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Abstract

The aim of this work is to introduce the definitions and study the concepts of fuzzy open (resp, fuzzy a- open, fuzzy
semi- open, fuzzy pre- open, fuzzy regular- open, fuzzy b- open, fuzzy - open) sets in fuzzy topological groups, and
devote to study and discuss some of the basic concepts of some types of fuzzy continuous, fuzzy connected and fuzzy
compact spaces in fuzzy topological groups with some theorems and Proposition are proved.
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1. Introduction

The concept of fuzzy sets was introduced by zadeh [1]. Chang [2] introduced the definition of fuzzy topological spaces
and extended in a straight-forward manner some concepts of crisp topological spaces to fuzzy topological spaces.
Rosenfeld [3] formulated the elements of a theory of fuzzy groups. A notion of a fuzzy topological group was proposed
by foster [4].in In this paper, we introduce some types of fuzzy open sets in fuzzy topological groups, and study some
relations between some types of fuzzy continuous, fuzzy connected and fuzzy compact spaces.

2. On fuzzy topological groups

Definition 2.1: [1] [7] [8]Let X be a non-empty set, a fuzzy set A in X is characterized by a function Mz: X — |, where
I =[0,1] which is written as A = {( x , Mz(x) ) : X € X, 0 <Mz (x)<1} , The collection of all fuzzy sets in X will be
denoted by I* that is

I*= {A: A is a fuzzy sets in X} where M is called the membership function.

Definition 2.2: [3] [6] Let X is a group and let Gbe fuzzy set of X. A fuzzy set Gis called a fuzzy group of X if

1) Mgz (xy) = min{Mg(x), Mg (y)} for all x,y €X.
2) Mz (x 1) = Mz(x)For all x € X.

Definition 2.3: [2] [4] [5] A collection T of a fuzzy subsets of A, such that T <P (A) is said to be fuzzy topology on A if
it satisfied the following conditions

1) ABeT
2) IfB,CeTthenBNCeT
3) IfB, e Tthen U,B, €T, a €A

(A, T) is said to be Fuzzy topological space and every member of T is called fuzzy open set in A and its complement is
a fuzzy closed set.
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Definition 2.4: [6] Let G be a fuzzy group and(G, T) be a fuzzy topological space. (G, T) is called a fuzzy topological
group if the maps

g: (G, T)x (G,T) - (G, T), defined by g(x,y) = xy and

h: (G, T) = (G, T), defined by h(x) = x~* are fuzzy continuous.

3.

Some types of fuzzy open sets

Definition 3.1: A fuzzy set A in fuzzy topological group (G, T) is called

1)
2)
3)
4)
5)

6)

Fuzzy o —open set if A € int(cl(int(ﬁ))) :

Fuzzy semi —open set if A € cl(int(A)) .

Fuzzy pre —open set if A < int(cl(A)) .

Fuzzy regular —open set if A = int(cl(A)) .
Fuzzy b —open set if A < (int cI(A) U clint(A)) .

Fuzzy B — open setif A (cl(int(cl(ﬁ))) .

Proposition 3.2:

1)
2)
3)
4)
5)
6)

Proof:

1)

Every fuzzy open (resp, fuzzy closed) set is fuzzy b — open (resp, fuzzy b — closed) set.

Every fuzzy o — open (resp, fuzzy a — closed) set is fuzzy b — open (resp, fuzzy b — closed) set.

Every fuzzy semi — open (resp, fuzzy semi — closed) set is fuzzy b — open (resp, fuzzy b — closed) set.
Every fuzzy pre — open (resp, fuzzy pre — closed) set is fuzzy b — open (resp, fuzzy b — regular closed) set.
Every fuzzy regular — open (resp, fuzzy regular — closed) set is fuzzyb — open (resp, fuzzy b — closed) set.
Every fuzzy b — open (resp, fuzzy b — closed) set is fuzzy B —open (resp, fuzzy g —closed) set.

M;(x) < Mgz(x)

Mintf&(x) < Mint CIZ\(X)'

MK(X) = Mintclf&(x) (1)

Mint A (X) < Mcl int A (X) .

MK(X) = Mcl intﬁ(x) (2)

From (1) and (2) we gait.

MK(X) < ma X{Mint CIK(X)’ Mcl intg(x)}'

2)

MTX (X) < Mint clint A (X) .

M;(x) < Mz ().

MCIA(X) = Mclintﬁ(x) .

Mintclﬂ(x) = Mint cl intA(X) .

Mintcl?l(x) = Mclintﬁ(x)'

ma x{M e 1 (), My ine 2(0)} = Mg e 2(X).
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ma x{Mint cl ﬁ(x)' My ine ﬁ(x)} = Mt ctine ﬁ(x)-
M:l(x) < ma x{Mintch(x)'Mcl int;l(x)}'

Similarly we prove 2, 3,4,5and 6 m

Definition 3.3: Let (G, T) be a fuzzy topological group and let W = {C,, « € u} be a collection of fuzzy open(resp,
fuzzy o — open , fuzzy semi — open , fuzzy pre — open , fuzzy regular — open , fuzzy b — open, fuzzy  —open) sets
in G is said to be fuzzy open (resp, fuzzy a — open, fuzzy semi — open , fuzzy pre — open , fuzzy regular — open ,
fuzzy b — open , fuzzy B —open) cover of fuzzy set B of G if and only ifM;(x) = sup{Mz (x): & € p} vx € S(B) . and
fuzzy open (resp, fuzzy a — open , fuzzy semi — open , fuzzy pre — open , fuzzy regular — open , fuzzy b — open ,
fuzzy B —open) cover of fuzzy set B of G is said to have a finite sub cover if and only if finite cub collection € =
(O ,C,, } of W such that Mz(x) < ma X{ME1 (€19 - Mg, (x)} vx € S(B).

Theorem 3.4: Let (G, T) be a fuzzy topological group

1)  Every fuzzy open cover is fuzzy b — opencover.

2)  Every fuzzy a —open cover is fuzzy b — opencover.

3)  Every fuzzy semi —open cover is fuzzy b — opencover.

4)  Every fuzzy pre —open cover is fuzzy b — opencover.

5)  Every fuzzy regular —open cover is fuzzy b — opencover.
6)  Every b —fuzzy open cover is fuzzy § — open cover.

Proof:
3) LetW= {C, , « € u} be a collection of fuzzy semi — open sets of G.
And W is fuzzy semi — open cover of fuzzy set B in G.

- W ={C, ,a € u} Be a collection of fuzzy open semi — sets in G.

And every fuzzy semi — open set is Fuzzy b — open set.
= WBe a collection of fuzzy b — open sets of G.
- Wsfuzzy semi — open cover of fuzzy set B in G.

~ Mg(x) = sup{M¢, (x):a € u} Vx € S(B) .

Theni¥ is fuzzy b — open cover of fuzzy set B in G.
Similarly we prove 1,2,4,5and 6 m

Definition 3.5: Let (G, T) be a fuzzy topological group is said to be fuzzy (resp, fuzzy a —, fuzzy semi — , fuzzy pre —,
fuzzy regular — , fuzzy b —, fuzzy B —) compact if each fuzzy open (resp, fuzzy a — open, fuzzy semi — open , fuzzy
pre — open , fuzzy regular — open , fuzzy b — open , fuzzy 8 —open) cover has a finite sub cover .

Theorem 3.6: Let (G, T) be a fuzzy topological group

1)  Every fuzzy b — compact is fuzzy opencompact.

2)  Everyfuzzy b — compact is fuzzy a — compact.

3)  Everyfuzzy b — compact is fuzzy semi — compact.

4)  Every fuzzy b — compact is fuzzy pre — compact .

5)  Every fuzzy b — compact is fuzzy regular — compact.
6) Every fuzzy g — compact is fuzzy b — compact.

Proof:

4)  Let (G, T) be a fuzzy topological group and is said to be fuzzy —compact.
Let C be a fuzzy pre —open cover of G.

= C be a fuzzy b —open cover of G .

« (G,T) Be afuzzy b — compact .

= C has a finite sub cover of G.

.V Cis fuzzy pre —open cover of G has a finite sub cover of G.

Then (G, T) is fuzzy pre — compact .

Similarly we provel, 2,3,5and 6 m
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Definition 3.7: A mapping f € (x,y) where (x,y) € G X K from fuzzy topological group (G, T) to fuzzy topological
group (K, 6) is said to be fuzzy (resp, fuzzy a —, fuzzy semi — , fuzzy pre — , fuzzy regular — , fuzzy b —, fuzzy 8 —)
continuous if f~(C) is fuzzy open (resp, fuzzy a — open , fuzzy semi — open , fuzzy pre — open , fuzzy regular —
open , fuzzy b — open , fuzzy B —open) set in G , for each fuzzy open set C in K.

Theorem 3.8:

1)  Every fuzzy continuous is fuzzy b — continuous.

2)  Every fuzzy a —continuous is fuzzy b — continuous.

3)  Every fuzzy semi —continuous is fuzzy b — continuous.

4)  Every fuzzy pre —continuous is fuzzy b — continuous.

5)  Every fuzzy regular —continuous is fuzzy b — continuous.
6)  Every fuzzy b —continuous is fuzzy g — continuous.

Proof:

5) Letf:(G,T) - (K, 3§) is fuzzy regular —continuous.

Let C de a fuzzy open set in K.

Then f~1(C) is fuzzy regular — open set in G.

+ Every fuzzy regular — open set is Fuzzy b — regular open set.
~ f71(C) isfuzzy b — open set in G.

v Cis fuzzy open in K, f~1(C) is fuzzy b — open set in G.

Then f: (G, T) — (K, 8) is fuzzy b —continuous.

Similarly we prove 1,2,3,4and 6 m

Definition 3.9: Let (G, T) be a fuzzy topological group and 4 is a fuzzy set in G then
1) cl(A) =n{F:Fis closed fuzzy set ,A c F}.

2) acl(A) =n{F:Fis a — closed fuzzy set , A c F}.

3) semicl(A) =n {F:Fis semi — closed fuzzy set ,A < F}.

4)  precl(A) =n{F:Fis pre — closed fuzzy set , A< F}.

5)  bcl(A) =n {F:Fis b — closed fuzzy set , A < F}.

6) Pcl(A) =n{F:Fis B — closed fuzzy set , A< F}.

Definition 3.10: Let (G, T) be a fuzzy topological group and B, C are fuzzy set in G thenB and C are said to be
1)  Fuzzy separated iff {cl(B) n C} = @ and{cl(C) n B} = ¢ vx € G.

2)  Fuzzy a —separated iff {acl(B) n C} = ¢ and {acl(C) n B} = ¢ vx € G.

3)  Fuzzy semi — separated iff {semi cl(B) n C} = @ and {semi cl(C) n B} = ¢ vx € G.

4)  Fuzzy pre — separated iff {pre cI(B) n C} = ¢ and{pre cl(C) n B} = ¢ vx € G.

5)  Fuzzy regular — separated iff {regular cI(B) n C} = ¢ and {regular cl(C) n B} = ¢ vx € G.
6) Fuzzy b — separated iff {bcl(B) n C} = @ and{bcl(C) n B} = @ vx € G.

7)  Fuzzy B — separated iff {Bcl(B) n C} = ¢ and {Bcl(C) n B} = @ vx € G.

Theorem 3.11: Let (G, T) be a fuzzy topological group

1)  Every fuzzy separatedis fuzzy b — separated.

2)  Everyfuzzy a — separated is fuzzy b — separated.

3)  Everyfuzzy semi — separated is fuzzy b — separated.
4)  Every fuzzy pre — separated is fuzzy b — separated.

5)  Every fuzzy regular — separatedis fuzzy b — separated.
6) Everyfuzzy b — separated is fuzzy B — separated.

Proof:
Obvious m

Definition 3.12: Let (G, T) be a fuzzy topological group is said to be fuzzy (resp, fuzzy a —, fuzzy semi — , fuzzy pre —
, fuzzy regular — , fuzzy b—,fuzzy B — )connected , if A cannot be expressed as the union of two maximal fuzzy
(resp, fuzzy a —, fuzzy semi — , fuzzy pre — , fuzzy regular — , fuzzy b —, fuzzy g —)separated sets . Other wise
(G, T) is fuzzy (resp, fuzzy a —, fuzzy emi — , fuzzy pre — , fuzzy regular — , fuzzy b —, fuzzy g —)disconnected.
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Theorem 3.13: Let(G, T) be a fuzzy topological group

1)  Every fuzzy b — connected is fuzzy open connected.

2)  Everyfuzzy b — connected is fuzzy a — connected.

3)  Everyfuzzy b — connected is fuzzy semi — connected.

4)  Every fuzzy b — connected is fuzzy pre — connected .

5)  Every fuzzy b — connected is fuzzy regular — connected.
6) Every fuzzy B — connected is fuzzy b — connected.

Proof:

6) Let (G, T) be a fuzzy topological group and A is fuzzy f — connected.

Let 4 is fuzzy b — disconnected space.

Then there exists non-empty maximal fuzzy b — separatedB and C in G such that M;(x) = max{Mz(x), Mz(x)} .
By theorem (3.11) there exists non-empty maximal fuzzy B — separatedB and C in G such that M;(x) =
max{l\fﬁ(x)' Mg (X)} .

Then A is fuzzy B — disconnected space, contradiction

Hence A is fuzzy b — connected space.
Similarly we provel, 2,3,4and 5 m
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