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Abstract

The augmented eccentric connectivity index of a graph which is a generalization of eccentric connectivity index is
defined as the summation of the quotients of the product of adjacent vertex degrees and eccentricity of the concerned
vertex of a graph. In this paper we established some relationships between augmented eccentric connectivity index and
several other graph invariants like number of vertices, number of edges, maximum vertex degree, minimum vertex
degree, the total eccentricity index the first Zagreb indices and the second multiplicative Zagreb index.
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1 Introduction

In this paper we are concerned only with finite simple connected graph i.e. finite connected graph without self loops and
multiple edges. For a graph G let the set of all vertices and edges are denoted by V(G) and E(G) respectively. Also let n
and m be, respectively, the number of vertices and edges of G. For all v belongs to V(G) let deg(v) be the number of

first neighbor i.e. degree of the vertex v. Also let A=max{deg(v):veV(G)} and & =min{deg(v):veV(G)} be the

maximum and the minimum vertex degree, respectively. Let the distance between any two vertices of V(G) , is equal to
the length of the shortest path connecting them and denoted by d(u,v). Also for a given vertex of V(G) its eccentricity is
the largest distance from that vertex to any other vertices of G

i.e. e(v) =max{d(v,x):xeV(G)}
The radius and diameter of the graph are the smallest and largest eccentricity among all the vertices of G respectively

[1].
i.e. r=r(G)=min{e(v):veV(G)}and d =d(G) =max{e(v):veV(G)}

Also the total eccentricity of a graph, denoted by 8(G) , is the sum of eccentricities of all the vertices of G [1].

The oldest and most popular graph invariant, the classical Zagreb indices, introduced by Gutman and Trinajsti¢ are
defined as [15]

M,(G)= . deg(v)’ . M,(G)= 3 deg(u)deg(v)

veV (G) (u.v)eE(G)

where deg(v) is the degree of the vertex v. The Zagreb indices were subject to a large number of mathematical studies
[14].

Todeschini et al. [16] have introduced the multiplicative variants of additive graph invariants, which applied to the
Zagreb indices would lead to the first and second Multiplicative Zagreb Index which are defined as

[1.© =[] degw)* . J[,G)= J] deg(u)deg(v)

vev (G) (u,v)eE(G)
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The properties of these multiplicative Zagreb indices for trees were studied by Gutman [10] and some properties,
bounds were studied by Liu and Zhang [10].

In recent years a number of graph invariants related to eccentricity have been derived and studied. One of them the
eccentric connectivity index of a graph G was proposed by Sharma, Goswami and Madan [12] and is defined as

&)=, deg(v)e(v)

veV (G)

A more generalization of the connective eccentric index known as augmented eccentric connectivity index was
introduced by Gupta, Singh and Madan [8] and is defined as

&)= Y M0

v €(V)

where M (v) denotes the product of degrees of all neighbors of vertex v; i.e. M(v) = H deg(u) . This index is

(u,v)eE(G)

relatively new though subject to some chemical as well as mathematical studies. From above definition of augmented
eccentric connectivity index it is evident that, as the degrees are taken over the neighborhoods and then multiplied and
again the reciprocal of eccentricity is considered for a vertex, so the contribution of a vertex to this index is both non-
local and non-linear.Different properties of augmented eccentric connectivity index have been studied by Dosli¢ and
Saheli (2011)[6], Sedlar (2012)[11], De (2012)[3].

The problem of finding extremal properties of some topological indices so that to establish some inequalities involving
different graph invariants have been studied by different researchers of which only some recent results are mentioned
here [2, 4, 5, 10, 17]. The aim of this paper is to investigate similar extremal properties for multiplicative augmented

eccentric connectivity index. In this paper we first establish some upper and lower bounds of Z M (v) and then using
veV (G)

those some sharp lower and upper bounds of augmented eccentric connectivity index is given in terms of different
graph invariants including the number of vertices (n), number of edges (m), radius (r), diameter (d), maximum vertex
degree (A), minimum vertex degree (), the total eccentricity index (8(G)) the first Zagreb indices (M1(G) ) and the

second multiplicative Zagreb index (I1,(G)) .

2 Main results

The First we find some upper and lower bounds of summation of degrees of all the neighbors of the vertices of G is

> M(v).

veV (G)
Proposition 2.1: Let G be a simple connected graph with n vertices and I1,(G) denotes the first Zagreb index of G,
then
1
M (v) = nIT, (G)"

with equality if and only if all the vertices of G are of same degree.

Proof. Using inequality between arithmetic and geometric mean, we have

> MV

vev (G)

X I M(v)T{H I o|eg(v)}i

veV (G) veV (G) (u,v)eE(G)

ie. > M(v)= n{ 11 deg(v)deg(v’}z n[HZ(G)]%

veV (G) veV (G)

with equality if and only if all the vertices of G are of same degree. Here I1,(G) is the second multiplicative Zagreb
index of G and is defined as [9]
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I,G)= [ deg(u)deg(v)= J] degw)*™ .

(u,v)eE(G) veV (G)

Proposition 2.2: Let G be a simple connected graph with n vertices and M, (G) denotes the first Zagreb index of G,
then
> M(v)=M,(G)

veV (G)

with equality if and only if G = K, .

Proof. Let &(v) denotes the sum of degrees of all the neighbors of the vertex v, so that

5= Y degu)

(u,v)eE(G)
So obviously from the definition of M (v)

M(v)=o(v)forall veV(G).
Thus, > M(V)= > §(v)=M,(G)
veV (G) veV (G)
with equality if and only if deg(v) =1for all veV (G). Here M,(G) is the first Zagreb eccentricity index of G and is
defined as [14]
M (G)= > deg(v)’= D> S(v). 0

veV (G) veV (G)

Proposition 2.3: Let G be a simple connected graph with n vertices, then

A\
> M(v)sn(;}

VeV (G)

with equality if and only if all the vertices of G are of same degree.

Proof. Using the inequality between arithmetic and geometric mean, we have
1

L > deg(u)z{ 11 deg(u)}degm

deg(V) wvcece) (UV)<E(G)

_ sy T
ie. M(v)g{m} @

Now since, 6 <deg(v) <A, so
s(v)= > deg(u)<a®.

(u,v)eE(G)
Thus from (2.1), we can write
AT
M(v)<| —
w=|%]
from where the desired result follows with equality if and only if all the vertices of G are of same degree. N

Proposition 2.4: Let G be a simple connected graph with n vertices, then

> M(v)gn(z—m+5—n)A

)
veV (G)
with equality if and only if all the vertices of G are of same degree.
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Proof. We have [14]
S(v) £2m—deg(v) —o(n—1—-deg(v))
forall veV(G), so that

ov) . 2m _, s(h-D o 2M s

deg(v)  deg(v) deg(v) )

deg(v) A
Thus, (V) < 2—m—n+5 .
deg(v) 1)

So from (1) we have,

deg(v)

Y Mw< Y {ﬂ} (M 5y
VeV (G) WG| deg(v) o

which is our desired result. In the above inequality equality holds if and only if all the vertices of G are of same degree.

O

Now we find some upper and lower bounds of augmented eccentric connectivity index.

Theorem 2.1: Let G be a simple connected graph with n vertices and m edges, then

with equality if and only if G all the vertices of G are of same degree and eccentricity.

Proof. Since 6 <deg(v) <A, for all veV(G)and M (v) is the product of all the neighbors of the vertex v, we have
6° <M (v) < A*, forall veV(G), with equality if and only if G is a regular graph. Similarly since r <&(v) <d, for all
v eV (G), from the definition of augmented eccentric connectivity index, we have

ns’ nA*

r <&*(G)< ;

which is our desired result. Obviously in the above inequality equality holds if and only if all the vertices are of same
degree and eccentricity.

Theorem 2.2: Let G be a simple connected graph with n vertices and m edges, then
1
n’I1,(G)"

§aC(G)2W

with equality if and only if all the vertices of G are of same degree and eccentricity.

Proof. To prove this theorem we use Chebyschev’s inequality as follows

ne=@)=ny MU, s vy s L

e (V) B VeV (G) e (V)

with equality if and only if all the vertices of G are same degree and eccentricity. Now using the inequality between
arithmetic and harmonic mean, we have
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1 z g(v)>L

N\ (G) - Z e(v)
VeV (G)

. 1 n?

e —_—2

. .VE\/(G) e(v)  0(G)

with equality if and only if all the vertices of G are of same eccentricity. So from above we can write

ac n
¢7(G)= 20) VEVZ@) M(v) 0]

Now using Proposition 2.1 from above the desired result follows, with equality if and only if all the vertices of G are of
same degree and eccentricity. [

Corollary 2.1: Let G be a simple connected graph with n vertices and m edges, then

ac M, (G)

where M, (G) is the first Zagreb index of G. In the above inequality, equality holds if and only if G is a path of length
one.

Proof. Using proposition 2.2, the above result follows from relation (2.2). Obviously equality holds in the above
inequality if and only if G = K, . \

Theorem 2.3: Let G be a simple connected graph, then

ac n A_ZA
d (G)Sn—é(éj

with equality if and only if G= K.

Proof. Since we have [13]

1 1
S
e(v) n-¢o

for all veV(G), with equality if and only if G =K, — je for j:1,2,....,L%J or G=P,, so from the definition of

augmented eccentric connectivity index, we can write

£2G) 2 =3 M 3

— U vev(G)

Now using Proposition 2.3, the desired result follows from (2.3). The equality holds in the Proposition 2.3 if all the
vertices are of same degree. Thus in this theorem equality holds if and only if G =K, .

U
Corollary 2.2: Let G be a simple connected graph with n vertices and m edges, then

N5

§*(G)= s

with equality if and only if G= K.
Proof. Using Proposition 2.4, the above result follows from relation (2.3). The equality holds in the Proposition 2.4 if

and only if all the vertices are of same degree. Thus in this result equality holds if and only if G = K.
-
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Theorem 2.4: Let G be a simple connected graph, then

ac n(n-1)A*
&€ (G) < g
with equality ifand only if G= K| .
Proof. Since we have [13]
1 n-1
—<
£(v)  D(v)
for all veV (G), with equality if and only if G =K, so
Z L <(n-1) L
e (V) vy D(V)

Now since, D(v) >deg(v) forall veV (G), with equality if and only if G = K, , we have from above

1 oyy

vire) (V) vre) deg(v)

Again since, D(v) >deg(v) forall veV(G), we can write

1 < n(n-1)
e (V) )

(4)

So, using definition of augmented eccentric connectivity index and Proposition 2.3, the desired result follows from
(2.4). Obviously in the above inequality equality holds if and only if G= K .
U

Corollary 2.3: Let G be a simple connected graph with n vertices and m edges, then

n(n-1) 2m

S E i s—n)y
s o

(O
with equality if and only if G = K, .

Proof. From Proposition 2.4, we have

M(V)S(%nJré—n)A

with equality if and only if G is regular. So from the definition of augmented eccentric connectivity index we can write

e @M s e 1
d (G)S(7+5 ") e (V)

Now using (2.4), from above we get the desired result. Since the equality holds in the Proposition 2.4 if and only if all
the vertices are of same degree. Thus in this result equality holds if and only if G= K, .
-

3 Conclusion

In this paper, we have established sharp upper and lower bounds foraugmented eccentric connectivity index in terms of
graphparameters including the order, size, radius, diameter, maximum vertex degree, minimum vertex degree, the total
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eccentricity index, the first Zagreb indicesand the second multiplicative Zagreb index, so that different inequalities
related to augmented eccentric connectivity index to some other graph invariants with the respective equality condition
were established.It may be interesting to give the bounds for augmented index in terms of other graph invariants.
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