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Abstract

In this paper, the eigenvalues, Euclidean norm and inverse of right circulant matrices with Jacobsthal sequence
were obtained.
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1 Introduction
The Jacobsthal sequence { jk}'k:% satisfies the recurrence relation
Jk = Je—1+ 2jk—2 (1)

with initial values jo = 0 and j; = 1.
The right circulant matrix as defined in [1] is given by

Jo Ji J2 e Jn—2 Jn-1

Jn—1  Jo J1 - Jn-3 Jn-2

- jn—Q jn—l jO jn—4 jn—S
RCIRC,(j) = . oo . .
Jo J3  Ja - Jo Ji1
J1 Jo J3 - Jn—1  Jo

where ji are the first n terms of the Jacobsthal sequence.
In [1], the determinant and the inverse of RCTRC,,(j) were obtained. The aim of this paper is to find explicit

forms for the eigenvalues, Euclidean norm and inverse of RCIRC),(j). In the inverse, we will be using Inverse
Discrete Fourier Transform.

2 Preliminary notes

Lemma 2.1 nil [216_?5_1)16} ok % [ 1-2" 1-— (_1)1

k=0
27i/n

where w = e

Proof:
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Lemma 2.2 Given the equation

n—1

S = Z [rw‘m — 1] wmk (3)

k=0
where 1 is non-zero,
So = —"Nn

s1=1mn
s, =0; fork>2

Proof:
For k=0
n—1
s = [rw*m — 1]
k=0
_ r(l—w™) .
1—w
= —-n
For k=1
n—1
s1 = [rw*m - 1] w™
k=0
1—w"
= rn—
1l—w
= rn
For k > 2
n—1
S = [rw‘m - 1] WMk
k=0
n—1

k=0

1_wn(k:—l) 1 W
- Tt 1—w
= 0

3 Main results

Theorem 3.1 If n is even, the eigenvalues of RCIRC,, (;) are given by

1-2"

Ap = —————
3 — 6w—™

where m=0,1 ..., n-1.
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Proof:

89

The eigenvalues of a right circulant matrix are the Discrte Fourier Transform of the entries in the first row,

hence
n—1
2k — (=1)*
= Y| F |
k=0
where m=0,1 ..., n-1. Using (2) and n being even, we have
1-2"
A = ———
3 —6bw—™
Theorem 3.2 If n is odd, the eigenvalues of RCIRCR(;) are given by
1-2" 2
Am = —
3—6w™™ 3J+3wm
where m=0,1 ..., n-1.
Proof:

The same process as the previous theorem but with n odd.

-,

Theorem 3.3 The Fuclidean norm of RCIRC,,(j) is given by

- /2 + 3nj2
IRCIRC, (§)||p = Y- 2n

3
Proof:

IRCIRC,(j)lz = >

Il
W =
&
zw
+

|:22n _ 2(_2)11 + 12n:|
3n

3
Theorem 3.4 If n is even, RCIRC;l(j) is given by RCIRC, (s, 81, ..., Sn—1) where
3
0T T on
B 6
S T

s, =0; fork>2.
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Proof:

The inverse of a right circulant matrix is the Inverse Discrete Fourier Transform of the inverse of its eigenvalues,
hence

Using Lemma 2.2, the thereom follows.

Theorem 3.5 If n is odd, RCIRC,:l(f) is given by RCIRC, (s0, 51, ..., Sn—1) where

o=t % [(1 (—52;272;11;1771)} i

k=0
Proof:
n—1 —1
1 1—2n 2 .
k= ET;O {3 6w 3+3w—m] “
3 [1 — M T — 2T 9 +4wm} -
= - w
n e (I-2w)(14+w™™)
3 (B—2M)w ™ —1 -
= — w
n (1 -2w=m™)(1+w™™)

4 Conclusion

The eigenvalues and the inverse of right circulant with Jacobsthal sequence take different forms depending on
whether n is even or odd while the Euclidean norm doesn’t. Furthermore, we have expressed the Euclidean norm
in terms of n and n'* Jacobsthal number.
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