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Abstract 
 

The aim of this work is to introduce the definitions and study the concepts of fuzzy open (resp, fuzzy α- open, fuzzy 

semi- open, fuzzy pre- open, fuzzy regular- open, fuzzy b- open, fuzzy β- open) sets in fuzzy topological groups, and 

devote to study and discuss some of the basic concepts of some types of fuzzy continuous, fuzzy connected and fuzzy 

compact spaces in fuzzy topological groups with some theorems and Proposition are proved. 
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1. Introduction 

The concept of fuzzy sets was introduced by zadeh [1]. Chang [2] introduced the definition of fuzzy topological spaces 

and extended in a straight-forward manner some concepts of crisp topological spaces to fuzzy topological spaces. 

Rosenfeld [3] formulated the elements of a theory of fuzzy groups. A notion of a fuzzy topological group was proposed 

by foster [4].in In this paper, we introduce some types of fuzzy open sets in fuzzy topological groups, and study some 

relations between some types of fuzzy continuous, fuzzy connected and fuzzy compact spaces. 

2. On fuzzy topological groups 

Definition 2.1: [1] [7] [8]Let X be a non-empty set, a fuzzy set Ã in X is characterized by a function MÃ: X → I , where 

I = [ 0 ,1 ] which is written as Ã = {( x , MÃ(x) ) : x ∈ X , 0 ≤MÃ(x)≤1} , The collection of all fuzzy sets in X will be 

denoted by IX,that is  

IX= {Ã: Ã is a fuzzy sets in X} where MÃ is called the membership function. 

Definition 2.2: [3] [6] Let X is a group and let G̃be fuzzy set of X. A fuzzy set G̃is called a fuzzy group of X if  

 

1) MG̃(xy) ≥ min{MG̃(x), MG̃(y)} for all x, y ∈X. 

 

2) MG̃ (x−1) ≥ MG̃(x)For all x ∈ X. 

 

Definition 2.3: [2] [4] [5] A collection T̃ of a fuzzy subsets of Ã, such that T̃ P (Ã) is said to be fuzzy topology on Ã if 

it satisfied the following conditions 

1) Ã ,∅̃ ∈ T ͂ 
 

2) If B̃ , C̃ ∈ T ͂ then B̃ ∩ C̃∈ T ͂ 
 

3) If B̃α ∈ T ͂ then ⋃ B̃αα ∈ T ͂ , α ∈ Λ 

 

(Ã, T ͂) is said to be Fuzzy topological space and every member of T ͂ is called fuzzy open set in Ã and its complement is 

a fuzzy closed set. 
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Definition 2.4: [6] Let G be a fuzzy group and(G, T̃) be a fuzzy topological space. (G, T̃) is called a fuzzy topological 

group if the maps  

 

g: (G, T̃)× (G, T̃) → (G, T̃), defined by g(x, y) = xy and 

 

h: (G, T̃) → (G, T̃), defined by h(x) = x−1 are fuzzy continuous. 

3. Some types of fuzzy open sets 

Definition 3.1: A fuzzy set Ã in fuzzy topological group (G, T̃) is called 

1) Fuzzy α −open set if Ã ⊆ int(cl(int(Ã))) . 

 

2) Fuzzy semi −open set if Ã ⊆ cl(int(Ã)) . 

 

3) Fuzzy pre −open set if Ã ⊆ int(cl(Ã)) . 

 

4) Fuzzy regular −open set if Ã = int(cl(Ã)) . 

 

5) Fuzzy b −open set if Ã ⊆ (int cl(Ã) ∪ cl int(Ã)) . 

 

6) Fuzzy β − open set if Ã ⊆ (cl(int(cl(Ã))) .  

 

Proposition 3.2: 

1) Every fuzzy open (resp, fuzzy closed) set is fuzzy b − open (resp, fuzzy b − closed) set. 

2) Every fuzzy α − open (resp, fuzzy α − closed) set is fuzzy b − open (resp, fuzzy b − closed) set. 

3) Every fuzzy semi − open (resp, fuzzy semi − closed) set is fuzzy b − open (resp, fuzzy b − closed) set. 

4) Every fuzzy pre − open (resp, fuzzy pre − closed) set is fuzzy b − open (resp, fuzzy b − regular closed) set. 

5) Every fuzzy regular − open (resp, fuzzy regular − closed) set is fuzzyb − open (resp, fuzzy b − closed) set. 

6) Every fuzzy b − open (resp, fuzzy b − closed) set is fuzzy β −open (resp, fuzzy β −closed) set. 

Proof: 

 

1) MÃ(x) ≤ Mcl Ã(x) 

 

Mint Ã(x) ≤ Mint cl Ã(x). 

 

MÃ(x) ≤ Mint cl Ã(x)                                                                                                                                                         (1) 

 

Mint Ã(x) ≤ Mcl int Ã(x). 

 

MÃ(x) ≤ Mcl int Ã(x)                                                                                                                                                         (2) 

 

From (1) and (2) we gait. 

 

MÃ(x) ≤ ma x{Mint cl Ã(x), Mcl int Ã(x)}. 

 

2) MÃ(x) ≤ Mint cl int Ã(x). 
 

MÃ(x) ≤ Mcl int Ã(x).  

 

Mcl Ã(x) ≤ Mcl int Ã(x) . 

 

Mint cl Ã(x) ≤ Mint cl int Ã(x) . 

 

𝑀𝑖𝑛𝑡 𝑐𝑙 �̃�(𝑥) ≤ 𝑀𝑐𝑙 𝑖𝑛𝑡 �̃�(𝑥). 

 

𝑚𝑎 𝑥{𝑀𝑖𝑛𝑡 𝑐𝑙 𝐴(x), 𝑀𝑐𝑙 𝑖𝑛𝑡 𝐴(𝑥)} = 𝑀𝑐𝑙 𝑖𝑛𝑡 𝐴(𝑥). 
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𝑚𝑎 𝑥{𝑀𝑖𝑛𝑡 𝑐𝑙 𝐴(𝑥), 𝑀𝑐𝑙 𝑖𝑛𝑡 𝐴(𝑥)} = 𝑀𝑖𝑛𝑡 𝑐𝑙 𝑖𝑛𝑡 𝐴(𝑥). 

𝑀�̃�(𝑥) ≤ 𝑚𝑎 𝑥{𝑀𝑖𝑛𝑡 𝑐𝑙 �̃�(𝑥), 𝑀𝑐𝑙 𝑖𝑛𝑡 �̃�(𝑥)}. 

 

Similarly we prove 2, 3, 4, 5 and 6 ∎ 

Definition 3.3: Let (G, T̃) be a fuzzy topological group and let W̃ = {C̃α , α ∈ μ} be a collection of fuzzy open(resp, 

fuzzy α − open , fuzzy semi − open , fuzzy pre − open , fuzzy regular − open , fuzzy b − open, fuzzy β −open) sets 

in G is said to be fuzzy open (resp, fuzzy α − open , fuzzy semi − open , fuzzy pre − open , fuzzy regular − open , 

fuzzy b − open , fuzzy β −open) cover of fuzzy set B̃ of G if and only ifMG(x) = sup {MC̃α
(x): α ∈ μ} ∀x ∈ S(B̃) . and 

fuzzy open (resp, fuzzy α − open , fuzzy semi − open , fuzzy pre − open , fuzzy regular − open , fuzzy b − open , 

fuzzy β −open) cover of fuzzy set B̃ of G is said to have a finite sub cover if and only if finite cub collection C̃ =

{C̃1 , … … … , C̃n } of W̃ such that MB̃(x) ≤ ma x{MC̃1
(x) , … … … , MC̃n

(x)} ∀x ∈ S(B̃). 

 

Theorem 3.4: Let (𝐺, �̃�) be a fuzzy topological group 

 

1) Every fuzzy open cover is fuzzy 𝑏 − opencover. 

2) Every fuzzy 𝛼 −open cover is fuzzy 𝑏 − opencover. 

3) Every fuzzy 𝑠𝑒𝑚𝑖 −open cover is fuzzy 𝑏 − opencover. 

4) Every fuzzy 𝑝𝑟𝑒 −open cover is fuzzy 𝑏 − opencover. 

5) Every fuzzy 𝑟𝑒𝑔𝑢𝑙𝑎𝑟 −open cover is fuzzy 𝑏 − opencover. 

6) Every 𝑏 −fuzzy open cover is fuzzy 𝛽 − open cover. 

 

Proof: 

3) Let W̃ = {C̃α , α ∈ μ} be a collection of fuzzy semi − open sets of G. 

And �̃� is fuzzy 𝑠𝑒𝑚𝑖 − open cover of fuzzy set �̃� in G. 

 

∵  �̃� = {�̃�𝛼 , 𝛼 ∈ 𝜇} Be a collection of fuzzy open 𝑠𝑒𝑚𝑖 − sets in G. 

 

And every fuzzy 𝑠𝑒𝑚𝑖 − open set is Fuzzy 𝑏 − open set. 

∴ �̃�Be a collection of fuzzy 𝑏 − open sets of G. 

∵ �̃�Isfuzzy 𝑠𝑒𝑚𝑖 − open cover of fuzzy set �̃� in G. 

 

∴ 𝑀𝐺(𝑥) = 𝑠𝑢𝑝 {𝑀𝐶𝛼
(𝑥): 𝛼 ∈ 𝜇} ∀𝑥 ∈ 𝑆(�̃�) . 

 

Then�̃� is fuzzy 𝑏 − open cover of fuzzy set �̃� in G. 

Similarly we prove 1,2,4,5 and 6 ∎ 

 

Definition 3.5: Let (G, T̃) be a fuzzy topological group is said to be fuzzy (resp, fuzzy α −, fuzzy semi − , fuzzy pre − , 

fuzzy regular − , fuzzy b −, fuzzy β −) compact if each fuzzy open (resp, fuzzy α − open , fuzzy semi − open , fuzzy 

pre − open , fuzzy regular − open , fuzzy b − open , fuzzy β −open) cover has a finite sub cover . 

 

Theorem 3.6: Let (𝐺, �̃�) be a fuzzy topological group 

 

1) Every fuzzy 𝑏 −  𝑐𝑜𝑚𝑝𝑎𝑐𝑡 is fuzzy open𝑐𝑜𝑚𝑝𝑎𝑐𝑡. 

2) Every fuzzy 𝑏 −  𝑐𝑜𝑚𝑝𝑎𝑐𝑡 is fuzzy 𝛼 − 𝑐𝑜𝑚𝑝𝑎𝑐𝑡. 

3) Every fuzzy 𝑏 −  𝑐𝑜𝑚𝑝𝑎𝑐𝑡 is fuzzy 𝑠𝑒𝑚𝑖 − 𝑐𝑜𝑚𝑝𝑎𝑐𝑡. 

4) Every fuzzy 𝑏 −  𝑐𝑜𝑚𝑝𝑎𝑐𝑡 is fuzzy 𝑝𝑟𝑒 − 𝑐𝑜𝑚𝑝𝑎𝑐𝑡 . 
5) Every fuzzy 𝑏 −  𝑐𝑜𝑚𝑝𝑎𝑐𝑡 is fuzzy 𝑟𝑒𝑔𝑢𝑙𝑎𝑟 −  𝑐𝑜𝑚𝑝𝑎𝑐𝑡. 

6) Every fuzzy 𝛽 −  𝑐𝑜𝑚𝑝𝑎𝑐𝑡 is fuzzy 𝑏 − 𝑐𝑜𝑚𝑝𝑎𝑐𝑡. 

 

Proof: 

4) Let (G, T̃) be a fuzzy topological group and is said to be fuzzy −compact . 

Let �̃� be a fuzzy 𝑝𝑟𝑒 −open cover of G. 

∴ �̃� be a fuzzy 𝑏 −open cover of G . 

∵ (𝐺, �̃�) Be a fuzzy 𝑏 − 𝑐𝑜𝑚𝑝𝑎𝑐𝑡 . 

∴ �̃� has a finite sub cover of G. 

∴  ∀ �̃�is fuzzy 𝑝𝑟𝑒 −open cover of G has a finite sub cover of G. 

Then (𝐺, �̃�) is fuzzy 𝑝𝑟𝑒 − 𝑐𝑜𝑚𝑝𝑎𝑐𝑡 . 
Similarly we prove1, 2, 3, 5 and 6 ∎ 
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Definition 3.7: A mapping f ∈ (x, y) where (x, y) ∈ G × K from fuzzy topological group (G, T̃) to fuzzy topological 

group (K, δ̃) is said to be fuzzy (resp, fuzzy α −, fuzzy semi − , fuzzy pre − , fuzzy regular − , fuzzy b −, fuzzy β −) 

continuous if f−1(C̃) is fuzzy open (resp, fuzzy α − open , fuzzy semi − open , fuzzy pre − open , fuzzy regular − 

open , fuzzy b − open , fuzzy β −open) set in G , for each fuzzy open set C̃ in K. 

 

Theorem 3.8: 

 

1) Every fuzzy continuous is fuzzy 𝑏 − continuous. 

2) Every fuzzy 𝛼 −continuous is fuzzy 𝑏 − continuous. 

3) Every fuzzy 𝑠𝑒𝑚𝑖 −continuous is fuzzy 𝑏 − continuous. 

4) Every fuzzy 𝑝𝑟𝑒 −continuous is fuzzy 𝑏 − continuous. 

5) Every fuzzy 𝑟𝑒𝑔𝑢𝑙𝑎𝑟 −continuous is fuzzy 𝑏 − continuous. 

6) Every fuzzy 𝑏 −continuous is fuzzy 𝛽 − continuous. 

 

Proof: 

5) Let f: (G, T̃) → (K, δ̃) is fuzzy regular −continuous. 

Let �̃� de a fuzzy open set in K. 

Then 𝑓−1(�̃�) is fuzzy 𝑟𝑒𝑔𝑢𝑙𝑎𝑟 − open set in G. 

∵ Every fuzzy 𝑟𝑒𝑔𝑢𝑙𝑎𝑟 − open set is Fuzzy 𝑏 − 𝑟𝑒𝑔𝑢𝑙𝑎𝑟 open set. 

∴ 𝑓−1(�̃�) isfuzzy 𝑏 − open set in G. 

∴ ∀ �̃� is fuzzy open in K, 𝑓−1(�̃�) is fuzzy 𝑏 − open set in G. 

Then 𝑓: (𝐺, �̃�) → (𝐾, 𝛿) is fuzzy 𝑏 −continuous.  

Similarly we prove 1,2,3,4 and 6 ∎ 

 

Definition 3.9: Let (𝐺, �̃�) be a fuzzy topological group and �̃� is a fuzzy set in G then 

1) 𝑐𝑙(�̃�) =∩ {�̃�: �̃�𝑖𝑠 𝑐𝑙𝑜𝑠𝑒𝑑 𝑓𝑢𝑧𝑧𝑦 𝑠𝑒𝑡 , �̃� ⊆  �̃�} . 

2) 𝛼𝑐𝑙(�̃�) =∩ {�̃�: �̃�𝑖𝑠 𝛼 − 𝑐𝑙𝑜𝑠𝑒𝑑 𝑓𝑢𝑧𝑧𝑦 𝑠𝑒𝑡 , �̃� ⊆  �̃�} . 

3) 𝑠𝑒𝑚𝑖 𝑐𝑙(�̃�) =∩ {�̃�: �̃�𝑖𝑠 𝑠𝑒𝑚𝑖 − 𝑐𝑙𝑜𝑠𝑒𝑑 𝑓𝑢𝑧𝑧𝑦 𝑠𝑒𝑡 , �̃� ⊆  �̃�} . 

4) 𝑝𝑟𝑒 𝑐𝑙(�̃�) =∩ {�̃�: �̃�𝑖𝑠 𝑝𝑟𝑒 − 𝑐𝑙𝑜𝑠𝑒𝑑 𝑓𝑢𝑧𝑧𝑦 𝑠𝑒𝑡 , �̃� ⊆  �̃�} . 

5) 𝑏𝑐𝑙(�̃�) =∩ {�̃�: �̃�𝑖𝑠 𝑏 − 𝑐𝑙𝑜𝑠𝑒𝑑 𝑓𝑢𝑧𝑧𝑦 𝑠𝑒𝑡 , �̃� ⊆  �̃�} . 

6) 𝛽𝑐𝑙(�̃�) =∩ {�̃�: �̃�𝑖𝑠 𝛽 − 𝑐𝑙𝑜𝑠𝑒𝑑 𝑓𝑢𝑧𝑧𝑦 𝑠𝑒𝑡 , �̃� ⊆  �̃�} . 

 

Definition 3.10: Let (𝐺, �̃�) be a fuzzy topological group and �̃�, �̃� are fuzzy set in G then�̃� and �̃� are said to be  

1) Fuzzy 𝑠𝑒𝑝𝑎𝑟𝑎𝑡𝑒𝑑 iff {𝑐𝑙(�̃�) ∩ �̃�} = ∅ and{𝑐𝑙(�̃�) ∩ �̃�} = ∅ ∀𝑥 ∈ 𝐺. 

2) Fuzzy 𝛼 −separated iff {𝛼𝑐𝑙(�̃�) ∩ �̃�} = ∅ and {𝛼𝑐𝑙(�̃�) ∩ �̃�} = ∅ ∀𝑥 ∈ 𝐺. 

3) Fuzzy 𝑠𝑒𝑚𝑖 −  𝑠𝑒𝑝𝑎𝑟𝑎𝑡𝑒𝑑 iff {𝑠𝑒𝑚𝑖 𝑐𝑙(�̃�) ∩ �̃�} = ∅ and {𝑠𝑒𝑚𝑖 𝑐𝑙(�̃�) ∩ �̃�} = ∅ ∀𝑥 ∈ 𝐺. 

4) Fuzzy 𝑝𝑟𝑒 −  𝑠𝑒𝑝𝑎𝑟𝑎𝑡𝑒𝑑 iff {𝑝𝑟𝑒 𝑐𝑙(�̃�) ∩ �̃�} = ∅ and{𝑝𝑟𝑒 𝑐𝑙(�̃�) ∩ �̃�} = ∅ ∀𝑥 ∈ 𝐺. 

5) Fuzzy 𝑟𝑒𝑔𝑢𝑙𝑎𝑟 −  𝑠𝑒𝑝𝑎𝑟𝑎𝑡𝑒𝑑 iff {𝑟𝑒𝑔𝑢𝑙𝑎𝑟 𝑐𝑙(�̃�) ∩ �̃�} = ∅ and {𝑟𝑒𝑔𝑢𝑙𝑎𝑟 𝑐𝑙(�̃�) ∩ �̃�} = ∅ ∀𝑥 ∈ 𝐺. 

6) Fuzzy 𝑏 −  𝑠𝑒𝑝𝑎𝑟𝑎𝑡𝑒𝑑 iff {𝑏𝑐𝑙(�̃�) ∩ �̃�} = ∅ and{𝑏𝑐𝑙(�̃�) ∩ �̃�} = ∅ ∀𝑥 ∈ 𝐺. 

7) Fuzzy 𝛽 −  𝑠𝑒𝑝𝑎𝑟𝑎𝑡𝑒𝑑 iff {𝛽𝑐𝑙(�̃�) ∩ �̃�} = ∅ and {𝛽𝑐𝑙(�̃�) ∩ �̃�} = ∅ ∀𝑥 ∈ 𝐺. 

 

Theorem 3.11: Let (𝐺, �̃�) be a fuzzy topological group 

 

1) Every fuzzy 𝑠𝑒𝑝𝑎𝑟𝑎𝑡𝑒𝑑is fuzzy 𝑏 −  𝑠𝑒𝑝𝑎𝑟𝑎𝑡𝑒𝑑. 

2) Every fuzzy 𝛼 −  𝑠𝑒𝑝𝑎𝑟𝑎𝑡𝑒𝑑 is fuzzy 𝑏 −  𝑠𝑒𝑝𝑎𝑟𝑎𝑡𝑒𝑑. 

3) Every fuzzy 𝑠𝑒𝑚𝑖 −  𝑠𝑒𝑝𝑎𝑟𝑎𝑡𝑒𝑑 is fuzzy 𝑏 −  𝑠𝑒𝑝𝑎𝑟𝑎𝑡𝑒𝑑. 

4) Every fuzzy 𝑝𝑟𝑒 −  𝑠𝑒𝑝𝑎𝑟𝑎𝑡𝑒𝑑 is fuzzy 𝑏 − 𝑠𝑒𝑝𝑎𝑟𝑎𝑡𝑒𝑑. 
5) Every fuzzy 𝑟𝑒𝑔𝑢𝑙𝑎𝑟 − 𝑠𝑒𝑝𝑎𝑟𝑎𝑡𝑒𝑑is fuzzy 𝑏 −  𝑠𝑒𝑝𝑎𝑟𝑎𝑡𝑒𝑑. 

6) Every fuzzy 𝑏 − 𝑠𝑒𝑝𝑎𝑟𝑎𝑡𝑒𝑑 is fuzzy 𝛽 −  𝑠𝑒𝑝𝑎𝑟𝑎𝑡𝑒𝑑. 

 

Proof: 

Obvious ∎ 

 

Definition 3.12: Let (G, T̃) be a fuzzy topological group is said to be fuzzy (resp, fuzzy α −, fuzzy semi − , fuzzy pre − 

, fuzzy regular − , fuzzy b− , fuzzy β − )connected , if Ã cannot be expressed as the union of two maximal fuzzy 

(resp, fuzzy α −, fuzzy semi − , fuzzy pre − , fuzzy regular − , fuzzy b −, fuzzy β −)separated sets . Other wise 

(G, T̃) is fuzzy (resp, fuzzy α −, fuzzy emi − , fuzzy pre − , fuzzy regular − , fuzzy b −, fuzzy β −)disconnected. 
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Theorem 3.13: Let(𝐺, �̃�) be a fuzzy topological group 

 

1) Every fuzzy 𝑏 − 𝑐𝑜𝑛𝑛𝑒𝑐𝑡𝑒𝑑 is fuzzy open 𝑐𝑜𝑛𝑛𝑒𝑐𝑡𝑒𝑑. 

2) Every fuzzy 𝑏 −  𝑐𝑜𝑛𝑛𝑒𝑐𝑡𝑒𝑑 is fuzzy 𝛼 − 𝑐𝑜𝑛𝑛𝑒𝑐𝑡𝑒𝑑. 

3) Every fuzzy 𝑏 −  𝑐𝑜𝑛𝑛𝑒𝑐𝑡𝑒𝑑 is fuzzy 𝑠𝑒𝑚𝑖 − 𝑐𝑜𝑛𝑛𝑒𝑐𝑡𝑒𝑑. 

4) Every fuzzy 𝑏 − 𝑐𝑜𝑛𝑛𝑒𝑐𝑡𝑒𝑑 is fuzzy 𝑝𝑟𝑒 − 𝑐𝑜𝑛𝑛𝑒𝑐𝑡𝑒𝑑 . 
5) Every fuzzy 𝑏 −  𝑐𝑜𝑛𝑛𝑒𝑐𝑡𝑒𝑑 is fuzzy 𝑟𝑒𝑔𝑢𝑙𝑎𝑟 −  𝑐𝑜𝑛𝑛𝑒𝑐𝑡𝑒𝑑. 

6) Every fuzzy 𝛽 −  𝑐𝑜𝑛𝑛𝑒𝑐𝑡𝑒𝑑 is fuzzy 𝑏 −  𝑐𝑜𝑛𝑛𝑒𝑐𝑡𝑒𝑑. 

 

Proof: 

6) Let (G, T̃) be a fuzzy topological group and Ã is fuzzy β −  connected. 

Let �̃� is fuzzy 𝑏 −  𝑑𝑖𝑠𝑐𝑜𝑛𝑛𝑒𝑐𝑡𝑒𝑑 space. 

Then there exists non-empty maximal fuzzy 𝑏 − 𝑠𝑒𝑝𝑎𝑟𝑎𝑡𝑒𝑑�̃� and �̃� in G such that 𝑀𝐺(𝑥) = 𝑚𝑎𝑥 {𝑀�̃�(𝑥), 𝑀�̃�(𝑥)} . 

By theorem (3.11) there exists non-empty maximal fuzzy β − separatedB̃ and C̃ in G such that MG(x) =

max {MB̃(x), MC̃(x)} . 

Then Ã is fuzzy β −  disconnected space, contradiction  

Hence Ã is fuzzy b − connected space. 

Similarly we prove1, 2, 3, 4 and 5 ∎ 
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