International Journal of Advanced Mathematical Sciences, 4 (1) (2016) 18-20

International Journal of Advanced Mathematical Sciences

Website: www.sciencepubco.com/index.php/IJAMS
doi: 10.14419/ijams.v4il.5911
Research paper

SPC

Generalized free Gaussian white noise

Hakeem A. Othman!-?"

L Department of Mathematics, Al-Qunfudah Center for Scientific Research, AL-Qunfudhah University college, Umm Al-Qura University, KSA
2Department of Mathematics, Rada’a College of Education and Science, Albida University, Albida, Yemen
*Corresponding author E-mail:hakim_albdoie @ yahoo.com

Abstract

Based on an adequate new Gel’fand triple, we construct the infinite dimensional free Gaussian white noise measure (U using the
Bochner-Minlos theorem. Next, we give the chaos decomposition of an L? space with respect to the measure i.
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1. Introduction

White noise analysis has been developed into a useful tool in infinite
dimensional analysis and the interest in this field has grown at an
explosive rate due to the large number of their application’s domains
such as quantum physics and in the theory of stochastic systems. It is
a well-known fact that, in contrary to the finite dimensional analysis,
no measure exists in infinite dimension which has the properties of
the Lebesgue measure. However, the so-called Gaussian measures
form one of the important and useful class of measures on infinite
dimensional space, which have many similar properties to those of
the Lebesgue one.

In the g-theory, the g-deformation of the Gaussian distribution was
given in [5], in particular for g=0, we obtain the free case, dv(x) =
ﬁ\/ 4 —x2dx, | x |< 2, called the Wigner semicircle measure or the
free Gaussian measure.

This paper is organized as follows: in Section 2, we give this measure
with parameter (o € R) in order to calculate its Fourier transform
by using the Bessel function, we find

vc(x):/Remdvo(z)zjl(zcx), XER,

we use the Wigner semicircle functions and the differential equa-
tion satisfied by the Chebychev polynomials of the second kind to
construct a standard nuclear triple

E:=()E,CHC |JE ,:=FE.
p>0 p>0

Then by using the Bochner-Minlos theorem, we define the infinite
dimensional Wigner semicircle (or free Gaussian) white noise mea-
sure i on (E',B(E’)). Finally, in Section 3, we give the chaos
decomposition of the space L?(E', ).

2. Wigner semicircle White Noise space

Let v be the Wigner semicircle distribution with parameter o € R
(called also generalized free Gaussian distribution) given by

{ dve(x) = yig7\/4— (£)21-2001,210/1dx )

dvy(x) = o (x),

where &y is the Dirac measure on the point 0.
Forn=0,1,2,..., the Chebychev polynomials of the second Kind

U, (x) are defined by the relation W = Up(cos 0). For normal-
ization we set:

then {P,(x)} is a sequence of orthogonal polynomials associated
with the Wigner semicircle law

1
T
and satisfy the following recursion formula

dv(x 4—x2dx, |x|<2,
XPn(x):Pn+l(x)+Pn71(x)'
The Bessel function of the Kind of order o > _71 can be defined by
X g i (—1)k X
J =(2)Y L (D)* 0. 2
a(¥)=(3) kgok!l“(a+k+l)(2) P @

Moreover, we have the following Poisson-Mehler integral represen-
tation

,;fa ! _2(x—%eixz
) = i ) = tear,

The normalized Bessel function of order ¢ > _Tl is given by

o ]a(x) .
ja(x):{ A A 3
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It is easy to see that the Fourier transform of the Wigner semicircle
distribution with parameter o is

Vo (x) = / v (t) = j1(20%), xE€R.
R
One can check the second equality by direct verification or by using

(2) and (3). On the other hand, since [, P, (x)Py(x)dV(x) = 8y,
the corresponding Wigner semicircle functions e, (x) defined by

enl) = (45

form an orthonormal basis {e,, n € N} of H := L*(I,dx), with
I =] —2,2]. Define the operator A on H, by

-4 d> d 1, £

A= 4 )dx2 aiz(x274

)+3.
Then the Wigner semicircle functions e, are eigenvectors of A,
namely,

Ae, = Myey, where A, = 4n(n+2) — 87 n=0,1,2,..

This can be shown by using the differential equatlon

12x

16n(n+2
Pl — 5 P 4 12

4—x2

P,(x) =0.
Moreover, for any p > %, A~P is Hilbert-shmidt operator satisfying

JA™P lgs= Y A, 2 <oo.
n=0

Now, for each p € R define a norm | . |, on H by

=

| f1p=1 A flo= (Y A" < f.en>%)?, fEH
n=0

where | . |p and < .,. > are, respectively, the norm and the inner
product of H. For p > 0, let E), be the Hilbert space consisting of all
f € H with | f|,< e and E_, the completion of H with respect to
| . |-p. Since A~ is of Hilbert-Schmidt type, identifying H with its
dual space we come to the real standard nuclear triple

E:=(\E,CHC|JE ,:=FE.
p>0 p>0

Being compatible to the inner product of H, the canonical bilinear
form on E’ x E is denoted by < .,. > again.

Lemma 1. The function

Cle)=

is a characteristic function on E, where < ¢ >= [, @(x)dx

J12<9>),0cE “

Proof. Obviously C is continuous on E and C(0) = 1. We shall prove
that C is positive definite. Given o1, 0%, ...0, € Cand @1, @2, ..., ¢, €
E we have

Qo1 (2< @ — ¢ >)

alakn/

= — [ -3 |APd>0
H/_l< 1A P dr >

Y a@Clo—¢) =
=S I

2612[<(P1 (Pk>dt

™= T

»

where A; = Y7 ogeexp(it <2 >). O

An application of the Bochner-Minlos theorem leads us to the fol-
lowing.

Definition 1. The probability measure u on E’, of which charac-
teristic function is C given by equation (4), is called the Wigner
semicircle white noise measure or the generalized free Gaussian
white noise measure. The probability space (E’, ) is called the
generalized free Gaussian white noise space.

Proposition 1. For & € E, let X¢ be the random variable defined on
(E',B(E'), 1), by Xg (@) =< 0,§ >

where B (E') is the cylinder c-algebra on E'. Then X has a Wigner
semicircle distribution with parameter < & >.

Proof. by using equations (2), (3) and (4), we have
Jor @@ dp(w) = ji(<24E >) =V (A), LER LR
then the result is deduced. O

3. Chaos Decomposition of the white noise
wigner semicircle space:

Let LZ(E’ ,lt) be the real Hilbert space of square y—integrable func-
tion with norm denoted by | . ||o.

Lemma 2. The measure | satisfies the moment condition:

/ <@,& >"du(w) < eo.
E!

More precisely, for & € E and n € N, we have:

(2n)!

2n 2n
d =—
/E, <06 >Tdu(o) = ST <6

and

/ <,& > du(w) =0.

E/
Proof. By using Proposition 1 we get

2n 2n (Zn)
d = d

[, <@&>"au@) = [ #dvee. ()= e < &>

This proves the first statement. The second is obvious from the
symmetry of the measure V_g-,. O

From the above lemma, the linear function ® — X¢ (@), § € E
belongs to L2(E’, 11). Now introduce polynomial functions on the
white noise Wigner semicircle space (E’,it). Let Z,(E’) be the
space of finite linear combinations of functions of the form

0—< 08 > .. <0, >< 0.0 > oc

E/7 é],..,,én €E.
An element of the algebraic sums
P(E) =Yoo Pn(E)

is called a polynomial on the space (E’, it). From the equation one
can see that the nuclear space E’ is closed under the absolute value.
This enable us to introduce a wick product in the following way

Definition 2. For @ € E' and n =0,1,2,...
product : ®®" :€ E'®" as the linear functional on E®" characterized
by

, we define the wick

<ole|>

, QcE
ol ) ?

< 0% %" >=| @ |8 Py( (5)

and for any orthogonal vectors &, ..., &, € E’ and nonnegative inte-
gers n;’s such that ny + ... +n; = n, we have

<O L ETRLBET >=<i M L EPM > <@ EFM >
(6)
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Lemma 3. We have the following statements:

1| <o®: E%">< @ E9M > du(w) =| € 3" Spn, ECE.

JE'
(7
2. < @®": EOM >< 0 n®" > du(w) =
JE'
<&EN>"6nn, EMEE. 3)

3. Forall ¢,y € E®",We have
/, <O Gy >< 0" Wy > (@) =< O, Y > S

Proof. 1. For & € E, £ # 0, the image of the Wigner semicircle
white noise measure { under the map

0—< 0, >cR, wekE'

<|&l>

is the Wigner semicircle distribution v. Then we have
/ <@ ER >< L@ EO S du(o)
EI

= 1™ [PORAWdv() = E R S

2. It is sufficient to prove the identity under the assumption | & [o=
| N |[o= 1. Taking a unit vector { € E such that < £, >=0, we
may write 1 = a +A¢, a?+A% =1, and we have

< @®":n® >=

o Z Yok Ak <o @®k)  ERMR) S o0 @k S gk

Then we get

/, < @M EOM > < NP > du(w)

™=

n n—kq k
(et

/ < @B EEM s P (R) L ESR) o K EER S g (w).
E/

0

On the other hand, by using the independence of the two random
variables < .,& > and < ., { >, we obtain

/ < @M EOM s < (k) EBnk)

< 0% % > du(w)

= [ <@ P s @R SR S g ()
E/

/E/ <% 1,200 S du(w) /E/ < 0% %% > du(w)

therefore the last integral is equal to 1 if k=0. Hence,

/E/ < @M E > <@ ™" > du(w)

= (x”/E/ < @FM L EM > < @ L ED S du(w).

Applying the statement 1 of Lemma 3, we conclude that
/E/ < @M EIM S < > < 0" N > du(e) = o Sy,
since & =< &, M > we have complete the proof of the statement 2.
3. The statement follows from the second assertion by considering

¢, and V¥, as linear combination of elements of the form £®" & €
E. O

Proposition 2. For two polynomials ¢, y; given respectively by

(@)=Y <0 :0,> y@) =Y <0y >,
n=0 =i

n=0
it holds that

o

| d@)y(e)du(w) = Y (6 vm)

n=0

In particular, the L2 —norm of @, with respect to U, is to U, is given
by

2
1o16=Y 165
n=0

Proof. The statement follows from Lemma 3. O

The free Fock space §(H) over H is defined as the direct sum of the
n-th tensor power H®" n € N,

+o0

3(H) = EPH".

n=0
F(H) consists of sequence ? = (f©, ) such that, for any
neN, f®eH™ and | £ (=05 | F® [fgen< .

Theorem 1. For each F € L*(E’, 1), there exists a unique sequence

? = (f(n>);°:0 € §(H) such that

oo
F= Z <o ) S )
n=0

in the L2 —sense. Conversely, for any ? = (f(”>)::0 €S (H), (9)
defines a function on L*(E',1t). In that case,
+oo

1 o= X 1A [
n=0

The following unitary operator is called the Wiener-Ito- isometry:
1:§(H) — L(E' 1) (f")g— F
Proof. Itis easy to see that the set
P(E) =
n ~
{9.0(0)=Y < 0™ ¢®> o0 cE™ wcE, neN)
k=0

of smooth continuous polynomials on E’ is continuously and densely
embedded in L%(E’, yt). Then, for any F € L2(E’, i), there exists a

unique sequence f' = (f(")2_ € F(H) such that
F=Y= <2 f0) > 1t follows

oo
1By = [ (X <0 1f® > du(o)
n=0

JFDO
Z < f(n)7f(") > pgen=|| ? Hl%)f(H)
n=0

where Proposition 2 is used into account. The second part of the
Theorem is straightforward. O
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