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Abstract

Exact hyperbolic, trigonometric and rational travelling wave solutions to the (2+1)-dimensional Generalized Zakharov-
Kuznetsov (GZK) equation via the extended generalized Riccati equation mapping method are presented in this paper.
The twenty one travelling wave solutions obtained were verified by putting them back into the GZK equation with the
aid of Mathematica. This shows that the extended generalized Riccati equation mapping method is a powerful tool for
finding exact solution to nonlinear partial differential equations in physics, mathematics and other applications.
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1 Introduction

In recent times, the calculation of exact travelling wave solution of nonlinear partial differential equations (NLPDE)
play a very central role in soliton theory. These solutions provide much information about the physical models which
the nonlinear partial differential equations describe. Nonlinear equations appear in many fields such as Quantum field
theory, Optics, Plasma physics [1], Biology, Fluid mechanics [2], Solid-state physics [3], Chemical Kinetics [4], etc.
Various powerful methods have been employed to construct exact solutions to nonlinear partial differential equations.
These methods include the inverse scattering transform [5], the Backlund transform [6-7], the Darboux transform [8],
the Hirota bilinear method [9], the tanh-function method [10-11], the sine-cosine method [12], the exp-function method
[13], the generalized Riccati equation method [14], the Homogenous balance method [15], etc.

Recently a new method called the (G'/G) expansion method was introduced by [16] to construct exact solution to
nonlinear partial differential equations. This method obtains travelling wave solution of NLPDE by using the second
order differential equation given by G "(§) + AG'(§) + uG (&) = 0 as an auxiliary equation.

Zayed and Khaled, [17] applied the (G'/G) expansion method to construct travelling wave solution of the combined
KdV-mKdV equation, the reaction-diffusion equation, the KdV-Burgers equation and the generalized shallow water
wave equation. Abdollahzadeh et al., [18] employed the (G'/G) expansion method for the exact travelling wave
solution of the Benjamin-Bona-Mahony-Burgers equation. Higher order equations like the sixth order Ramani equation
was also solved using the (G'/G) expansion method [19].

The extended generalized Riccati equation mapping method introduced by [20] is similar to the (G'/G) expansion
method with the exception that the auxiliary equation used is the generalized Riccati equation given by G'(§) =p +
rG(§) +sG%(§). The generalized Riccati equation has 27 different classes of solution which makes it ideal for
constructing varieties of travelling wave solutions for other equations. Naher and Abdullah, [21] applied the extended
generalized Riccati equation mapping method to construct new travelling wave solutions to the modified Benjamin-
Bona-Mahony equation.

The aim of this paper is to apply the extended generalized Riccati equation mapping method to construct travelling
wave solutions of the Generalized Zakharov-Kuznetsov (GZK) equation.



2 International Journal of Advanced Mathematical Sciences

2 Description of the Extended Generalized Riccati Equation Mapping Method
Here, we provide a brief explanation of the extended generalized Riccati equation mapping method for finding
travelling wave solutions of nonlinear partial differential equations. Consider a nonlinear equation of two independent
variables x and t of the form:

P(u, Ug, Uy, Uppy Ungyey Uey o) = 0 (@)

P is a polynomial in u(x,t) and its derivatives with respect to x and t. To begin, we transform equation (1) into a
nonlinear ordinary differential equation by introducing the variable & given by:

ulx,t) = u(¢) &E=ux+ct (2
Where u and c are arbitrary constant and equation (2) reduces to a nonlinear ordinary differential equation of the form
Q(u,u’,u”,u'"..)=0 (3)

The method assumes that the solution to equation (1) can be expressed as a polynomial in (G'/G)

u@ = Xa; (L) am#0 (4)
Where a, a4, ..., a,, are constants to be determined and G (§) satisfies the generalized Riccati equation of the form
G'(&) =p+1rG()+5s6*&) s#0 (5)

Where p, r and s are arbitrary constants. Equation (3) is integrated as long as all the terms contain derivatives, where
integration constants are considered to be zero. To determine m, we consider the homogenous balance between the
highest order derivative and the highest order nonlinear term(s).

Substitute equation (4) with the determined value of m into equation (3), and collect all terms with the same order of
G™™(&) and G™(&) form = 0,1, 2,3, ... together. If the coefficients of G™ vanish separately, we have a set of algebraic
equations in ag, a4, ..., @y, i, ¢, p, 7 @and s that is solved with the aid of Mathematica.

Finally, substituting a,, a4, ..., @.,,, ¢ and the general solution to equation (5) into equation (4) yield the travelling wave

solution of equation (1). Twenty seven different solutions of the generalized Riccati equation under four different
families are presented below [21]:

Family 1: When ¢ = \/m ¢? > 0andrs # 0 or sp = 0, the hyperbolic solutions to equation (5) are:
G, = —%[r + ¢ tanh (%f)]

G, = —%[r + ¢ coth (%f)]

Gy = —% [r + ¢p[tanh(¢p¢) + i sech(¢pé)]]

Gy = — % [r + plcoth(¢p) + cosech(pé)]]

Gs = _i[zr +¢ [tanh (%f) + coth (%f)”

6

_1 [_r + ¢JQZ+R2—Q¢cosh(¢f)]

2s Q sinh(¢§)+R

G = L[_, _ $/RZ=0%+ossinh(¢®)
7 Q cosh(¢p&)+R
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Q and R are two non-zero real constants that satisfies R — Q2 > 0.

G = 2p cosh(%f)
8~ ¢osinh(%$)—r cosh(%f)

o = -2p sinh(%f)

o -} cosh(%f)ﬂ" sinh(%f)
G = 2p cosh($§)

10 ¢ sinh(¢p€)—r cosh(¢&)+igp
G = 2p sinh($§)

1™ ¢ cosh(¢p&)-rsinh(p&)+¢

4p sinh(%f) cosh(%f)

Gz =

2¢ cosh?(2¢)-2r sinh(2¢) cosh(2¢ ) -

Family 2: Whenn = \/4sp — 12,7 > 0 and rs # 0 or sp # 0, the trigonometric solutions to equation (5) are:
6= [rren(2)

=2 rren (2

Gis = 5 [-r +nltan(¢) + sec(né)]]

Gie = — le [r + nlcot(m&) + cosec(né)]]

Gir = &[-2r-+ ntan (35) - cox (29)]

+1/Q2-R2-Qn COS(nf)]

T
Glg - Z _—T + Qsin(né)+R

Gio= 1|y = 1y Q2-R%+Qn cos(m$)
19 7 55 r Qsin(né)+R

Q and R are two non-zero real constants that satisfies Q2 — R? > 0.

G = -2p cos(gf)

20 = nsin(g$)+r cos(gf)
G = 2p sin(gf)

2= ncos(gf)—r sin(gf)
G = —2p cos(n§)

227 ysin(né)+r cos(mé)+n
Gon = 2p sin(n§)

237 pcos(né)-rsin(ndn

4p sin(%f) cos(gf)

Gy =

Y cosz(gf)—Zr sin(%f) cosh(gf)—r]

Family 3: Whenp = 0, rs # 0 and g, is an arbitrary constant, then we have more solutions to equation (5):
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Goe = 191
25 slg1+cosh(r&)—sinh(ré)]

G = —r[cosh(ré)+sinh(ré)]
26 — slg1+cosh(ré)+sinh(ré)]

Family 4: Whenp =r = 0, s # 0 and d, is an arbitrary constant, then the rational solutions to equation (5) are:

-1
sé+dq

Gy7 =
3 Application

In this section, we apply the extended generalized Riccati equation mapping method to construct travelling wave
solution of the (2+1)-dimensional Generalized Zakharov-Kuznetsov (GZK) equation given by [22-23],

Uy + AU, + bUPUy + Cllyyy + gy, =0 6)

Where a, b, c and d are constants and b # 0. This equation describes the nonlinear development of ion-acoustic waves
in magnetized plasma under the restrictions of small wave amplitude, weak dispersion, and strong magnetic fields [24].

We make the transformation (x,y,t) = u(¢), & = ux + By + wt .

Equation (6) becomes

wu' + apuu’ + bpuu' + (cu® + dp*wu’’ =0 ©)
Integrating equation (7) once with respect to ¢ yields

wu + az—“u2 + b3—”u3 + (e +dp*uwu" +k=0 8)

Where k is a constant of integration to be determined later. To get m, we balance the highest order derivative u"" and
the highest order nonlinear term u3.

3m=m+2 >m=1

Then equation (4) becomes

u(@@® = o, (%’) + where a; # 0 9)
Where a, and a, are constants to be determined later. Substituting equation (5) in equation (9)

u@® = a;(pG 1 +r+sG) + ap (10)
Substituting equation (10) and its derivatives into equation (8) and collecting the coefficients of G™ (&) together yields
a simultaneous set of nonlinear algebraic equations in a,, @4, 7, s, p, w and k. These equations are not displayed to save

space due to their long nature.

Solving this algebraic system of equation with the aid of Mathematica yields the solution

—3dB2-3cu?
2b — 2b

— . |—3dB2-3cu?

a, =42 | ——
1 2b

1

2
w=- [% +2dr?B?%u + 16dpsf?u + 2cr?ud + 16cpsu3]
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k= szz [a — 486D /2pT‘S( dﬁz —cu®) 3/, + 6ab(r? + SSP)(dﬁZ +cu )]

Substituting the solution to the nonlinear algebraic equation and the general solution to the generalized Riccati equation
(5) into equation (9), we obtain different travelling wave solutions of the GZK equation.

Family 1: The hyperbolic solutions to equation (6), when ¢ = /72 — 4sp, 2 > 0 and rs # 0 or sp # 0 are:

a —3dp2-3cu? — —3dp2-3cu?
2 % a, =7F2 %

2
E=ux+ By + % [ab—” + 2dr?B?%u + 16dpsB?u + 2cr?ud + 16cps,u3] t

¢? sech? ¢f
= +
th (f) (2[r+¢ tanh ¢§’ ) %o
&) = 2cosechZ +
t f 2 r+¢ coth %o
+igp?
Uz (f) =& (¢ cosh(¢f)+r[+z+smh(¢f)]) + %o
Ug (f) =& (r rcosh(¢u)+¢ smh(d)u)) + %o
cosechz(ff)
u = +«a
5(6) <2r+¢[coth ¢€ +tanh(¢f)] 0
0[-0¢?+92/QZ+RZ cosh(¢§)+R¢? sinh(¢¢))
us(§) = [R+Q sinh(§)][rR-¢/QZ+RZ+Q¢p cosh(p€)+Qr sinh(¢)]
3 0[0¢?-¢2/R?=Q7 sinh(p§)+R? cosh(p)]
w(§) = [R+Q cosh(¢§)][rR+¢\/R2 02+Q¢ sinh(¢€)+Qr cosh(p¢)|
Us (E) =& (r+r cosh(¢pé)— ¢smh(¢§)) %o
us(§) = (r rcosh(¢$)+¢ smh(¢f)) + &

¢ [sech(¢§)Fi tanh(¢$)]
r cosh(¢pé)—¢p[i+sinh(¢pé)]

up(§) = a4 )+a0

(
U (€)= o (r rcosh(¢f)+¢smh(¢>a) + o
( + aq

ulZ(f) =m r— rcosh(¢f)+¢smh(¢f))

Family 2: The trigonometric solutions to equation (6), whenn = \/4sp —r2,n? > 0and rs # 0 or sp = 0 are:

—3dB2%2-3cpu? — |—-3dBZ%-3cpu?
+ —3dp2-3cp? a, = F2 —3dp2-3cu?
2b 2b 2b

2
E=pux+PBy+ % [aT“ + 2dr?B?u + 16dpsB?u + 2cr?u® + 16cpsu3] t
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u(§) =

r+17 cot

s ) = (2[: )

—17 cosec?
) + ay

ws(®) = @ (7 COS(n§)+Tsm(n§)) %o

o) = a (3 sm(n€)+rc05(nf)) %

a6 = o ()

1o () = ( Q[-Qn*+n*\/Q?=R? cos(n)~Rn? sin(ng)| >
[R+Q sin(©)]|rRFnYQ2—R2Z+Qn cos (1€)+Qr sin(nd) |

tio(E) = ( 0[-en?¥1?{Q2-R2 cos(n§)~Rn? sin(n)| )
[R+Q sin(©)][rR 1y Q2=R2+Qn cos(n§)+Qr sin(né)

U () = @ (r+r COS(nE)+n sm(nf)) o

un(§) = @ (r —r cos(né)- nsm(nf)) o

1) = aa ; cos(;;)cgfitj:ﬁ?)]) +

w2 = o (7 e sm(nf)) %

ws(§) = @ (r—r COS(n_gin Sin(nf)) T %

Family 3: More solutions to equation (6), whenp = 0, rs # 0 and g, is an arbitrary constant are:

a —3dB2-3cu? — —3dB2-3cu?
A I a, = F2 |2 s
2b 2b 2b

2
E=ux+ By + i [aT” + 2dr?B?u + 2cr2,u3] t

.
U (§) = oy (m) + g

Upe(§) = oy (eTngg ) + ag
Family 4: Rational solutions to equation (6), whenp = r = 0, s # 0 and d, is an arbitrary constant are:

a -3dpB2-3cu? — —3dB2-3cu?
—+r B H a = i) B 1
2b 2b 2b

_ o
§=ux+py+—_-t

Uy (§) = a (Sﬂd)"‘ 0
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4  Results and discussion.

Remark 4.1: The travelling wave solutions of the (2+1)-dimensional Generalized Zakharov-Kuznetsov (GZK) equation
obtained using the extended generalized Riccati equation mapping method for the hyperbolic, trigonometric and rational
function types are presented in u; — u,.

Remark 4.2: The solutions ug, u,, u,; and u,, are identical and can all be described by u,; alone. Also solutions
Uyg, Uy, Ups andu,, are identical and can all be described by solution u,;. Hence the extended generalized Riccati
equation mapping method produces 21 different classes of travelling wave solution to the GZK equation. This
compared to 8 classes of solutions to the GZK equation reported by [24] using the improved (G'/G) expansion method
shows the superiority of the extended generalized Riccati equation mapping method.

Remark 4.3: All the obtained travelling wave solutions to the (2+1)-dimensional (GZK) equation u; — u;, uyq, Uy3 —
U9, Upz and u,s — Uy, Were checked by putting them back into equation (6) with the aid of Mathematica.

5 Conclusion

Twenty one different hyperbolic, trigonometric and rational function travelling wave solutions to the (2+1)-dimensional
Generalized Zakharov-Kuznetsov (GZK) equation has been obtained using the extended generalized Riccati equation
mapping method. The results have been verified by putting them back into the GZK equation with the aid of
Mathematica. Conclusively, the extended generalized Riccati equation mapping method is a powerful tool for finding
exact solution to nonlinear partial differential equations in physics, mathematics and other fields.
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