(Gi) such that dG(x,vi) < dG(y,vi) and L(Gi) the set of edges

e= uv ∈ E(Gi)\Tvi(Gi) such that dG(x,vi)> dG(y,vi).
Theorem 3.1

Let G = B(G1,G2, . . . ,Gs) of {Gi}si=1
with respect to the

vertices {vi}si=1
. Then Co − PIe(G) ≤

s

å
i=1

(Co − PIe(Gi)) +

s

å
i=1

(|E(G)| − |E(Gi)|)(ki + ℓi) +
s−1

å
i=1

(
2ai −

∣∣E(G j)
∣∣+ 1

)
, where

ai =
i

å
j=1

∣∣E(G j)
∣∣+ i−1,ki = |E(K(Gi))| and li = |E(L(Gi))| .

Proof. Let G= B(G1,G2, . . . ,Gs). Observe that E(Gi) = Tvi(Gi)∪
K(Gi)∪L(Gi) for i= 1,2, . . . ,s. By the de�nition of the edge Co-PI
index,

Co−PIe(G) = å
e=uv∈E(G)

∣∣∣mG
u (e)−mG

v (e)
∣∣∣

=
s

å
i=1

å
e=uv∈Tvi

(Gi)

∣∣∣mG
u (e)−mG

v (e)
∣∣∣

+
s

å
i=1

å
e=uv∈K(Gi)∪L(Gi)

∣∣∣mG
u (e)−mG

v (e)
∣∣∣

+
s−1

å
i=1

∣∣∣mG
vi
(vivi+1)−mG

vi+1
(vivi+1)

∣∣∣ . (4)

• For i = 1,2, . . . ,s, if e = uv ∈ Tvi(Gi), then dG(vi,u) =
dG(vi,v), and for any edge e1 ∈ E(G) \ E(Gi), then dG(u,e1) =

dG(v,e1). This implies mG
u (e) = m

Gi

u (e) and mG
v (e) = m

Gi

v (e). Then

å
e=uv∈Tvi

(Gi)

∣∣mG
u (e)−mG

v (e)
∣∣= å

e=uv∈Tvi
(Gi)

∣∣∣mGi

u (e)−m
Gi

v (e)
∣∣∣ .

• For i = 1,2, . . . ,s, if e = uv ∈ K(Gi), then dG(vi,u) < dG(vi,v),
thus

mG
u (e)−mG

v (e) = mGi

u (e)+ s−1+ å
1≤ j≤s, j ̸=i

∣∣E(G j)
∣∣−mGi

v (e)

= mGi

u (e)−mGi

v (e)+(|E(G)|− |E(Gi)|). (5)

Similarly, if e= uv ∈ L(Gi), then dG(vi,u)> dG(vi,v), thus

mG
u (e)−mG

v (e) = mGi

u (e)− (mGi

v (e)+ s−1+ å
1≤ j≤s, j ̸=i

∣∣E(G j)
∣∣)

= mGi

u (e)−mGi

v (e)− (|E(G)|− |E(Gi)|). (6)

From (5) and (6)
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å
e=uv∈K(Gi)∪L(Gi)

∣∣mG
u (e)−mG

v (e)
∣∣

= å
e=uv∈K(Gi)

∣∣∣mG
u (e)−mG

v (e)
∣∣∣+ å

e=uv∈L(Gi)

∣∣∣mG
u (e)−mG

v (e)
∣∣∣

= å
e=uv∈K(Gi)

∣∣∣mGi

u (e)−mGi

v (e)+(|E(G)|− |E(Gi)|)
∣∣∣

+ å
e=uv∈L(Gi)

∣∣∣mGi

u (e)−mGi

v (e)− (|E(G)|− |E(Gi)|)
∣∣∣

≤ å
e=uv∈K(Gi)

∣∣∣mGi

u (e)−mGi

v (e)
∣∣∣+ å

e=uv∈K(Gi)

(|E(G)|− |E(Gi)|)

+ å
e=uv∈L(Gi)

∣∣∣mGi

u (e)−mGi

v (e)
∣∣∣+ å

e=uv∈L(Gi)

(|E(G)|− |E(Gi)|).

• For an edge e = vivi+1, i = 1,2, . . . ,s − 1, one can eas-

ily observe that mG
vi
(e) − mG

vi+1
(e) =

(
i

å
j=1

∣∣E(G j)
∣∣+ i−1

)
−(

s

å
j=i+1

∣∣E(G j)
∣∣+ s− (i+1)

)
.

s−1

å
i=1

∣∣mG
vi
(vivi+1)−mG

vi+1
(vivi+1)

∣∣
=

s−1

å
i=1

∣∣∣∣∣
(

i

å
j=1

∣∣E(G j)
∣∣+ i−1

)
−

(
s

å
j=i+1

∣∣E(G j)
∣∣+ s− (i+1)

)∣∣∣∣∣
=

s−1

å
i=1

∣∣ai− (
∣∣E(G j)

∣∣−1−ai)
∣∣

≤
s−1

å
i=1

(
2ai−

∣∣E(G j)
∣∣+1

)
.

Hence the edge Co-PI index of the bridge graph is given by,

Co−PIe(G) =
s

å
i=1

å
e=uv∈Tvi

(Gi)

∣∣∣mGi

u (e)−mGi

v (e)
∣∣∣

+
s

å
i=1

å
e=uv∈K(Gi)

∣∣∣mGi

u (e)−mGi

v (e)
∣∣∣

+
s

å
i=1

å
e=uv∈K(Gi)

(|E(G)|− |E(Gi)|)

+
s

å
i=1

å
e=uv∈L(Gi)

∣∣∣mGi

u (e)−mGi

v (e)
∣∣∣

+
s

å
i=1

å
e=uv∈L(Gi)

(|E(G)|− |E(Gi)|)+
s−1

å
i=1

(
2ai−

∣∣E(G j)
∣∣+1

)
=

s

å
i=1

Co−PIe(Gi)+
s

å
i=1

(|E(G)|− |E(Gi)|)(ki+ ℓi)

+
s−1

å
i=1

(
2ai−

∣∣E(G j)
∣∣+1

)
.
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