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Abstract

We pointed out the class of Leibniz algebras such that the Killing form is non degenerate implies algebras are
semisimple.
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1. Introduction

Throughout this paper, F' will be an algebraically closed field of characteristic zero. All vector spaces and algebras
will be finite dimensional over F. Note the sum of two vector subspaces Vi, Va by Vi+V, and direct sum by
Vi & Vo, Tt is well-known that a Lie algebra is semisimple if and only if its Killing form is non degenerate. An
equivalent criterion is found for Leibniz algebra L which satisfies, for all x,y in L, the trace of the endomorphism
(ady o ady)|gss(r) equals zero. Call such algebras "Killing- Leibniz-Algebra”.

Section 2 is devoted to basic facts. In Section 3, the links between radical and nilradical are set. Section 4 is
devoted to the nilpotency of the ideal {Rad(L), L}. In Section 5, the main theorem is settled. For conclusion, we
give an hierarchy of Leibniz algebras and two questions are done about Killing Leibniz Algebras.

2. Preliminary notes

Let us note that Leibniz algebras are defined in two classes:

e Right Leibniz algebras, with the rule

[z, [y, 2]] = ([, 9], 2] = [[z, 2], 9] for any z,y,z € L. (1)
e Left Leibniz algebras, with the rule

[z, [y, 2]] = [z, y], 2] + [y, [, 2]] for any 2,y,2 € L. (2)

For an algebra (A4, [, ]) with vectors multiplication [a,b], for all a, b in A, define the algebra (A, [, ]°P) as the un-
derlying vector space A where the vectors multiplication is defined by [a, b]°? = [b, a]. We have that:
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Proposition 2.1. The algebra (A, [, ]) is left Leibniz algebra if and only if the algebra (A, [, |°P) is right Leibniz
algebra.

So results on Left Leibniz algebras are available on Right Leibniz algebras, (with minors variations).
Here we write ”Leibniz algebras” for ”Right Leibniz algebras”.

It follows from the equation (1) called Leibniz identity that in any Leibniz algebra one has
[yv [x,x]] =0, [Z7 [5573/]] + [27 [yu x” =0, for all z,y,2 € L.

Definition 2.2. (Ideal) A subspace H of a Leibniz algebra L is called left (respectively right) ideal if for a € H
and x € L one has [x,a] € H (respectively [a,z] € H). If H is both left and right ideal, then H is called (two-sided)
ideal.

If V is a vector space, let Endp (V') denotes the set of all endomorphisms of V.. An action of L on Endp (V) is
a linear map of L on Endp(V).

Definition 2.3. (Representation) Let L be a Leibniz algebra and V' a vector space. V is an L-module if there are:
e a left action, | : L — Endp(V), 2+ g,

e a right action, r : L — Endp(V),  — 14,

such that:
’I“[m’y] = TyTy — TzTy,
l[wy] = T’ylx — lmry,
l[%y] = Tylz + lzly.

For z in L, r,(v) will be denoted by va and I, (v) will be denoted by av. The triplet (I,r,V) is called a
representation of L on V. Now if L is a Leibniz algebra, we have the adjoint representation “(Ad, ad, L)” defined
as follows: for all z and y in L, ad, : L — L, y — [y, 2] and Ad, : L — L, y — [z, y].

Remark 2.4.
Forxz € L, ad, : L — L is a derivation of L i.e. for all z,y,z in L, ad,([y,z]) = [ad.(y), 2] + [y, adx(2)].
Forx € L, Ad,, : L — L is an anti-derivation of L i.e. for all z,y,z in L, Ad ([y, 2]) = [Ad(y), 2] — [Ad(2), y].

For an arbitrary algebra and for all non negative integer n let us define the sequences:
(i) D'(L) = LM = L2, D"+ (L) = L+ = LI, L],
(ii) Ll L Ln+1 [Ll Ln] + [LQ,Ln_l] 4+ -+ [Ln_l,LQ] + [Ln,Ll]

Definition 2.5. ([1]) An algebra L is called solvable if there exists m € N* such that D™ (L) = L™ = {0}.
An algebra L is called nilpotent if there exists m € N* such that L™ = {0}.

Definition 2.6. Let A be a subspace of a Leibniz algebra L. The normalizer of A is denoted by:
np(A) ={y € L|[y,a] € A and [a,y] € Aforalla € A}.

Definition 2.7. ([4]) A Leibniz algebra L is said to be semisimple if Rad(L) = Ess(L).

Equivalently, we can say that:

Leibniz algebra L simple if {0} # [L, L] # Ess(L) and every ideal of L belongs to the set {L, Fss(L), (0)}.

Since D2 = 4% is an ideal whenever ¢ is (by Equation 1), if rad (L) # Ess(L) then L contains an ideal j which
satisfies 2 C Ess(L) € 7.

So an other equivalent definition is:

Remark 2.8. L is semisimple if it has no ideal 3 which satisfies 7> C Ess(L) C j.

Lemma 2.9. [3] Let L be a Leibniz algebra and (1,7, V) a representation of L. Let A be a subspace of L, then
ra = {ry, for all x € A} is a subspace of the vector space Endg (V). In particular, vy, is a Lie subalgebra of gl (V)
and L is solvable (respectively nilpotent) if and only if vy, is solvable (respectively nilpotent).

Proof. The results are clear since for all , y in L and for all A in F', we have that
Tetry = Tz + Ary and [y, 7] = 7py 1. O
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Remark 2.10. Let L be a Leibniz algebra and (I,r,V) a representation of L. If for all x in L, r, is nilpotent then

I, is also milpotent for all x. Since we have I¥ = (—1)F1], (rw)k_l. Thus when 14 is nilpotent for all x in L, we
can say that the representation (1,7, V') of L is nilpotent.

Lemma 2.11. Let L be a Leibniz algebra and (I,7,V) a representation of L. Let A be a subspace of the vector
space L and let x in the normalizer ny,(A) of A. Then we have for all integer k in N and for all a in A:

k+1

i) 5k+1 =T, 1,

Ty — rarktl € pht

i) fry1 =rkt?

Tq — raT’;*l S TATI;J} cee J}TATQC%rA.
Proof. For i), since [rq, 2] = Tg,q], We have 81 = rory —1r27q = [z 4. Thus 81 € r4 since # € np(A). And we have:
_ .2 2 _ 2 _ 2
do = riry —1ers =7q (Tare) — 1are =14 (rora +01) — 127
= (rgTa +01)Ta +7Ta01 — 7272 = 6174 + 1401 € 74.

= (roTs)Tq + Taly — T41>

With the hypothesis of recurrence: 6 = Tfjm — rmrg € rff‘, we get:

S = g — b T =g (rhry) — rorh T =g (rerk 4 65) — rarktt = (rory) vF + rod — rorh T
= (raTa 4 00) 1% 4148, — rorftt = 50k 4108, € (ra)F

And for ii), we have [ry,7q] = T[4, S0 f1 = =01 € 74 = rarY since x € ny(A) (where r) = 1y). Note that we
have:
B2 = ngcra - Targzc =Tz (7"1;7"(1) - Ta’)"g =Tz (Tarz + 7A[a,ac]) - rarszc = (rzra) Tg + TeTla,2] — Ta'razc

= (T’a% + T[a,w]) Te + (T[a,m}ra: + T[[a,a;],a:]) —rars = 27(q,0)Tz + T{[a,z],z] € TATzHTA.

Set the hypothesis that 8, = r¥r, — rork € rark=14 ... drar,+r4, and then it will follow that:

= gkl k41 _ .k k41 _ .k k+1 _ (K k k+1
Br+1 = ey —rerftl =k (ppr,) —rerktl =k (7"(11"3c + r[a,l]) —reritlt = (rxra) Te + T3l (a,2] — rorit
k

(rarw + Br) T2 + Mok + B — rari T ( where 5] = r’“r[a 2] = Tlaa]Th = Tﬁa )] € %)
= PBrz+ r[a,w]rﬁ + /1 € (rArk L. —|—7‘A) Ty + 7‘,47“ ++ra € TAT, —|—7‘Ark_1—|— cdrargtra.

Proofs are done. O

Lemma 2.12. Let L be a Leibniz algebra and (I,7,V) a representation of L. Let A be a subspace of the vector
space L and x in the normalizer n(A) of A. Then we have for all integer k and p in N:

[Pkl ory C Ptk P e B
Proof. We shall note that:

[rhrkl ora =15 o [rhora] Crly (rarkd - drargtra) CoBTrk b B e (ra)P

Thanks to the preceding lemma whe have for all integer k,[,p and ¢ in N:

k

TAT OTAT C 7n:D+q k+l+ _an+q l

Lemma 2.13. Let L be a Leibniz algebra and (1,7, V') a representation of L. Let A be a subspace of the vector space
L and x in the normalizer np(A) of A and for a non negative integer k let Ey, be the subspace Ej, = rarf4- - 4ry4.
Then we have for all integer p in N*:

EY CoBrPh o B2 e drh

Proof. Let us compute E} for p = 2,3; we have [r,r,] = T[a,a]> SO

E? (rAr +- +rA) = (rarft---dra) (rarf+---4ra)
(7" ) (TAT )—|— -Fra (rArm)—l—(rArx) ratrara CrirZk4 frqek e, rd,
E}% (TA’I" +- +1"A)3 = (rAr +- +7’A) (TA’I" +- +1"A) . .
(TA’I“Qk—I- crirk ) (rAr +- —|—7“A) - (r%rzk) (rAr )—|— 12 (rarg) + (rirw) ratrira
rAr%—i— +rf’4r2k+ —l—rArm—l—rA
and set by hypothesis that we have E} lc riﬁlrgp_l)k+ e +T271T1+T271
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So we will get EY = (rarki-. fra)’ = (wau )P (rark g dra)
oy =Dk . P e )(TAT];-F---—HA)

rh —1,.(p—1k )(rAr )+ i (rArz)—i- (ri_lm) rA—i—ri_er

TArfn’k—i— coefrhr 2k ... rhre+rh.
The proof is then done. O

N

NN

Lemma 2.14. Let L be a Leibniz algebra and (I,7,V) a representation of L. Let A be a subspace of the vector
space L and x in the normalizer ny,(A) of A. Let m be a non negative integer. Then for all (\,a) € F x A,

m

fm = (Ta+)\w)m - Z (7]?) /\krg“_kr]; c TA?”;YL—;— [P ‘i‘TA.

k=0

Proof. By induction:
1

1 .
fi= (Ta+>\z)1 - Z <k:> Nepl=kpk o ine — (ra + A1) = 0 € rarp474.
k=0

m
And if by hypoyhesis we have: fn, = (rayaz)” Z ( ) /\krgn_kr]; € rarl'+ -+ +ra,we can write:

m—+1 AR m+1 k:mk-i—l/c ol m+1 k m—k+1_k
fm+1 = (ra + )‘Tw) - Z k A'r ('ra + >\7"x) (Ta + ATI) - Z k A T Ty

k=0 k=0
" Im s m+1
_ k,m—k k k,m—k+1_k
_<Z<k))‘ra T'I+fm>(7’a+>\7"x)—2( k )Ara Ty
k=0 k=0
m m—+1
=> (7;) NorlRriry + fnra + Z ( ) AR B L X e — D (m;— 1) Mepm=ktlpk

k=0 k=0
Then we have "

e (M bk (o (M k1 k k1 (M1 ke ke
me—kZ_O(k))\ra (rzra)—i—fmra—f—];)(k))\ oy +)\fmrx—’;)< 2 ))\ Ty T
Since r’;ra = Tar’; + B, we have

m m m+1
1
Jmg1 = Z (?) Ny =k (rrk + Br) + fnra + Z (ZZ) Metdpmekp kL Ny — Z (m; > gkl
k=0 k=0 k=0
=30 ()it X () M S
k=0 k=0
— (m nil m+1\ \k m—k+1, k
k=0 K k=0 b
m m
SRR I (4 PUFE D Sl (O PR R
k=1 k=0
m—1 m—+1
+ )\m—O—lT;n—i-l + (m> )\k+17ﬁ2n_k7"1;+1 Aot — Z <m;r 1) /\kT;n—k—HTI;
k=0

k=0

NE

— m+1+z< ))\k m— ]+17’§¢+

+ )\m+1r;n+1 +

~
Il
=}

k
(’,’j) Nr7 B+ fra

m—+1 + 1
- 1) NI d £ A fre = ) (m A ) A=

J k=0

1M
3

J

= ”‘“+Z (7) Ar e + (/ﬂ) Nt A
J

m+1 m+1
(e

Il
—

Aepm—ktlpk 4 ymtl, m+1> +Z <T;€1> ARG 4 e A fiTa.
k=0

N—
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Finally we have

fm+1 - Z (”}Z) )\k'f';nikﬁk + fmTa + )\fmrm

k=0
c kz_o (7;;) N ()™ (rar ™) & (AT e ra) rAEA (rarT - ra)
€rar™ i ar,tra. O

Definition 2.15. Call x € End(V') semisimple if the roots of its minimum polynomial over F are all distinct, or
equivalently, if © is diagonalizable.

Remark 2.16. 1. Two commuting semisimple endomorphisms are simultaneously diagonalizable, so their sum
and difference are both semisimple.

2. If @ is semisimple and x leaves a subspace W invariant, then the restriction of x to W denoted by xw is
semisimple.

Definition 2.17. Call x € L ad-semisimple (respectively Ad-semisimple) if the endomorphisms ad, is semisimple
(respectively Ad, is semisimple).

Call x € L ad-nilpotent (respectively Ad-nilpotent) if the endomorphisms ad, is nilpotent (respectively Ad, is
nilpotent).

Lemma 2.18. Let V =V, @& Vs be a direct sum of two vector spaces Vy,Va, an non negative integer p and o an
endomorphism of V' shuch that o?(V) C Vi, then the trace of o denoted by tr(o) = tr(oyy,), where oy, is the
restriction of o to Vj.

Proof. Since we have an algebraically closed field, we can find a basis {v1, -+, Vm, -+ ,v,} of V whith {vy, -+ , v, }
is a basis of V7 and scalars Aq,--- , A, shuch that the matrix of ¢ in this basis is

A oar2 arz - ain

0 X2 a3 - as.n

Now=| : 0
. An—l an—l,n
0 0 0 An
For m + 1 < i < n, we have a vector 0 # v; € V5 shuch that o(v;) = \jv;.
Then o?(v;) = Nv; € VoV ={0}. So A; =0 for m+1<4i<n, and

tr(o) = Z)\j = Z/\j = tr(oy,).

Jj=1 Jj=1

3. Radical and Nilradical

The proof of following proposition can be found in [5].

Proposition 3.1. Let 2 be a Lie subalgebra of Endr(V') where V is an F-vector space. Then 20 is solvable if
and only if tr(x oy) =0 for all x € W and y € [20,20].

Theorem 3.2. [1, Theorem 3.7] Let L be a Leibniz algebra. Then L is solvable if and only if for all x in L and all
y in [L, L]tr (ady o ad,) = 0.

If ¢ is an ideal of L and L/4 is solvable (respectively nilpotent), then D™ (L/1) = 0 (respectively (L/2)" = 0)
implies that D™ (L) C 4+ (respectively L™ C 1 nilpotent). If ¢ itself is solvable with D(™)(z) = 0 (respectively
nilpotent with 1™ = 0), then D(™+7)(L) = 0 (respectively L™+" = 0).

So we have proved:
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Proposition 3.3. If+ C L is an ideal, and both » and L/v are solvable (respectively nilpotent), so is L solvable
(respectively nilpotent).

If 2 and 7 are solvable ideals, then (z + 3)/7 = ¢/(2 N 3) is solvable, being the homomorphic image of a solvable
algebra. So, by the previous propositio, we have the

Proposition 3.4. If1 and j are solvable ideals (respectively nilpotent ideals) in L so 1+ 3 is solvable (respectively
nilpotent). In particular, every Leibniz algebra L has a largest solvable ideal which contains all other solvable ideals
and a largest nilpotent ideal which contains all other nilpotent ideals.

The largest solvable one is denoted by Rad (L).

The largest nilpotent one is denoted by Nil (L).

Remark 3.5. Note that Ess(L) C Nil (L) C Rad (L).

4. The ideal {Rad(L), L}

Let us denote the subspace [Rad(L), L] + [L, Rad(L)] by {Rad(L), L}.

Lemma 4.1. Let L be a Leibniz algebra and (1,7, V) a representation of L. Let A be a subspace of L for which
there exists an integer n € N* with v’y = {0} and let © be in nr(A) such that r, is nilpotent. Then there exists an

integer N € N* with (ra;pz)" = {0}.

Proof. Let us notice that for any non negative integer p we have
P

(raare)’ = Z <Z) Nepk ()P 7R 4 fp where f, € E, =140+ 4r4.
k=0
Let m an integer with (r,)™ = 0. Then with p = 2sup (m,n) + 1 > m + n we have that (ro4a2)" = fp € E,.
And so
[(Fasne)” = (5)" = (rarth - Fra)" C e b oo b2t o,

Since 1%} = {0}, (Tataz)?" = 0. So re4az is nilpotent for all a + Az in A+Fz. By [7, Theorem 3.2., page 41] the
associative algebra 74 ; ., is nilpotent algebra. So there is some integer N € N* such that (rA_H%)N = {0}. O

Proposition 4.2. For any representation (I,r,V) of the Leibniz algebra L, the restriction of r to the ideal
{Rad(L), L} is nilpotent, i.e. there exists an integer m € N* with (T{Rad(L)7L})m = {0}.

Proof. According to [3, Corollary 4.4] the representation of V' is nilpotent on the ideal [L,L]. Now let T' C
{Rad(L), L} be a subspace containing [Rad(L), Rad(L)], which is maximal with respect to the property that the
representation of V' is nilpotent on T'. Note that 7" always is an ideal of Rad (L), hence in particular a subalgebra,
because it contains [Rad(L), Rad(L)].

Assume that T' # {Rad(L), L}. Then there exist at least an = in Rad(L) and y in L with [z,y] ¢ T or [y, z] ¢ T.

If [z,y] ¢ T, the subspace B = Rad (L) +Fx is a subalgebra of L, Rad (L) is a solvable ideal of B and B/Rad (L) ~
F is abelian. Therefore B is a solvable ideal by Proposition 3.3.
Again we use [3, Corollary 4.4] to see that the representation of V' is nilpotent on [B, B] and hence that 7,
is nilpotent.

Since T' C Rad(L) and [z,y] € [Rad (L) ,y] C Rad (L), we have

[[z,y],T] C [Rad(L),T] C T and [T, [z,y]] C [T, Rad (L)] C T.

Finally the preceding lemma show that the representation of V' is nilpotent on the subspace T'@® F' [z, y]. This
contradicts the maximality of T'.

If [y, 2] ¢ T, the subspace B = Rad (L) +Fx is a subalgebra of L, Rad (L) is a solvable ideal of B and B/Rad (L) ~
F is abelian. Therefore B is a solvable ideal by Proposition 3.3.
Again we use [3, Corollary 4.4] to see that the representation of V' is nilpotent on [B, B] and hence that 7, 4
is nilpotent.
Since T C Rad(L) and [y,«] € [y, Rad (L)] C Rad (L), we have
[y,2],7) € [Rad (L), T] € T and |[y, ] , 7] C [Rad (L), T] C T.
Finally the preceding lemma show that the representation of V' is nilpotent on the subspace T ® F [z, y]. This
contradicts the maximality of T
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We conclude that T' must be equal to {Rad(L), L}, so the representation of V' is nilpotent on {Rad(L), L}. O

Applying the precedent proposition to the adjoint representation (Ad, ad, L) of the Leibniz algebra L and using
Engel’s Theorem [2], we get the:

Corollary 4.3. The ideal {Rad(L), L} is nilpotent. In particular, x is ad-nilpotent for every x in {Rad(L), L}.

Corollary 4.4. Let L be a Leibniz algebra and D a derivation of L.
Then D (Rad(L)) C Nil(L). In particular Nil(L) is a characteristical ideal.

Proof. For a derivation D of L, define the Leibniz algebra L = L x |pF with the bracket

[(z,t),(y,0)] = (D (x) — tD (y) + [z,y] ,0) . Then,

(D (Rad(L)),0) = [(Rad(L),0)(0,1)] € (L,0) N [Rad(i), i} c LN Ni (L) C Nil (L) — (nil(L),0). So
D (Rad(L)) C Nil (). O

5. Main theorem

We deal in this section with Leibniz algebras which sastify equation
Va,y € L,tr (ad; o ady)|Ess(L) =0

Call such Leibniz algebras: Killing Leibniz Algebras.

A bilinear form (—,—) : L x L — F is called invariant if ([z,y], 2) + (y, [z, 2]) = 0 for all ,y,z in L.
Notice that if (—, —) is an invariant form, and 2 is an ideal, then its orthogonal 2+ is again an ideal.

One way of producing invariant forms is from representations: if (I,7, V') is a representation of L, then
(x,y)r = tr(ry ory) is invariant. Indeed,
([z, 9], 2)r + (g, [, 2])r = tr ((ry 0Ty —Tg0ory) 0T, + 140 (ry 0T —T507))

=tr((ryory)ory —ryo(ryor,)) =0.

In particular, if we take [ = Ad, r = ad, V = L the corresponding bilinear form is called the Killing form and

will be denoted by 8 = (—, —)a.

Remark 5.1. for all z in Ess(L), y, z in L we have: (ad o ady)(z) = (adz)([2,y]) = [[z,y],2] = 0.
Then ady o ady =0 and (z,y)g = tr(ad; o ady) =0, so Ess(L) C ker(R).

Theorem 5.2. Let L be a leibniz algebra of a class Killing Leibniz Algebras and ker(R) the kernel of its Killing
form.
ker(R) = Ess(L) < L is semisimple.
Proof. < Suppose that L is semisimple. Let us show that the kernel of the Killing form is Ess(g).
Solet W=L+={xeL,tr(ad,oady) =0foralyeL}. IfxeW,vy,z€ L then
tr (ad[w}z] o ady) = tr (ady 0 ad, o ady — ad; o ad,, o ady) = tr (ad o (ad, o ady, — ady o ad,))

=tr (adw ) ad[z,y]) =0,
And so on, we have also tr (ad[z’m] ) ady) =0.

So 20 is an ideal and clearly Ess(L) C 20.
adgy is a solvable a Lie subalgebra of End(V) by Cartan’s criterion. Thanks to Proposition 3.1, 27 is solvable
and hence 20 = Rad(L) = Ess(L).

= suppose L is not semisimple and so has a solvable ideal such that a 2 Ess(L) 2 a® by Remark 2.8. Let us show
that (z,y)x =0 for all z in a, y in L and then a C ker(R).
Let 0 = ad, o ad,,.

By assumption t7(0|gsy(r)) = 0.

And since o maps L to a, a to a® and a® C Ess(L), we have that
0?(L) Co(a) Ca®> C Ess(L).

Write L = Ess(L) ®© Lp. Then we have by Lemma 2.18, that tr(o) = tr(o|gssz)) = 0. Hence if L is not
semisimple then the kernel of its Killing form satisfies Ess(L) C ker(R).
O
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Remark 5.3. e [. Demir et al. give another proof of =. (see [4, Theorem 5.8]).

e In Lie algebras case, Theorem 5.2 is the well known Cartan’s criterion for semisimplicity.

6. Conclusion

Let us cite an example of Leibniz algebra which is solvable and the kernel of it’s Killing form is Ess(L).

Example 6.1. [6]
Let L = Cx + Cy be the two dimensional complex Leibniz algebra which generators satisfy [x,y] = x;

[z,2] = [y,y] = [y, 2] = 0.
Let us find the kernel of the Killing form of the non lie leibniz algebra L = Fa @ Fy defined in Example 6.1. Let

a = a11% + a2y and b = as1T + azey be two elements of algebra. The matrix of the endomorphism ad,, is <a(1)2 8)

a2 0
0 O

Then the Killing form is defined by (a,b)g = aj2a22 for all a,b in L.

Since Ess(L) = {0} for any Lie algebra; Lie algebras are Killing Leibniz algebras and the Theorem 5.2 is knowned
for Lie algebras (cf. [5]).

”Left central Leibniz” are also Killing Leibniz algebras.
Example 6.1 is an algebra not in a class of Killing Leibniz algebras.

We claim that

Claim: The class of Killing Leibniz Algebras is a widest class wich satisfies Theorem 5.2.

In [6], the authors call an algebra that is both a left and right Leibniz algebra a symmetric Leibniz algebra.
they call L a left central Leibniz algebra if it is a left Leibniz algebra that also satisfies [[a, a],b] = 0,a € L,b € L.
There is a hierarchy of algebras
{leftLeibniz} 2 {leftcentral Leibniz} 2 {symmetricLeibniz} 2 {Lie}.

We call a right central Leibniz algebra if it is a right Leibniz algebra that also satisfies [b, [a,a]] = 0,a € L,b€ L
and there is a hierarchy of algebras

and the matrix of the endomorphism ad,, is (

{rightLeibniz} 2 {rightcentral Leibniz} 2 {symmetricLeibniz} 2 {Lie}.
So we can complete the hierarchy of Leibniz algebras as
{rightLeibniz} 2 {rightKillingLeibniz} 2 {rightcentral Leibniz} 2 {symmetricLeibniz} D {Lie}.

and
{leftLeibniz} 2 {leftKillingLeibniz} D {leftcentral Leibniz} D {symmetricLeibniz} 2D {Lie}.

Questions:
e Can we prove the Weyl’s theorem on complete reducibility for Killing Leibniz Algebras?

e In [6], the authors show that ”left central Leibniz algebras” satisfy a version of the Malcev theorem. Do the
Killing Leibniz Algebras also satisfy this theorem?
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