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Abstract

Recently, there have been several works on the coefficients of the Fourier series expansions of a class of eta quotients by Williams, Yao,
Xia and Jin, Kendirli, and Alaca. Some important explicit formulas have been discovered. Williams expressed all coefficients of one

hundred and twenty-six eta quotients in terms of a(n), 0 (), () and o), and Yao, Xia and Jin, following the method of proof of

Williams, expressed only even coefficients of one hundred and four eta quotients in terms of o3(n), g5 (g), O3 (g) and o3 (%). The author
has expressed the even and odd coefficients of the Fourier series expansions of a class of eta quotients in terms of
ak_l(n),ok_l(g),ak_l(g) and ffk—1(§) for k = 6,8,10,12,14,16,18,20,22,24. Meanwhile, Alaca has obtained the coefficients of the

Fourier series expansions of a class of eta quotients in M, (I, x) in terms of a(n),a(g),a(g) and a(g). Here, we will express the
coefficients of the Fourier series expansions of a class of eta quotients in M, (T, x) in terms of a3(n), 03('2—1), 03(;—1), 03(2) and Fourier

coefficients of the four eta quotients.
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1. Introduction

The divisor function o;(n) is defined for a positive integer i by
0;(n) = Y4 positive integerdn d', if N is a positive integer, and
o;(n): = 0, if n is not a positive integer.

The Dedekind eta function is defined by

n@: = q"* .1 - q",

where

q:=e*™?z € H = {x+iy:y > 0}

and, an eta quotient of level n is defined by

f(2): = [Imjan (Mz)*»,n,m € N, a,, € Z.

There have been considerable effort to determine explicit formulas
for the Fourier coefficients of eta quotients since they are the
building blocks of modular forms of level n and weight k. The
book of Kdéhler [1] (Chapter 3, pg.39) describes such expansions
by means of Hecke Theta series, and it develops algorithms for the
determination of suitable eta quotients. One can find more
information in [2], [3], [4], [5] and [6]. The author has also
determined the Fourier coefficients of the theta series associated
with some quadratic forms, see [8], [9], [10], [11], [12] and [13].
Recently, Williams [14] discovered explicit formulas for the
coefficients of Fourier series expansions of a class of one hundred
and twenty-six eta quotients in terms of o(n), c(g), o(g) and o(g).
One example is as follows:

n2(2z)n*(4z)n°(6z) _ © n
TamGomaz — L T Znm €M’

where
c(n) = 20(n) — 30(n/2) + 40(n/4) + 90(n/6) — 360(n/12).

Then Yao, Xia and Jin [15] expressed the even Fourier
coefficients of one hundred and four eta quotients in terms of

03(n), 03 (2), 03 (g) and o5 (g). One example is as follows:

n%5(22)n*(32)

—_— e - [oe] n
TG ennazs — L T Znm1 € (MY

where
c(2n) = 6505(n) — 6805(n/2) — 8105(n/3) + 3240;(n/6).

Motivated by these two results, we find that we can express the
even and odd coefficients of the Fourier series expansions of a

class of eta quotients in terms of o,_;(n), ok_l(g), 0k—1(§) and
ok_l(%) for k = 6[16],8[17],10[18],12[19],14[20],16[21],
18[22],20[23],22[24],24[25]. Meanwhile, Alaca [26] has
obtained the coefficients of the Fourier series expansions of a class
of eta quotients in M, (I, x) in terms of o(n), 0(2), 0(2) and 0(2).
Here, we will express the coefficients of the Fourier series
expansions of a class of one hundred and fifty-six eta quotients in
M, (T, %) in terms of 03(n),03(§), 03(2), 03(2) and the Fourier
coefficients of the four eta quotients.

Here we give the following Lemma, see[ [27] Theorem 1.64]
about the modularity of an eta quotient.
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stricted use, distribution, and reproduction in any medium, provided the original work is properly cited.
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Lemma 1. An eta quotient of level N is a meromorphic modular
form of weight %me ap on I (N),with Dirichlet character ¥,
having rational coefficients with respect to q if

a) Ymnam Is even,

N
b) Zmleam = me;am = 0 mod24,

o)x(m) = (Hﬂ‘ﬂﬂ) .

m

In particular, since

apaz gas £a a1z — fazt2aztagt2a azt+agta
232333434 (3612312 = D32 4+ae 12333 %612

an eta quotient of level 12 is a meromorphic modular form of
weight 4 if

a;+a,tag+a,tag+a;, =8
and

a; + 2a, + 3a; + 4a, + 6ag + 12a,, = 12a, + 6a, + 4a; + 3a, +
2ag +a;, = Omod24.

Since a, +ag is an even integer, we conclude that it is a
meromorphic modular form iff a; + ag + a1, is an even integer,
and it is a meromorphic modular form with x5 iff a; +ag + a;, is
an odd integer, where x; is the unique primitive Dirichlet
character mod12. On the other hand, the modular forms are
holomorphic iff its order at cusps, -,-,-,-,- and L oare
A i 1°2°3°4°6 12
nonnegative, see [1] i.e.,

2
Tnj1z B 5 > 0 for cf12.

Theorem 1: Let y, be the trivial character mod 1, i.e., it sends n
to 1, y, be the primitive Dirichlet character mod 4, and y, is the
primitive Dirichlet character mod 3. Then the Eisenstein subspace
of M,(I;(12), x3) is generated by

EX = 32 (Socamts (5) 2(d)d*)q" = q — ¢ + 417 + 113¢* —
124q° + 155q° + 874q” + 0(q®),

EX% = 32 (Socam e () 1 (Dd)a" = g — g2 — 27 + q* +
124q° + 27q°® — 342q” + 0(q®),

B
EoXs = _%4_ Y1 (To<dinXo (g) x@dHq"=23+q+q*+q>+
q* — 124q° + q° — 34297 + 0(q®),

EX%0 = 32 (Socam s (3) xo(d)d>)a™ = q + 847 + 27q° + 64q* +
124q° + 216q° + 342q” + 0(q®)

and, the cuspidal subspace S, (I,(12),x3) is generated by

=y n _ M@ GonGa22)
I:1' - Zn:o fl (Il)q - N2(z)n*(62)

y

2 7 4
fyr= 3% f, (N)q" = n*(2z)n’(3z)n (122)’

n(z)n*(62)
R n _ n*@n’Un?(62)
fyr= Y% o f; (n)q" = nton(122)
- n _ n*@n’Un’(62)
f=Y> f, (n)q" = Beon(zz)
Proof:
Since

X3 = Xo *X3» X3 = X3 *Xo» X3 = X1 *X2» X3 = X2 * X1

the Eisenstein subspace of M,(T5(12),x3) is generated by
Ei(l-Xz El(z'Xl Ei(o:)(s and EZL(&XO_

Since fy, f,, f; and f, are in S,(I'y(12),x3), linearly independent
and dim(S,(Iy(12), x3))= 4, the result follows. Let

_(0ifb, #0
S(bl)_{l ifb, =0

Now we can state our main Conclusion:

Theorem 2: The coefficients of the Fourier series of one hundred
and fifty-six eta quotients

n*1(z)n*2(2z)n* (3z)n™ (4z)n? (62)n12(122) = 8(b4) + Xy ¢ (M)q"
in M, (T, (12),x3) are given in the form

€103(0) + €,03() + €303(5) + €403() + €603 + €1203(35)
+r,f;(n) + ryf,(n) + r3fy(n) + r,f,(n)

As in the Table in Appendix.

Remark 1: The coefficients of the Fourier series of the 104 eta
quotients in M, (I;(12)) are given in the form

€103(n) + c,05 (%) + C3°3(§) + C4°3(%) + €603 (g) C1203(%)
+r;8,(n) + ryg,(n) + r;h(n),g;(2n) = g,(2n) =h(2n—-1) =0,

exactly as in [15]. But our method is obviously much simpler than
it since we didn’t need to use (p, k) parametrizations.

Remark 2: S,(I5(12), x3) is 4 dimensional, see [28] (Chapter 3,
pg.87 and Chapter 5, pg.197), and it is generated by 4, and its

three conjugates, where t = V3,s =/ —140 + 803 and

1

As = q+— (=% + 257 — 3005 + 280)q* + - (s — 252 + 2605 —
280)q° + 4—10 (—s3 — 260s — 80)q* + 4—10 (s® + 3008)q° + 1%(753 +

10s? + 19405 + 440)q° + - (=s* — 2605)q” + — (—s° — 652 — 3005 —
840)q° + = (—=3s® — 900s — 120)q° + - (s* + 260s + 400)q'* +

~(s? +140)q" + 0(q™2).

Here, s,—s,(4*t+7) *s and —(4 *t+ 7) s are distinct four
conjugate roots of the irreducible polynomial x* + 280x? + 400.
By simple calculation, we see that

fi = (= (7t +15)s + = (—t+ 3)A,(2) + (= (-7t = 15)s + = (~t +
3)) A_s(@) + (oo (11t + 21)s + = (t+ 3)) Agguraryes(2) + (2 (11t —

1
2105 + = (t+3)) A_gputanyes (@),

f, = ($(3t +6)s — it) Ay(2) + (8—10 (-3t—6)s — it) A(2) +
(55 B+ O+ 56) Asaryes(@ + (55 (-3 = 6)5 + 56) A_gratanyo(@),

f, = (é (-9t —16)s + %(—t + 2)) A(2) + (8—10 (9t + 16)s + %(—t +
2)) A_s(@) + (5 (=t = )5+ (4 2)) Aguaryes (@ + (o= (t+ D5 +
2+ 2)) Apueinys(@,

f= (2 (-8t—15)s + = (-2t +3)) A,(2) + (= (8t + 15)s +

= (=2t+3)) A (2) + (o= (4t = 9)s + = (2t + 3)) Aggursr.s(2) +

1 1
(5 (4t +9)s + = (2t +3)) A_gpueanys(@).
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No a, a, az a, Qg a, [ Cc, C3 Cy it T, T3 Ty

16 1 166 12 27
1 -10 20 10 -9 =10 7 é 0 0 % 0 ” —g = , :75
2 -9 16 7 -2 -6 2 5—3 0 (1 0 —g 42; 1—65 @1
3 -9 20 -1 -4 2 0 oy 0 = 0 i 2 = e
4 -8 14 4 1 -4 1 z 0 0 0 =2 = == 2

5 1 17° 283° i 1%
5 -° K 12 _5 - z z (; 0 EQ 2_33371 _2_3 2_3289
6 -7 10 1 8 0 -4 0o = = e —— - o

2876 92 69 a 736 368 1492 136
7 -7 13 9 -7 -9 9 % 0 0 :5 e " 2—12 = ] ;9&
8 =7/ 17 1 -9 -1 P 0 0 23—3 —g 3_25 —g E?;o
9 -7 18 9 -8 -8 4 0 0 0 = — = -= -

72 1 23 22123 23244- %i 1 2
10 =7/ 9 -3 -3 é ? 0 0 % —E —g go
1 -7 9 2 -4 = =0 0 = -= -= =

263 23 23113 g% 233 2431
N ° A . ’ R R
- ¢ 3 - - 3 2 %0 0 g 26 _%8 ?ﬁ3869 _1035 _%
S S y P wh mE mh o
15 -6 20 =7 -7 2 1 ;; (: = % E 2 2_923 ?
16 —6 6 3 4 -5 %l oy 0 0 ) = g X% 2 ,
17 -6 14 -3 -8 5 = 0 0 -— -= —-= 0 -

207
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128 1 1 120 224 64 4
18 -6 7 6 -2 9 -6 o ~ 0 -= = = v —=
19 -6 7 6 4 -3 0 — 0 0 0 = -= -2 2
20 -5 7 3 3 -3 0 0 0 0 > 7 0 3
21 -5 12 3 2 -2 -2 -+ 0o = L 075 2 =2 _8
32 69 1 z 69 110824 19926 %z 4 8
22 -5 5 3 1 11 -y Z R 0 o2 _ 1% _ 2 +
23 23 23 524:‘&9 %g 2831
23 -5 5 3 7 -1 -1 Z 0 0 0 2 _Z9 _25 81
i3 % 35° % 736
24 -5 6 3 2 4 -2 2 0 0 0 = % -2 0
25 -5 6 1 -4 -8 8 =2 0 o —= 0 = ] 2
28017 1 207 549 239 & 39 17123
26 -4 3 0 10 1 = = 0 — 0 52 &2 _3 171
184 184 736 368 92 736
27 -4 4 -1 18 9 & ) = = = =2 Z
699 z 69 % g 1 1243 9 689 2235
28 —4 4 5 6 -3 = 0 0 0 =, - -2 =
29 -4 4 8 -1 -6 7 — 0 0 0 = - = L
69 1 1 104 E & %
30 -4 4 6 -1 -6 -1 0 =0 L L0 _& _& 3
3 23 69 8253 %g 629 23 a9
31 -4 5 0 11 —4 z 0 0 1 0 = ~ & 1
32 -4 5 0 -1 2 o 0 == 1 s ) 5 —
33 -4 6 8 -5 -8 11 w 0 0 a7 = = 2 -
35 -4 10 0 5 0 -5 == 0 = z 207 _28 _is kS
69 23 69 92 3 11046 %g g(Z)
36 —4 11 8 -6 -7 0 0 0 e .15 110 _1 30
23 g 1923 33 2 23 23 5
37 -4 15 0 -8 1 2 0 0 -2 = o = -
38 -3 2 5 2 —4 = 0 0 0 - -3 =L 2
263 185736 :;gg ?% 75356
39 -3 3 -3 3 13 -5 = 0 0 01 i, - = =
40 -3 3 5 -3 1 5 = 0 0 L -1 2 _z 7
20'{16 2107 4946 2351 %(3; 46 a
41 -3 4 -3 -2 18 -6 "= 0 0 1 = ., — =5 s
42 -3 4 -3 4 6 0 % 0 - 0 — = -3 —
43 -3 4 5 -2 -6 10 0 0 (i % ~ia — —
4 -3 4 13 -2 -6 2 (; 0 (i - = - r 7
45 -3 6 -3 0 4 4 = 0 = 0 6] o7 — 41
92 92 136 268 92 136
46 -3 9 5 -3 -5 5 0 0 0 0 -3 : 0 g
2 7 103 57 479
47 -3 13 -3 -5 3 3 0 1 0 = 2 = o - —
48 -3 14 5 —4 —4 0 —— 0 = Z 503 117 2z _1
g 69 23 69 92 57 % 46 253 47
49 -2 0 2 5 -2 5 % 0 0 0 " ey %, 7
50 -2 2 -6 1 20 =7 = 0 0 0 £ =T _u 18
£ % i £ K
51 -2 2 2 1 -4 9 = 0 0 0 . _B _3 o
92 184 92 46 184
52 -2 2 10 1 -4 1 0 0 0 0 1 0 0 0
3 1 3 33 11 101
53 -2 3 -6 2 13 -2 0 == 01 i = . e
54 -2 3 2 -4 1 8 = o1 0 + = — E =
55 -2 3 2 8 1 -4 0 1 =0 ) 2 s — - =
56 -3 18 -3 —6 4 2 -= 0o -2 z — — s 15
57 -2 5 2 4 -1 0 0 0 0 0 Z == = 2
1 2 7 537 625 %3 i?
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g * ¥ s 17 $ k2
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5336 23 5336 2668 %g 2952 %é6 ?87
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2% 23 4-g 2235 4g
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14 1 207 92;736 36%09 27%1 44;36
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46 736 368 92 736
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69 1 23 23 3 679 2539
71 -1 8 -1 -6 2 01 0 01 —— ) 5 -~ =
720 -1 -4 2 5 = 0 = 0 . - - L
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1 1 7 4 31
74 0 0 -4 9 10 -7 e 0 =Z =3 L B
23 23 a 184 192 23 %84
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76 0 1 =3 =B %7 —6 612 0 _% - z 3 _g 'Zé z:%
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1 13 17 16 3
95 2 -2 -2 -1 12 -1 0 0 0 1 = . s % %,
9% 2 -2 =2 5 0 5 0 (1 -= 0 3 0 % s
97 2 -2 6 5 -3 0 — 0 0 _& 2 -1 _z
23 23 23 23 23
98 2 -1 -10 0 29 -12 0 0 = =2 250 52 —ZH]
23 23 213 23 123 %3
99 2 -1 -2 0 4 0 2 0 (: 3 5 P 5
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2668 213 28668 1334 29157 2%‘; 1;2 667215
103 3 -3  -13 3 31 -13 0 — — 0 -2 = = -
1 53 127 35 211
104 3 -3 -5 3 7 3 0 2 - 0 e 2 % ~5ss
105 3 =8 g 3 7 -5 0 =0 0 -2 = - -
1 17 47 53 127
106 3 -2 -5 -2 12 2 0 0 0 = et 2 = .
107 3 -2 3 4 0 0 0 0 0 0 2 -2 0 2
108 3 -1 -5 -1 7 0 D = 0 L L L _m
46 Z36 368 92 136
109 3 3 0 -2 4 0 0 0 0 2 =) 0 >
110 3 4 -5 -2 6 2 0 U= 0 = -z — =
111 3 3 -5 -3 3 0 0 0 = -2 = - o
112 3 11 -5 -7 5 1 0 0 % _ g 3 _ 42338 82438 32631
113 4 -4 -16 1 38 -15 0 % —:?g _% _%’5 % % _%25
114 4 -4 -8 1 14 1 0 01 —— 0 1 3o 5 = i
115 4 -4 0 1 14 -7 0 £80 —. - 128 0 -3
23 23 23 23 23
116 4 -4 0 7 2 -1 0 0 0 0 0 0 1 0
117 4 -3 0 2 7 -2 0 0 0 0 0 0 0 1
118 4 -2 0 3 0 3 0 0 0 0 2 =) -1 2
1 2 7 601 1031 198 25
119 4 3 0 2 1 -2 - o z == ) v -5
120 5 -6 -3 10 4 -2 0 bo—= 0 - = = -
121 5 -5 -11 -1 21 -1 0 0 — == -2 = = -
23 69 184 92 69 18%
122 5 -5 -3 5 9 -3 0 0 0 0 - 2 2 -1
1 8 28 16 16
123 5 -4 -3 0 14 -4 0 0 (1 - pE & a )
124 5 —4 -3 6 2 2 0 0 — 0 20> s — 9 675
1 z 7 736148 4‘33368 24692 736209
125 5 1 -3 5 3 = 0 —=~ Z - 9 225 20
69 23 69 23 23 23 23
126 6 -6 -6 3 16 -5 0 0 0 0 il 4 4 7
127 6 5 6 4 9 0 0 0o = 0 2 =B % 01
- - 23 5 36837 4‘7184- 2 46 36618
128 6 -3 -6 0 0 0 —-= 0 -3 27 1 i

23 368 184 46 368




International Journal of Advanced Mathematical Sciences

3 1 8 48 44
129 6 0 2 =g =2 & 0 0 0 3, 2 = 5 5
130 6 4 -6 -5 6 3 0 D == = 2 7 = &
23 23 46 g 44623 461883
131 6 5 2 -4 -1 -= 0o 2 -z - 22 e -1
619 %30 25(?9 194265 348639 321302 13%47
132 6 9 -6 -6 7 -2 -= 0 = = % ey e
133 7 -7 -9 1 23 -7 0 0 0 = =2 &0 = S o
4 z 12923 23231 2347 21523
134 7 -6 -9 2 16 -2 0 0o = 0 o4 ~% ) ot
135 7 -6 -1 8 4 -4 0 -0 0 -2 = -= -z
23 ‘3}6 23 23 46
136 7 -4 -1 4 2 0 0 0 0 0 - 6 4 -2
137 7 3 - =il -1 —= 0 = Z = = = =
69 1 243 69 8192 46é67 23270 567
138 8 -8 -4 11 6 -5 0 5 3 (1 s —w = o1,
139 8 -7 -12 0 23 -4 0 (1 = = ‘. % 5 %
140 8 -7 -4 6 11 -6 0 =0 0 5 ~ o 5
141 8 -6 -4 7 4 -1 0 I 0 e 2B o e
1 8 z 243184 92675 23432 27184
142 9 -9 -7 9 13 -7 0 = 2 0 £ o === z
213 2 4902 24668 32834 143 6
143 9 -8 -7 4 18 -8 0 E 0 2 e £ b
z3 8 3 Z53 6213 8283 1273
144 9 -3 -7 -3 7 5 0 0 = =2 = =X == &z
2 293 = 26 6846 1423 4 86
145 9 -2 1 -2 0 0 0 =2 =2 s == o
64 2723 %g 238 120324 %814
146 9 2 -7 -4 0 p = z == e =2
23 23 23 23 23 23
147 10 -4 -2 1 2 1 0 0 0 0 -3 12 16 -12
148 10 -10 -10 7 20 -9 0 = D 0 &8 =22 =& e
213 23 g 14068 23 72034 46
149 10 -9  -10 2 25 -10 0 E =2 s —24 == 16
213 32 23 22135 914 9243:} 443
150 11 -1 -13 5 27 -11 0 Z = 0 = =2 =Z= =
1 z3 %g 7 62233 123363 72236 121389
151 11 -8 -5 8 6 -4 = 0o = Z = 2 =22 22
69 23 69 92 46 23 5?%
152 12 -12 -16 3 34 -13 0 = & 2 14 =25 === =
z3 .’243 293 17 22 z 21623 23274‘
153 12 _5 _8 _2 9 2 0 1 0 22_3 27_3 %55 52281 2_31458 1_552_3
154 13 —6 -3 2 4 -2 —61—9 0 é § E —E _E ;7
155 14 -8 -6 6 -5 == p =2 Z 2= = =22 2
619 223 69236 32%1 7231 4%38 12%17
156 16 -6 -4 -1 4 =il == D = =20 g2t =2 =&

69 23 69 92 46 23 92




