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Abstract

In this paper, the authors introduce and investigate the general solution and generalized Ulam-Hyers stability of a
generalized n-type additive-quadratic functional equation.

f (nx +n2y +n32)+f (nx —n2y +n3z)+f (nx +n2y —n32)+f (—nx +n2y +n32)
=n[f () —f ()] +n2[f ()~ (~y)]+n3[f @) -F (~2)]
+2n20f () +f ()] +2n2[F (v) +F (<y)]+2nO[f @) +F (=2)],

Where n is a positive integer with n =0, in Banach Space and Banach Algebras using direct and fixed point methods.

Keywords: Additive Functional Equations; Quadratic Functional Equations; Mixed Type Functional Equations; Banach Space; Banach Algebra;
Generalized Ulam-Hyers Stability; Fixed Point.

1. Introduction and preliminaries

The stability of functional equation was raised by S.M. Ulam [52] for what metric group G is it true that a ¢ -
automorphism of G is necessary near to a strict automorphism?

In 1941, D.H. Hyers [27] gave a positive answer to the question of Ulam for Banach spaces. In 1950, T. Aoki [2] was
second author to treat this problem for additive mappings. Th.M. Rassias [48] succeeded in extending the result of

Hyers Theorem by weakening the condition for the Cauchy difference controlled by (Mp +Hpr), p<[0,1) to be

unbounded. Considering a lot of influence of Ulam, Hyers and Rassias on the development of stability problems of
functional equations, the stability phenomenon that was proved by Th.M. Rassias is called Hyers-Ulam-Rassias stability
(see [19], [21], [28], [32], [36], and [50]).

The stability problems of several functional equations have been extensively investigated by a number of authors [16],
[20], [24], [47], and [51]. The terminology generalized Ulam-Hyers stability originates from these historical
backgrounds.

Over the last seven decades, the above problem was talked by numerous authors and its solutions via various forms of
functional equations like, additive, quadratic, cubic, quartic mixed type functional equations were discussed. We refer
the interested readers for more information on such problems to the monographs of [4], [6], [9], [11], and [13].
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C. Park [41], [43], [44] applied Gavruta’s result to Banach Modules over a C * -Algebra. Many authors have studied the

structure of C~ -Algebra for different types of functionals in various settings one can refer [42]. It seems that an
approximate derivation was first investigated by K.W. Jun and D.W. Park [45]. Recently, the stability of derivations has
been investigated in [42], [43], [52] and references therein. The stability of cubic derivations was first time introduced
and investigated by M.E. Gordji etal, [25]. With the help of [43] the stability of quadratic derivations was discussed by
M. Arunkumar ET. al., [3].

One of the most famous functional equations is the additive functional equation

fix+y)=f(x)+f(y). M)

In 1821, it was first solved by A.L. Cauchy in the class of continuous real - valued functions. It is often called Cauchy
additive functional equation in honor of A.L. Cauchy. The theory of additive functional equations is frequently applied
to the development of theories of other functional equations. Moreover, the properties of additive functional equations
are powerful tools in almost every field of natural and social sciences. Every solution of the additive functional equation
(1) is called an additive function.

The quadratic function f (x)=cx 2

satisfies the functional equation

fF(x+y)+f (x—y)=2f (x)+2f (y) (2)

And therefore, the equation (2) is called quadratic functional equation. The Hyers - Ulam stability theorem for the
quadratic functional equation (2) was proved by F.Skof for the functions f :E1—> E2 where Ela normed space is

and E2 be a Banach space. The result of Skof is still true if the relevant domain E1 is replaced by an Abelian group,

and it was delt by P.W.Cholewa [19]. S.Czerwik [20], [21] proved the Hyers-Ulam-Rassias stability of the quadratic
functional equation (2). This result was further generalized by Th.M.Rassais, C.Borelli and G.L.Forti [16].
The solution and stability of the following mixed type additive-quadratic functional equations

f2x+y)+f (2x —y)=2f x +y)+2f (x —y)+2f (2x)—4f (x) 3)
f(x+2y)+f (x =2y)+8f (y)=2f (x)+4f (2y) 4)
n n n
f (E X, ]+(n—2)i§1f (x, ):Kkzjsnf [xi +xjj ©)
f(x+ay)+af x —y)=f (x —ay)+af (X +VY) (6)
fx+y)+f (x—y)=2f (x)+f (y)+f (=y) )
f(2xtyxz)=2f (xFy Fz)-2f (Fy Fz)+f (2y £2)+3f (x)-f (x) 8
f(x-t)+f (y -t)+f (z -t)=3f (%—t}ﬁf (2)(_#)
X +2y -2 X -y +2z
oaf (YR T gy (XY 2 (©)

f(x+2y +3z)+f (X =2y +3z)+f (x +2y —3z)+f (x -2y —3z)
=4f (x)+8[f (y)+f (=y)]+18[f (z)+f (-z)] (10)

Were discussed by A.Najati and M.B.Moghimi [40], G.Zamani Eskandani [53], K.W.Jun, H.M.Kim [30], [31],
M.Arunkumar, J.M.Rassias [47], M.J.Rassias etal, [5], S. Murthy et.al, [39] and M.Arunkumar, P.Agilan [10].
Motivated by the above findings in this paper, we introduce and investigate that the general solution and generalized
Ulam-Hyers stability of a generalized n-type Additive Quadratic functional equation of the form



International Journal of Advanced Mathematical Sciences 3

f (nx +n2y +n3z)+f (nx —n2y +n3z)+f (nx +n2y —n3z)+f (—nx +n2y +n3z)

=n[f ()—f (O)]+n2[f (y)—f (~y)]+n3[f @)-f (-2)]

+2n2[f (x)+f (x)1+2n 4 (y)+f )1+ 2n8ff @2) +f (2)], (11)
Where n is a positive integer withn =0, in Banach spaces and Banach Algebras using direct and fixed point methods?

2. General solution of the functional equation (11): when f is odd

In this section, the general solution of the functional equation (11), for the odd case is discussed. Throughout this
section, let us consider X and Y to be real vector spaces.

Theorem 2.1: If an odd mapping f : X —Y satisfies the functional equation
fx+y)=f(x)+f(y) (12)

Forallx,y eX ,ifandonlyif f :X —Y satisfies the functional equation
f (nx +n2y +n3z)+f (nx —n2y +n3z)+f (nx +n2y —n3z)+f (—nx +n2y +n3z)
=n[f ()—f (O)]+n2[f ()~ (~y)]+n3[f @)-f (-2)]

+2n2[F () +f ()] +2n3[F () +F (~y)]+2n0[F (2)+F (=2)] (13)

Forallx,y,z eX .
Proof. Let f :X —Y satisfies the functional equation (12). Setting (x,y) by (0,0) in (12), we getf (0)=0 .
Replacing (x,y) by (x,x) and (x,2x) respectively in (12), we obtain

f (2x)=2f (x) And f (3x)=3f (x) (14)
For allx e X . In general for any positive integera , we have

f (ax)=af (x) (15)
Forallx e X . Itis easy to verify from (15) that

f (@®x)=a%f (x) And f (ax)=aSf (x) (16)
Forallx e X . Replacing (x,y) by (nx +n2y,n3z) in (12) and using (12), (15) and (16), we get

f (X +n2y +n32)=nf (x)+n2f (y)+nf (2) (17)
Forallx,y,z eX . Again replacing z by —z inequation (17) and using oddness of f , we obtain

f (X +n2y —n32)=nf (x)+n4f (y)-n3 (2) (18)
Forallx,y,z eX . Alsoreplacing y by —y in (17) and using oddness of f , we get

f (x —n2y +n32)=nf (x)=n2f (y)+n3 2) (19)
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Forall x,y,z eX . Finally replacing x by —x in (17) and using oddness of f , we obtain

f (=nx +n2y +n32)=—nf (x)+n?f (y)+nf () (20)

Forall x,y,z eX . Adding the equations (17), (18), (19) and (20), we have

f (nx +n2y +n3z)+f (nx —n2y +n3z)+f (nx +n2y —n3z)+f (—nx +n2y +n3z)
—2nf (x)+2n2f (y)+2n3f (2) (21)

Forall x,y,z eX . Using oddness of f in (21) and remodifying, we arrive

f (nx +n2y +n3z)+f (nx —n2y +n3z)+f (nx +n2y —n32)+f (—nx +n2y +n32)
=n[f ()~ (=x)]+n2[f (y)~f (~y)]+n3[f (2)~F (-2)] (22)

For all x,y,z eX . Adding 2n2f (x)+2n4f (y)+2n6f (z) on both sides, remodifying and using oddness of f , we
reach (13) as desired.

Conversely, f : X —Y satisfies the functional equation (13) using oddness of in (13), we arrive

f (nx +n2y +n3z)+f (nx —n2y +n3z)+f (nx +n2y —n3z)+f (—nx +n2y +n3z)
—2nf (x)+2n2f (y)+2n3f (2) (23)

Forall x,y,z eX .Replacing (x,y,z) by (x,0,0), (0,x,0) and (0,0,x ), respectively in (23), we obtain

f (x)=nf (x), f (n2x)=n2f (x) and f (N3x)=n3f (x) (24)
For allx e X . One can easy to verify from (24) that

f(X.le.f (x):i=123 (25)
| nl

n

For all x eX . Replacing (x,y,z) by (ﬁlzoj in equation (23) and using oddness of f and (25), we arrive our
n

result.

3. General solution of the functional equation (11): when f is even

In this section, the general solution of the functional equation (11) for even case is given. Throughout this section, let us
consider X andY to be real vector spaces.

Theorem 3.1: If an even mapping f : X —Y satisfies the functional equation
f(x+y)+f (x—y)=2f (x)+2f (y) (26)
Forall x,y eX ifandonlyif f :X —Y satisfies the functional equation

f (nx +n2y +n3z)+f (nx —n2y +n3z)+f (nx +n2y —n3z)+f (—nx +n2y +n3z)

—n[f () —f ()]+n2[f (y)—f (~y)]+n3[f (2)—F (-2)]

+202[F () +f (=x)]+2n3[F () +F (~y)]+2n0[F (2)+F (=2)] @7)
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Forall x,y,zeX .

Proof: Let f :X —Y satisfies the functional equation (26). Setting (x,y) by (0,0) in (26), we getf (0)=0 .

Replacing y by x and y by 2x in (26), we obtain

f (2x)=4f (x) And f (3x)=09f (x)

Forall x € X . In general for any positive integerb , such that

f (bx)=b2f (x)

Forall x eX . Itis easy to verify from (29) that

f 02x)=b% (x) And f (b3x)=b5 (x)

Forall x e X . Replacing (x,y) by (nx,nzy) in (26) and using (26), we get

f (nx +n2y)+f (nx —n2y)=2n2f (x)+2n4f (y)

Forall x,y eX . Setting (x,y) by (nx,n3z) in (26) and using (26), we obtain
f (nx +n3z)+f (nx —n32)=2n2f (x)+2n6f (2)

Forall x,z eX . Replacing (x,y) by (n2y,n3z) in (26) and using (26), we have

f (n2y +n32)+f (n2y —ngz):2n4f (y)+2n6f )

Forall y,z eX . Adding equations (31), (32) and (33), we arrive

f (nx +n2y)+f (nx —n2y)+f (nx +n3z)+f (nx —n3z)+f (n2y +n32)+f (n2y —n3z)
=an2f (x)+4n% (y)+4n% (z)

Forall x,y,z eX . Replacing (x,y) by (nx +n2y,n3z)in (26), we get

f (nx +n2y +n3z)+f (nx +n2y —n3z)=2f (nx +n2y)+2f (n3z)

Forall x,y,z eX . Setting (x,y) by (n3z,nx —n2y) in (26), we obtain

f (nx —n2y +n3z)+f (—nx +n2y —ngz):Zf (n32)+2f (nx —n2y)
Forall x,y,z eX . Replacing (x,y) by (n2y,nx +n3z) in (26), we get
f (nx +n2y +n3z)+f (—nx +n2y —n32):2f (nzy)+2f (nx +n3z)
Forall x,y,z eX . Setting (x,y) by (nzy,nx —n3z) in (26), we obtain

f (nx +n2y —n32)+f (—nx +n2y +n32)=2f (nzy)+2f (nx —ngz)

Forall x,y,z eX . Replacing (x,y) by (nx,n2y +n3z) in (26), we get

(28)

(29)

(30)

(€3

(32)

(33)

(34)

(3%)

(36)

@37

(38)
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f (nx +n2y +n3z)+f (nx —n2y —n3z):2f (nx )+ 2f (n2y +n3z) (39)
Forall x,y,z eX . Setting (x,y) by (nx,n2y —n3z) in (26), we have

f (nx +n2y —n3z)+f (nx —n2y +n3z)=2f (nx )+ 2f (n2y —n3z) (40)

Forall x,y,z eX . Now multiply by 2 on both sides of (34), we obtain
2F (nx +n2y)+2f (X —n2y)+2f (nx +n32)+2f (nx —n3z2)+2f (n2y +n32)+2f (n2y —n3z)
=8n2f (x)+8n% (y)+8n5f (2) (41)
Forall x,y,z eX . Adding f (n3z) on both sides of (41), we get
2f (nx +n2y)+2f (n3z)+2f (nx —n2y)+2f (nx +n3z)+2f (nx —n3z)+2f (n2y +n3z)

+2f N2y —n3z) =8n2f (x)+8n% (y)+8nbf (2)+2f (n3) (42)

Forall x,y,z eX . Using (35), (40) in (42), we arrive

f (nx +n2y +n3z)+f (nx +n2y —n32)+2f (nx —n2y)+2f (nx +n32)+2f (nx —ngz)

+2f (n2y +n32)+2f (n2y —n32)=8n2f (x)+8n% (y)+8n% (z)+2n (2) 43)
Forall x,y,z eX . Adding 2f (nsz) on both sides of (43), we get

f (nx +n2y +n3z)+f (nx +n2y —n3z)+2f (n3z)+2f (nx —n2y)+2f (nx +n32)+2f (nx —n3z)

+2f (n2y +n32)+2f (n2y —n32) =8n2f (x)+8n% (y)+10n%F (z)+2f (n3) (44)

Forall x,y,z eX . Using (36) in (44), we arrive

f (nx +n2y +n3z)+f (nx +n2y —n3z)+f (n3z +nX —n2y)+f (n3z —nx +n2y)

+2f (nx +n32)+2f (nx —n32)+2f (n2y +n3z)+2f (n2y —n32)

=8n2f (x)+8n% (y)+12n% (z) (45)
Forall x,y,z eX . Adding 2f (n2y) on both sides of (45), we get

f (nx +n2y +n3z)+f (nx +n2y —n32)+f (nx —n2y +n3z)+f (—nx +n2y +n3z)

+2f (n2y)+2f (nx +n3z)+2f (nx —n32)+2f (n2y +n32)+2f (n2y —ngz)

=8n2f (x)+8n% (y)+2f (n2y)+12n% (2) (46)

Forall x,y,z eX . Using (37) in (46), we arrive

f (nx +n2y +n3z)+f (nx +n2y —n3z)+f (nx —n2y +n3z)+f (—nx +n2y +n3z)+
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f (nx +n2y +n32)+f (—nx +n2y —n3z)+2f (nx —n3z)+2f (n2y +n3z)+2f (n2y —n3z)

=8n2f (x)+10n% (y)+12n%f (z) (47)
Forall x,y,z eX . Adding 2f (n2y) on both sides of (47), we obtain

f (nx +n2y +n3z)+f (nx +n2y —n3z)+f (nx —n2y +n3z)+f (—nx +n2y +n3z)

+ (X +n2y +n32)+f (=nx +n2y —n32)+2f (nx —n3z)+2f (n?y)

+2f (2y +n32)+2f (n2y —n32)=8n%f (x)+10n% (y)+2f (n2y)+12n% (2) (48)

Forall x,y,z eX . Using (38) in (48), we arrive

f (nx +n2y +n3z)+f (nx +n2y —n3z)+f (nx —n2y +n32)+f (—nx +n2y +n3z)

+f (nx +n2y +n3z)+f (—nx +n2y —n3z)+f (nx +n2y —n3z)

+f (—nx +n2y +n3z)+2f (n2y +n3z)+2f (n2y —n3z)

=8n2f (x)+12n% (y)+12n%f (z) (49)
Forall x,y,z eX . Adding 2f (nx) on both sides of (49), we get

f (nx +n2y +n3z)+f (nx +n2y —n3z)+f (nx —n2y +n3z)+f (—nx +n2y +n3z)

+f (nx +n2y +n3z)+f (—nx +n2y —n3z)+f (nx +n2y —n3z)

+f (—nx +n2y +n3z)+2f (nx )+ 2f (n2y +n3z)+2f (n2y —n3z)

=8n2f (x)+12n% (y)+12n6f (2)+2f (x) (50)

Forall x,y,z eX . Using (39) in (50), we arrive

f (nx +n2y +n3z)+f (nx +n2y —n32)+f (nx —n2y +n3z)+f (—nx +n2y +n32)

+f (nx +n2y +n32)+f (—nx +n2y —n32)+f (nx +n2y —n32)+f (—nx +n2y +n3z)

+f (nx +n2y +n32)+f (nx —n2y —n3z)+2f (n2y —ngz)

—10n2f (x)+12n% (y)+12n8 (z)+2f (nx) (51)

Forall x,y,z eX . Adding 2f (nx) on both sides of (51), we have
f (nx +n2y +n3z)+f (nx +n2y —n32)+f (nx —n2y +n32)+f (—nx +n2y +n3z)

+f (nx +n2y +n3z)+f (—nx +n2y —n32)+f (nx +n2y —n3z)+f (—=nx +n2y +n3z)
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+f (nx +n2y +n3z)+f (nx —n2y —n3z)+2f (nx )+ 2f (n2y —n3z)
=10n2f (x)+12n% (y)+12n5F (2)+2f () (52)
Forall x,y,z eX . Using (40) in (52), we arrive
f (nx +n2y +n3z)+f (nx +n2y —n32)+f (nx —n2y +n32)+f (—nx +n2y +n3z)
+ (X +n2y +1n32)+f (<(x —n2y +n32))+f (x +n2y —n32)+f (=nx +n2y +n37)
+f (nx +n2y +n32)+f (—(-=nx +n2y +n3z ) +f (nx +n2y —n32)+f (nx —n2y +n32)
—12n2f (x)+12n% (y)+12n5f (2) (53)
Forall x,y,z eX . Using evenness of f in (53), we have
f (nx +n2y +n3z)+f (nx —nzy +n32)+f (nx +n2y —n3z)+f (—nx +n2y +n32)
—4n?f (x)+4n% (y)+4nf (2) (54)
Forall x,y,z eX . Using evenness of f in (54) one can get,
f (nx +n2y +n3z)+f (nx —n2y +n32)+f (nx +n2y —n3z)+f (—nx +n2y +n3z)
=2n2[F (%) +F (=x)]+2n4[F (y)+F (=y)]+2nO[f @) +f (=2)] (55)

For all x,y,z eX . Adding nf (x)+n2f (y)+n3f (z) on both sides of (55) and using evenness of f , we desired our
result.
Conversely, f : X —Y satisfies the functional equation (27). Using evenness of f in (27), we have

f (nx +n2y +n3z)+f (nx —nzy +n32)+f (nx +n2y —n3z)+f (—nx +n2y +n3z)

—4n%f (x)+4n% (y)+4nbf ) (56)
Setting (x,y,z) by (x,0,0), (0,x,0) and (0,0,x) in (56), we obtain

f(x)=n2f (x); f(M%)=n% x) and f({n3x)=nb (x) (57)

Forall x eX . Itis easy to verify from (57), that

f [LIJzilf (x), i=1,23 (58)
n n

Forall x e X . Replacing (x,y,z) by [)r(]y20j in (56) and using evenness of f and (58), we desired our result.
n

For sections 4, 5 and 6, let us consider X and Y to a normed space and a Banach space. Define a mapping Df : X —Y
by
Df (x,y,z)=f (nx +n2y +n32)+f (nx —n2y +n32)+f (nx +n2y —n32)

+f (=nx +n2y +n32)—n[f (x)—f (x)]-n2[f (y)~F (~y)]-n[f @)-f (-2)]
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—2n2[f (x)+F (=x)]-2n%[f (y)+F (=y)]-2nOff (2)+f (2)]
Forall x,y,zeX .

Banach Space Stability Results of (11)

4. Stability results for (11): odd case — direct method

In this section, we present the generalized Ulam-Hyers stability of the functional equation (11) for odd case.

Theorem 4.1: Let j e{~11} and a:X 3 —[0,0) be a function such that

a(nij,nkjy,nkaj a(nij,nkjy,nkaj
Converges in R and I(Iim

=0
0 nki —0 nki

| M8

k

Forall x,y,z eX . Let f5:X —Y bean odd function satisfying the inequality

| Dfa(x,y,2) [<a(x,y,z)

(59)

(60)

For all x,y,z eX . There exists a unique additive mapping A:X —Y which satisfies the functional equation (11)

and

a(nij,0,0)

1 o0
[fa(x)—A(x) Hgﬁk_zl:—j Tk

Forall x e X . The mapping A(x) is defined by

_ fa(nij)
A=l

Forallx eX .
Proof. Assume that j =1. Replacing (x,y,z) and (x,0,0) in (60) and using oddness of f, , we get

|2f 2 (nx)—2nf 4 (x) | < ex(x,0,0)
Forall x eX . It follows from (63) that

f
a0

a
<
<2 (x.0,0)

Forall x e X . Replacing x by nx in (64) and dividing by n, we obtain

fo(n%x) fa(nx)
2 " n

< “2 (nx,0,0)
n 2n

For all x e X . It follows from (64) and (65) that

2
fa(nnZX)_fa(X)

< %{a(x 0.0)+%(nx ,0,0)}

(61)

(62)

(63)

(64)

(65)

(66)
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Forall x e X . Generalizing, we have

fa(x)— T an O*k— anZO*k— (67)
For all x €X . In order to prove convergence of the sequence Tfa(nkx) replace x by nlx and dividing nl (67)
n
forany k,l >0, to deduce
k+|
a(n x) f (nk+|x) _1 | a(” nlx) 1 n 10‘ X 00)
I K fa(n X)-— (68)
n + k =0 nk+l
1w a(n"+'x,0,o)
<= 3 —>0as | >
ngZp kA

k
fa(n™x)| . . . . .
For all x e X . Hence the sequence {T is a Cauchy sequence. Since Y is complete, there exists a mapping

A:X —Y such that A(x)_ I|m (n x) Vx eX . Letting k > in (67), we see that (61) holds for all

T
xeX .To prove that A satisfles (12), replacing (x,y,z) by (nkx,nky,nkz) and dividing nK in (60), we obtain
THDf n X nky n z H nkx nky nkz) for all x,y,z eX . Letting k —> o0 in the above inequality

and using the definition of A(x), we see that DA(x,y,z)=0. Hence A satisfies (11) for all x,y,z € X . To show
that A is unique, let B (x) be another additive mapping satisfying (11) and (61), then

" ( K+ oo)
| AKX)- B(x)H<THA(n x)—f 5 (n x)H Hfa(n x)=B(n x)H iy ki 0l

Forall x e X . Hence A isunique. Now, replacing x by Xﬁ in (63), we get

HZfa(x)—ana(%)

Sa(l,o,o] (69)
n

Forall x eX . It follows from (69) that

Hfa(x)—nfa(%) sla(%,o,o] (70)

2
For all x eX . The rest of the proof is similar to that of j =1. Hence for j =-1 also the theorem is true. This
completes the proof of the theorem.
The following corollary is an immediate consequence of Theorem 4.1 concerning the stability of (11).
Corollary 4.2. Let A and s be a nonnegative real numbers. Let an odd function f5:X —Y satisfying the inequality
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A
| DfaCcy ) [<qA(Ix P +1y I +2 ), s %1, (71)

S S S 3s 3s 3s 1.
AIx Py Pl P+ +ly P +12®)), s+

Forall x,y,z eX . Then there exists a unique additive function A:X —Y such that

A
2In-1|’
| fat)-AWX) |< AP oy ex . (72)
a 2ln—n3|
3s
Ax ™
Z‘n—n?’s‘
Proof: If we replace
A
S S S
a(,y.2)={A(Ix [ +Iy [P +1z ) (73)

S Sy 1S 35 35 35 ).
A(1x Py Pz F e ™ 1y 12412 %))

In Theorem 4.1, we arrive (72).

5. Stability result for (11): even case — direct method

In this section, we investigate the generalized Ulam-Hyers stability of the functional equation (11) for even case.

Theorem 5.1: Let j e{-11} and «:X 3 —[0,%0) be a function such that,

a(nij,nkjy,nkaj a(nij,nkjy,nkaj
m

li -0 74
0 n2K] k —a0 n2K] (74)

Converges to R and

I M8

k

Forall x,y,z eX . Let fq :X =Y be an even function satisfying the inequality,

Hqu(x,y,z)HSa(x,y,z) (75)

Forallx,y,z e X . Then there exists unique quadratic mapping Q : X —Y which satisfies the functional equation (11)
and

ki
[fqe)-Qe<-L, § «0=x00 (76)
4nc, I-j n
2

For all x e X . The mapping Q (x) is defined by
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_ fq(nij)
QU= lim — i
Forallx eX .

Proof. Assume that j =1, replacing (x,y,z) by (x,0,0) in (75) and using of evenness offq , We get

H4fq(nx)—4n2fq(x)H£a(x,0,0) (78)

For all x e X . The rest of the proof is similar to that Theorem 4.1.
The following corollary is an immediate consequence of Theorem 5.1 concerning the stability of (11).
Corollary 5.2. Let 4 and s be a nonnegative real numbers. Let an even function fq :X —Y satisfying the inequality

A
S S S
| Drq .2y < (e +ly P +1z ) 522 (79
Sy 1S (S 3s 3s 3s ). 2,
APy Pl P+ B +ly P +12 P 52

Forallx,y,z € X . Then there exists a unique quadratic function Q : X —Y such that,

[fq0)-Qe0) =i 5, (80)

Forallx eX .

6. Stability results for (11): mixed case-direct method

In this section, we establish the generalized Ulam-Hyers stability of the functional equation (11) for mixed case.

Theorem 6.1: Let j e{-11} and «:X 3—>[O,oo) be a function satisfying (59) and (74) for all x,y,z eX . Let
f :X —Y be a function satisfying the inequality

|Df (x,y,2)|<a(x,y,2) (81)

For allx,y,z e X . Then there exists a unique additive mapping and a unique quadratic mapping Q : X —Y which
satisfies the functional equation (11) and

If )-AK)-QU)[<s| X 5

a(m¥x,00) _a(-n¥x,0,0)
2 2”k=1;2L nki n

K]
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1 2 [a¥x,00)  anMx,00)

+ . : (82)
4n2k:1;L n2|(j n2kj
2
Forallx e X . The mapping A(x) and Q(x) is defined in (62) and (77) respectively for all x e X .
Proof. Let fo(X):M forall x eX . Then f5(0)=0 and fy(—x)=—f5(x) forall x eX . Hence,
1 a(x,y,z)  a(-Xx,-y,~Z)
H Dfo(x,y,z)HSE{HDfo(x,y,z)H+HDfO(—x,—y,—z)H}s S 5 (83)
Forall x,y,z eX . By Theorem 4.1, we have
kj Kj
1 2 |a(n™x,0,0) a(-n"x,0,0)
— < -
O R O AR (84)

Tj
k 2

fq () +fg (%)
2

For all x eX . Also let, fo (x)= for all x eX . Then f5(0)=0 and fg(—x)=fo(x) forall x eX .

Hence,
HDf (x Z)H<1{HDf (X Z)H+HDf (X — _Z)H}<a(X,y,Z)+a(—X,—y,—Z) (85)

e lyl —i q :y; q ] y; = 2 2
Forall x,y,z eX . By Theorem 5.1, we have

Kj kj
1 ® |a(n™x,0,0) a(-n"x,0,0)
fe (x)-Q(x)|< > + (86)
2

For all x e X . Define
f(x)=fa(X)+fy(—x) (87)
Forallx e X . It follows from (84), (86) and (87), we arrive
[ ) =AX)-QX)|=[fe x)+fo(-x)-AX)-Q(x)]
<[fo () =AG)+]fe () Q)]
_103 a(¥x,00) a(-n"x,0,0

an, Tj( M nkl

2
Kj Kj

1 2 la(hVx,0,0) a(-n"x,0,0)
12 . (88)
STZk:l—j[ n2kj n2k]

2

For all x e X . Hence the theorem is proved.
Using Corollaries 4.2 and 5.2, we have the following corollary concerning the stability of (11).
Corollary 6.2 Let 4 and s be a nonnegative real numbers. Let a function f : X —Y satisfying the inequality
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A;
S S S).
DF G,y ,2) [<q A 1P 1y [P +12 ) s

#12; (89)
Sy Sy 1S 3s 3s 3s ). 1
A(ix Py P F e Pz ) 523

For all x,y,z eX . Then there exists a unique additive mapping A:X —Y and a unique quadratic mapping
Q:X —Y suchthat

At 1
2|[n—1| 2‘n2—1‘ '

AxP 1 1

5 ‘n—ns‘+2‘n2_n5 : (90)

[f (x)=AX)-Q(x)|<

35
Alx || 1 N 1
2 ‘n—n3s‘ 2‘n2—n35

Forall x eX .
For Sections 7, 8 and 9, let us consider W and B to a normed space and a Banach space, respectively. Define a mapping

Df ‘W —B by

Df (x,y,z)=Ff ("X +n2y +n°2)+f ("X —n?y +n%2)+f (X +n?y —n’z)

+ (~nx +n%y +nz)-n[f (x)~f ()]1-n°[f (y) - (-y)]-n’[f 2)-f (-2)]
=2n?[f (x)+f (=x)]-2n"[f (y)+f (=y)]-2n°[f (2)+f (-2)]

Forall x,y,z ew .

Fixed Point Stability Results of (11)

The following theorems are useful to prove our fixed point stability results.

Theorem A: (Banach contraction principle) [37] Let (X ,d) be a complete metric spaces and consider a mapping
T :X — X which is strictly contractive mapping, that is,

(A)d(x.Ty)<d(x,y)
For some (Lipschtiz constant) L <1, then,

i) The mapping T has one and only fixed point x =T (x*) .

ii)  The fixed point for each given element X" is globally contractive that is
. n, _ *
( A2 ) nIE)rEDT X=X

For any starting pointx e X .
iii)  One has the following estimation inequalities,

(A3)d(Tnx,x*)sﬁd(Tnx,Tnﬂx), VNn>0, VX eX .
1

(A4)d(x,x*):ﬁd (x,x*), vx eX .
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Theorem B: (The Alternative Fixed Point)[37] Suppose that for a complete generalized metric space (X ,d) and a
strictly contractive mapping T : X — X with Lipschtiz constant L , then for each given element x € X either,

(BT " T"x)=e,  vnzo0.
(BZ)There exists a natural number o such that,
) dT "% T <o forall vn>0.

i) The sequence {T nx} is convergent to a fixed point y~ of T |,

iii) y* Is the unique fixed point of T in the setY :{y ey d(T nox,y)<oo}.

. * 1
<_-
iv) d(y ,y)_l_Ld(y,Ty)foraII y ey .

7. Fixed point stability of (11): odd case-fixed point method

In this section, we present the generalized Ulam-Hyers stability of the functional equation (11) for odd case using fixed
point method.

Theorem 7.1: Let f; W — B be an odd mapping for which there exists a function oW 3 —[0,00) with the condition

afafxakyaka)
lim =0 (91)
k >0 nik
Where
n, i=0;
UERRE S
nl

Such that the functional inequality
IDfa(x,y.z)|<alx,y,z) (92)

Forall x,y,z eW . Ifthere exist L =L (i) such that the function

X eﬂ(x):%a(%,o,oj

Has the property,

ﬂi_ﬂ(ni X)=LA(x) ©3)

For all x eW . Then there exists a unique additive function AW — B satisfying the functional equation (11) and

L1
1-

Ifat)-A) <

Bx) (94)

Holds for all x eW .
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Proof: Consider the set X ={P/PW —B,P(0)=0} and introduce the generalized metric on X
d(p,q)=inf{K €(0,0): p(x)—q(x )| <K B(x),x €W }. It is easy to see that (X ,d) is complete. Define T :X —X

byTp(x):ﬂip(ryix) forallx eW .Nowp,geX ,
i

d(p,q)<K =|px)-ax)|<Kp(x), X eW ;
1 1 1 _
jmp(niX)_mq(niX) gWK'B(niX)’ X eW :
=|Tp(x)-Ta(x)[| <LK B(x), X eW ;

=d(p,Tq)<LK.

This implies d (Tp,Tq)<Ld(p,q) for all p,geX . (i,e.,) T is strictly contractive mapping on X with Lipschtiz
constant L . It is follows from (63) that

| 2f 2 (nx ) —2nf 4 (x) | < @(x,0,0) (95)

Forall x eW . Itis follows from (95) that

<

a(x,0,0) (96)

a0 2] 4

Forall x eW . Using (93), for the casei =0, it reduces to

Hfa(x)—%fa(nx) s%ﬁ(x) (97)

Forall x €W .

(ie) d(fa,Tfa)s% :»d(fa,Tfa)s%=L o,

Again replacing x =Xﬁ in (95), we get

1

Hfa(x)—nfa(%j £§a(%,0,0) 98)

Forall x eW . Using (93) for the case i =1, it reduces to,

ol

Forall x €W .

<B(x) (99)

(ie.) d(foTfa) <l =d(faTfg)<1=10<ow.

In above case, we arrive d (f4,Tf5) < L1

Therefore (Bz(i )) holds. By(BZ(ii)), it follows that there exists a fixed point A of T in X , such that

A(x)=lim fa(nikx) VX eW (100)
koo niR ' '
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k

In order to prove AW — B is additive. Replacing (x,y,z) by (qi kx,ni Y775 I‘z) in (92) and dividing by T, K it

follows from (91) and (100), we see that A satisfies (11) for all x,y,z eW . Hence A satisfies the functional equation
(12).
By(Bz(iii)), A is the unique fixed point of T in the set, Y :{faex :d (rfa,A)<oo}. Using the fixed-point

alternative result, A is the unique function such that, fa(x)—A(x)Hs K B(x) forall x eW , and k >0. Finally by

. ] 1
(BZ(IV )) , We obtain d (fa:A)Sﬁd (faTfa)

L1
L

(ie) d (fa,A)s
Hence, we conclude that

L1
1-L

[fat)-AC|< T AK)

Forall x eW . This completes the proof of the theorem.

Corollary 7.2. Let f5 W — B be an odd mapping and there exists a real numbers 4 and s such that,

ﬂ'!
[DfaCy )< A{Ix I +ly I +12 °}; (101)

S 1Sy (S 3s 35 35].
A Py Pl ™ 1y 1* +pz

Forall x,y,z eW . There exists a unique additive mapping A W — B such that

A
2In-1|’
fa0)-A0 | AL 102)
a 2/n—n®
3s
AxTE 1
Z‘n—n33 3
Forall x eW .
Proof: Setting
A,
alx,y,z)= /I{Hx HS +|y HS +|z HS}; forall x,y,z eW . Now

Sy S 1S 3s 3s 3s|.
A Py Pl e 1y 1* +2

a(ﬁikx 177ik y v77ikz )
77ik



18 International Journal of Advanced Mathematical Sciences

fp —>0ask — oo,
|
%{"' [l e +{mkxss+niky3s+nikz3s}}; S0k
4
2

i.e., (91) is holds. But we have ﬂ(x):%a[%,o,oj. Hence, ﬁ(x):%a(%,o,oj: 2%Sﬁux s

A
2ns
Also,
A n, ~Lp(x)
277i
1 2 s _
oAl )= g Amx [ = a0 (104)
77i 277i
y) 3s 351
ﬁH"iX | 7> A X)
Hence the inequality (93) holds
Either L=n—1for s=0if i=0and L=_", for s=0 if i=1.
n
Either L =nS™2 for s <1 if i =0 and L=% for s>1if i =1.
n
Either L=n3for s <1if i =0 and L= for s>1if i =1.
n s —1
Now from (94), we prove the following cases:
Case:1 L=n"1 i=0
1-0
Ifat0-AG) < ﬂ(x>=(n_l) - (105)
a T1-L 1-n1 2 2(n-1)°
-1
Case: 2 L:(fj , 1 =1
n
Ira)-AG)] <2 0= ) - (106)
a 2 “2(1-n)
Case:3 L=nS"1 s<1 i=0
1-0
|f (X)—A(X)H< ﬂ( )= & & HXHS ZM- (107)
a nS—1 2nS 2(n-n%)
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1 s—1
Case: 4 L:(ﬁj , s>1 i=1

s (T Ax P
_ S X
Hfa(x)—A(x)Hsl_L ﬂ(x)_l_nil_sWHXH —m' (108)
Case: 5 L:n3s_1, s<%, i=0
1-0
. 3s-1
1-i (n ) S
L A s Ax|
fa(x)=AX)|< X)= X[ = . 109
[faGO-AC | A0 =" 5 “5lx] 2(n-n%] (109)
3s-1
Case: 6 L:(%) , s>%, i=1
1-1
. 1-3s
1-i n S
L A Al x
fa(x)_A(X)Sl—l_ﬂ(x):(l—nl—)% o3 x| = A (110)

2(n3‘S - n)
Hence the proof of the corollary.

8. Fixed point stability of (11): even case-fixed point method

In this section, we give the generalized Ulam-Hyers stability of the functional equation (11), for even case.

Theorem 8.1: Let fq W —B be an even mapping for which there exists a function a:W3—>[O,oo) with the

condition
afafxakyaka)
lim =0 (111)
i
Where
n, i=0;
(O E
n

Such that the functional inequality with
Hqu(x,y,z)HSa(x,y,z) (112)
Forall x,y,z eW . If there exist L =L (i) <1 such that the function
1 (x
=Za|=,0,0
X > B(x) 20:(“ j

Has the property,



20 International Journal of Advanced Mathematical Sciences

1
5 Blmx)=LAX) (113)
For all x eW . Then there exists a unique quadratic function Q ‘W — B satisfying the functional equation (11) and

IEIOREOIES

(114)

Holds for all x eW .
Proof: Consider the set X ={P/P W —B,P(0)=0} and introduce the generalized metric on X .

d(p.,q)=inf{K €(0,00):[ p(x)—q(x) | <K B(x),x €W }

It is easy to see that (X ,d) is complete. Define T : X —X by

Tp(x)—fp(nlx) forall x eW .Now p,geX ,
i

d(p.a)<K =|p(x)-q(x)|<KBX); x eW

=| % pr )~ a0x) 7Kﬂ(nX)XeW
I I I

=[P )~ S a0x)| <LK px)ix ew
I I

=|Tp(x)-Ta(x)| <LK B(x);x eW
=d(Tp,Tq)<LK.

This implies d (Tp,Tq)<Ld (p,q) forall p,geX .
(i,e.) T is strictly contractive mapping on X with Lipschtiz constant L . Replacing (x,y,z) by (x,0,0) in (112) and
using evenness of f , we get

4F (nx)—4n2f (x)] <a(x,0,0) (115)
| |

f(x)— f(nx)

a(x 0,0) (116)
an2
Forall x eW , using (113) for the case i =0, it reduces to

fq0)- S tqmo| <1, 50 (117)

Forall x eW ,

. 1 1 . 1
(i.e) d(fQ’qu)SFZ :d(fq,qu)sP_L_L <00,

Again replacing x :XH in (115), we get
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qu (x)-n2fg (%]

Forall x eW , using (113) for the case i =1, it reduces to

qu (x)-nZq (%)

Forall x eW ,

1 (x
<~ al=,00
4a(n”j

1 :
<5 A0;

. 1
(ie) d(fq.Tfq) <5<l =d(fq.Tfq) <1 =10%<w.
In above cases, we arrive
d(fyTfq) <Ll
q-'q/= '

The rest of the proof is similar to that of Theorem 7.1 This completes the proof of the theorem.
Corollary 8.2: Let fCI ‘W — B be an even mapping and there exists a real numbers 4 and s such that,

A,
S S S
|prg ey )] < a{lx 4y 41z}, 522,
S 1S 15 1S 3s 3s 3s 1.
A Py Pz o ™+l 1P+ Bl] s+

Forall x,y,z eW . There exists a unique quadratic mapping Q ‘W — B such that

A
2_4|

& |

n

s
AlX]
s

[fqto-e<i

4/n“—-n

3s
x|
4n?2 _n3s

Forall x €W .

9. Fixed point stability of (11): mixed case-fixed point method

In this section, we discuss the generalized Ulam-Hyers stability of the functional equation (11) for the mixed case.

21

(118)

(119)

(120)

(121)

Theorem 9.1: Let f :\W —B be a mapping for which there exists a function a:W 3 —[0,00) with the condition (91)

and (111) where

n, i=0;
nl

Such that the functional inequality with
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IDf (x,y.z)|<a(x,y,z) (122)
Forall x,y,z eW . Ifthere exist L =L (i) such that the function for all x eW , such that the function
1 (x
=5 *5010 1
X > BX) Za(n j

Has the properties (93) and (113) for all x €W . Then there exists a unique additive function A°W — B and a unique
quadratic function Q W — B satisfying the functional equation (11) and

1-i
If 6)=AG)-QE)|1< £ [A)+ B(-x)] (123)

Holds for all x ewW .
Proof: It follows from (83) and Theorem 7.1, that

1L

Ifo(x)— A(x)H<21 C

[B()+ B(=x)] (124)

Similarly, it is follows from (85) and Theorem 8.1, that

It o (x)H<§ﬁ[ﬂ<x ()] (125)

Forall x eW . Define
f(x)=fo(X)+fa(x) (126)
Forall x ew . From (124), (125) and (126), we have

[T )=AX)-Q(X)[<]fe(x)+fq (X)—A(X)—Q(X)H

<[fo (x)=AX)[+]fe (x) Q(X)H [ﬂ(x)+,3( x)]

For all x eW . Hence the theorem is proved.
Using Corollaries 7.2 and 8.2 we have the following corollary concerning the stability of (11).
Corollary 9.2: Let f ‘W — B be a mapping and there exists a real numbers A and s such that,

ﬂ;
IDf (x.y.2)|< A{HX By [F+z HS}, 5412 (127)
Sy STy (S 3s 3s 3s 12
Al 1y 11 F+fx Py 2 +z 1, S*oe

For all x,y,z eW . There exists a unique additive mapping A:W — B and a unique quadratic mapping Q W —B
such that,
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Ao, 2
2[n—1 4‘n2—1

S S
AT, Al

forall x eW . (128)
2In—n®| 4‘n2—ns‘

[T )-AK)-Q(x) <

3s 3s
A, Al
2‘n—n3s‘ 4‘n2—n3s

Banach Algebra Stability Results For (11)
For sections 10, 11 and 12, let us consider X and Y to a normed Algebra and a Banach Algebra, respectively. Define a

mapping Df :X —Y by,
Df (x,y,z)=f ("X +n2y +n32)+f (nx —n2y +n32)+f (nx +n2y —n32)

+f (enx +n?y +n32) —n[f ()~ ()]-n2[f (y)—F (~y)]-n3f @)-f (-2)]
—2n2[f (x)+f (x)]-2n[f (y)+f (-y)]-2n[f (2)+F (-2)]

Forall x,y,z eX .

10. Stability results for (11): odd case-direct method

In this section, we present the generalized Ulam-Hyers stability of the functional equation (11), when f is odd.

Definition 10.1: Let X be Banach Algebra. A mapping A:X — X is said to be Additive derivation if the Additive
function A satisfies,

A(@)=A@)b +aA(b) (129)
Forall a,b € X . Also the additive derivation for three variables satisfies

A(abc)=A(a)bc +aA(b)c +abA(c) (130)
Forall ab,ceX .

Theorem 10.2: Let j =+1. Let f5:X —Y be a odd mapping for which there exists function «,8:X 3—>[0,oo) with
the condition

a[n !y ,nz | o[nxny 0z |

(e 0]
ConvergesinRand lim =0 131
kzo nkJ 9 k —o0 nk] (131)
00 ﬂ(nij,nkjy,nka) ﬂ(nij,nkjy,nkaj
Convergesin  and lim =0 132
2o 3] g KDt 3] (132)
Such that the functional inequalities

And
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[falxyz)—fa(x)yz —xfa(y)z —xyfa(z)|< B(x.y.z) (134)

For all x,y,z eX . Then there exists a unique Additive Derivation mapping A:X —Y satisfying the functional
equation (11) and

Kj
1 o a(n x,0,0j
Hfa(x)—A(X)HﬁﬁkE_jT
T2

(135)

Forall x e X . The mapping A(x) is defined by

fa(nij)
A(x):nI@wT (136)
Forall x eX .
Proof: It follows from Theorem 4.1 that A is a unique additive mapping and satisfies (11) for all x,y,z eX . It
follows from (134) that

|A(xyz)—A(x)yz —xA(y)z —xyA(z)|

sréﬁ“fa(nk (xyz))—fa(nkx)(nkynkz)—nkxfa(nky)nkz —nKx nkyfa(nkz)H

1 k k k
sﬁwﬂ(n X,n"y,n z) —0 As k >

Forall x,y,z e X . Hence, the mapping A:X —Y isaunique Additive Derivation satisfying (135).

This following corollary is a immediate consequence of Theorem 10.2 concerning the stability of (11).
Corollary 10.3: Let f5:X —Y be a odd mapping and there exists a real numbers 4 and s such that

A
S S S
| Dfa0cy 2) [<iA(Ix P +1y I +Iz P ): s #1 (137)
S S S 35 35 351). 1
A(qu Iy Pz P +{x I +ly = +]z] }j, s#3

Ifa(xyz)—fa(x)yz —xf4(y)z —xyf4(2)]|

A
S S S\.
< A(Ix P +1y I +12 P): (138)

S Sy 1S 35 3s 35 ).
A(x Py Pz £+ ™ 1y 12412 %))

Forall x,y,z eX . Then there exists a unique additive derivation A:X —Y such that
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A

2In-1

p) S
[fa()-AX) < ﬁg (139)

35
Al x|
3|’

2ln—-n

Forall x eX .

11. Stability results for (11): even case-direct method

In this section, we discuss the generalized Ulam-Hyers stability of the functional equation (11), when f is even.

Definition 11.1: Let X be Banach Algebra. A mapping Q : X — X is said to be quadratic derivation if the quadratic
function Q satisfies

Q(ab) =Q (@) +a%Q (b) (140)
For all a,b € X . Also the quadratic derivation for three variables satisfies

Q(abc) =Q ()b %2 +a2Qb)c? +a% 2Q () (141)
Forall ab,ceX .

Theorem 11.2: Let j =+1. Let fq :X —Y be an even mapping for which there exists functions «,: X 3—>[0,oo)

with the conditions

a[n 'y ,nz | o[nxny 0z |

éo ] 2Kj Converges in R and I(Ii_r’r;oo n2kJ =0 (142)
0 ﬁ(nij,nkjy,nkaj _ _ ﬂ(nij,nkjy,nka)

kEO n6kj Converges in R and I(Ignoo " 6Kj =0 (143)
Such that the functional inequalities

Hqu(x,y,z)Hga(x,y,z) (144)
And

qu (xyz)-y %z qu (x)—x qu (y)z2-x2y qu (Z)HS,B(X Y.z) (145)

Forall x,y,z e X . There exists a unique quadratic derivation Q : X —Y satisfying the functional equation (11) and

w O nij,0,0
qu(x)—Q(x)Hsﬂrizkéo (nZKJ j (146)

For all x e X . The mapping Q (x) is defined by
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_ fq(nij)
QU= lim — (49
Forall x eX .

Proof: It follows from Theorem 5.1 that Q is a unique quadratic mapping and satisfies (11) for all x,y,z eX . It
follows from (145) that

lReyz) @)y %22 -x Q)22 -xy Q)|
S%Wqu(nk (xyz))—fq(nkx)nZKy n2kz —n2kqu(nky)n2kz —n2ky n2kyfq(nkz)H
n

I‘y,nkz) —->0Ask 5>

1 k
swﬂ(n X,n

Forallx,y,z eX . Hence, the mapping Q : X —Y isa unique Quadratic Derivation satisfying (146).
Corollary 11.3: Let fq :X =Y be aeven mapping and there exists a real numbers A and s such that,

A

| Dfq 0y 2) < 4a(Ix I+l +1z ) s %2, (148)

S S S 3s 35 35 ). 2.

A1x Py Fizf e iy P+ ) s+

qu(xyz)—yzzqu(x)—xqu(y)zz—xzyzfq(z)H

A
S S S
<VA(Ix P +1y P +1z2 P); (149)

S Sy S 3s 3s 351).
A1 Py Pz o™ gy 12 412 %)
Forall x e X . Then there exists a unique quadratic derivation Q : X —Y such that

A
n2—1‘

SN

p) S
Jtqe-ceaf<{ B (150)

s
X '
4 n2—n3s‘

Forall x eX .

12. Stability results for (11): mixed case-direct method

In this section, we investigate the generalized Ulam-Hyers stability of the functional equation (11), when f is mixed
case.
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Theorem 12.1: Let j =+1. Let f : X —Y be a mapping for which there exists functions «, 3:X 3—)[0,00) with the
conditions (131), (132) and (142), (143) such that the functional inequalities,

IDf (x,y.,z)|<a(x,y,z) (151)

(134) and (145) for all x,y,z € X . There exists a unique additive derivation mapping.
A:X —Y and a unique quadratic derivation mapping Q : X —Y satisfying the functional equation (11) and

d1 w a(nij,0,0j a(—nij,0,0j
If (x)—A(x)—Q(x)Hs§ Ek_%—j i + q
T2

a(nkj X ,0,0] a[—n kj X ,0,0j
2Kkj * 2kj

n

+ 1 (152)

2
4nk

—M8

n n

1-j
2

Forall x e X . The mapping A(x) and Q(x) are defined in (135) and (146) respectively for all x e X .

Proof: The proof follows by Theorems 6.1, using Theorems 10.2 and 11.2.
Using Corollaries 10.3 and 11.3 we have the following corollary concerning the stability of (11).
Corollary 12.2: Let f : X —Y be a mapping and there exists a real numbers 4 and s such that

A
S S S
IO Gy )< A P +Iy I +12 [ ); s#12; (153)

S Sy 1S 3s 3s 35]. 12,
i PIy P1z P+ 1y P+ Pl s

And (138), (149) for all x,y,z e X . There exists a unique additive derivation A:X —Y and a unique quadratic
derivation Q : X —Y such that

A,
2[n—1 4‘n2—1

e AP AP
[f (X)-AKX)-Q(x) < Z‘n—ns\+4‘n2_n5" (154)

3s 3
A Al
2‘n—n3s‘ 4‘n2—n3s

Forall x eX .

13. Stability results for (11): odd case-fixed point method

In this section, we give the generalized Ulam-Hyers stability of the functional equation (11), when f is odd case.

Theorem 13.1: Let j =%1. Let f5:X —Y be an odd mapping for which there exists functions «,:X 3—>[O,oo)
with the conditions
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a(nij,nkjy,nkaj

w 1
ConvergesinRand lim =0 155
kzo nkJ g k —o0 nkl (155)
Kj, . Kj Kj Kj Kj Kj
> ﬁ(njx'njy’njzjc inRand i ﬂ(njx'njy’njz) 0 (156)
onvergesinRand lim =

kéo n3K] J K —>00 K]
Where 7 is defined in (91) satisfying the functional inequalities
And

[falxyz)—fa(x)yz —xfa(y)z —xyf4(z)|< B(x.y.z) (158)
Forall x,y,z eX . Then there exists L =L (i) <1 such that the function

1 (x

X eﬂ(x)_éa(ﬁ,o,oj
As the property

1

= Blmx ) =LAw) (159)
n

For all x e X . Then there exists a unique Additive Derivation mapping A :X —Y satisfying the functional equation
(11) and

L1

|fat) =A< AK) (160)

Forall x eX .

Proof: It follows from Theorem 7.1 that A is a unique additive mapping and satisfies (11) for all x € X . It follows
from (155), (156) and (158) that

|A(xyz)—A(x)yz —xA(y)z —xyA(z)|

Sn‘?l,FHfa(nk (xyz))—fa(nkx)(nkynkz)—nkxfa(nky)nkz —nKx nkyfa(nkz)H

1 k k k
gﬁ(ﬂ(n X,n"y,n z) —0 ask —o0.

Thus the mapping A :X —Y is unique additive derivation mapping satisfying (11).
Corollary 13.2: Let f5:X —Y be a odd mapping and there exists a real numbers 4 and s such that,

A
| Df a0y 2) [<qA(Ix P +1y I +2 ) s #1 (161)

Sy Sy 1S 3s 3s 35 ). 1,
AIx Py Pl P+ +1y P +12 P} s+
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A
[falxyz)-fa(x)yz —xfa(y)z —xyfa()|< A(HXHS+HyHS+Hz HS); s #1; (162)
Siiv Sty 1S 3s 3s 3s0). .. 1.
A(Ix Py Pl P +{lx P +1y 1 +12 2} s+ 5

Forall x,y,z eX . Then there exists a unique additive derivation A:X —Y such that

A

2In-1
Alx P
Z‘n—nS ‘

[fa(x)-AX)|< (163)

3s
A
Z‘n—n?’S ‘

Forall x eX .
14. Stability results for (11): even case-fixed point method
In this section, we discuss the generalized Ulam-Hyers stability of the functional equation (11), when f is even case.

Theorem 14.1: Let j=+1. Let f5:X —Y be a even mapping for which there exists functions «, 5:X 3—)[0,00)
with the conditions

a(nij,nkjy,nkaj a(nij,nkjy,nkaj

o0
ConvergesinRand lim =0 164
o 2Kj 9 KDt % (164)
Kj, ki kj Kj, kj kj
3 ﬁ(njx'njy’njzjc inRand i ﬂ(njx'njy’njz) 0 (165)
onvergesin Rand lim =
kEO n 6KJ J K —>00 K]
Where T is defined in (91) satisfying the functional inequalities
|Dfq(x.y.2)|<alx.y.2) (166)
And
|tqoy2)—Tq 00y 22 —x g (y)2 2 —x 2y %q )| < Blx y 2) (167)
Forall x,y,z eX . Then there exists L =L (i) <1 such that the function
1 (x

X aﬂ(x)_éa(ﬁ,0,0]

As the property

L a(nx)=Lpx) (168)
o Blmx)=

&
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For all x € X . Then there exists a unique Quadratic Derivation mapping Q : X —Y satisfying the functional equation
(11) and

g
Ifqe0-Qe0< = p0o) (169)

Forall x eX .
Proof: It follows from Theorem 8.1 that Q is a unique quadratic mapping and satisfies (11) for all x e X . It follows
from (164), (165) and (167) that

lRey2)Qe)yZ2—x Q)22 —xHy Q)|

S%qu(nk (xyz))—fq(nkx)nZKy n2K; —n2kqu(nky)n2kz _n2ky n2kyfq (nkz)H
n

S%K,B(nkx,nky,nkz) —0 ask —o0.
n

Thus the mapping Q : X —Y is unique quadratic derivation mapping satisfying (11).
Corollary 14.2: Let fq :X —Y be aeven mapping and there exists a real numbers A and s such that,

A;
| g 0y 2) |<ia(Ix P +1y P +lz P ); s #1; (170)
St S, 1S 3s 3s 3s ). 1
A1 Ply Pz P+l B 41y P oz P 53
|tqov2)—fq )y 22 x2q ()2 2 —x Ay %4 @)
A
<V AP +1y Pz ) s #L ar)
S S S 3s 3s 35 ]). 1.
A1x Py Pl oo gy P4z ®) s 23

Forall x,y,z eX . Then there exists a unique quadratic derivation Q : X —Y such that

I
S
N
|
H

qu(x)—Q(x)Hs - (172)

I

S
N
|

S
&

Forall x eX .
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15. Stability results for (11): mixed case-fixed point method

In this section, we investigate the generalized Ulam-Hyers stability of the functional equation (11), when f is mixed
case.

Theorem 15.1: Let f :X —Y be a mapping for which there exist a function «,3:X 3—>[0,oo) with the condition,
(155), (156) and (164), (165) where 7 is defined in (91) such that the functional inequality

| Df (x,y,z)|<a(x,y,z) (173)

And (158), (167) forall x,y,z e X . Ifthere exists L =L (i) <1 such that the function
1 (x
== *5010 1
X = A(x) 20:(“ j

Has the properties (159) and (168) for all x € X . Then there exists a unique additive derivation mapping A : X —Y
and a unique quadratic derivation mapping Q : X —Y satisfying the functional equation (11) and

If )-AK)-Q(x)|< [B(x)+ B(=x)] (174)

=
1L

Holds forall x eX .
Corollary 15.2: Let f : X —Y be a mapping and there exists a real numbers A and s such that

A
S S S
|Of 0y .z) [<qa{lx P +[y [P +]z [} s#12, (175)
Sy 1S, (S 3s 3s 3s|. 12,
A Py Pz o P +y Pz Pl o255

And (158), (167) for all x,y,z e X . There exists a unique additive derivation mapping A:X —Y and a unique
quadratic derivation mapping Q : X —Y such that

A4
2n -1 4‘n2—1‘

S S
A", x|

; (176)
S ‘ 4‘n2—nS ‘

[ f()-AX)-Q(x)[<

Z‘n—n

A A
* 3s ‘

Z‘n—nss‘ 4‘n2—n
Forall x eX .

16. Stability results for (11): another substitutions

In this section, the generalized Ulam-Hyers stability of generalized n-type additive quadratic functional equation (11) is
investigated by using various substitutions. Hence the details of the proof are omitted.

Theorem 16.1: Let j e{-11} and ¢:X 3 —[0,00) be a function satisfying the conditions
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¢(n2ijin2kjyln2kaj ¢(n2ijyn2kjyln2kaj

o0
Convergesto R lim =0 177
(20 L 2i gestoR o (i ()
2Kj 2kj 2Kj 2Kj 2Kj 2Kj
onverges to im =
Forall x,y,z eX .Let f :X —Y be afunction satisfying the inequality
|Df (x,y,2)[|<d(x.y.z) (179)

For all x,y,z eX . Then there exists a unique additive mapping A:X —Y and a unique quadratic mapping
Q : X —Y which satisfies the functional equation (11) and

2Kj 2Kj
CAY) - 11 & [40n"y.,0 ¢0n""y.0)
[T ()-Ay) Q(y)SZank:%_j[ K
2
2Kj 2Kj
1 % [¢40n""y,0) ¢0n""y,0)
+4n4k51:—j[ B R § ] (180)
2

Forall y e X . The mapping A(y) and Q(y) are defined by

2kj 2kj
=i 2] i o)
= lim , = 1Im
)=y lim g2 Q)= lim g (181)
Respectively forall y e X .
Corollary 16.2: Let 4 and s be a nonnegative real numbers. Let a function f : X —Y satisfying the inequality
4
S S S
[OF oy 2) [<{a(Ix P +y [P +[2 ] ); s#12; (182)
S S¢S 35 35 351). 12,
A(Ix Py Pl P+ +ly B +12 P} 5255

For all x,y,z eX . Then there exists a unique additive mapping A:X —Y and a unique quadratic mapping
Q:X —Y such that
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~

Ao 1
2 ‘nz—l‘ ‘n4—1

S
Ay | 1 1
f(y)-A(y)-Q(y)|< + : (183)
H H 2 ‘nZ nZs‘ 2n‘n4—n25‘
Ayl o |
2 ‘nz_nes‘ 2n‘n4—n65

Forall y eX .

Theorem 16.3: Let f ‘W — B be a mapping for which there exists a function ¢:W 3 —[0,00) with the conditions

¢(Tikx,rik y,z'ikz)_o

lim 184
k —o0 Tik (184)
And

) ¢(rlkx,riky,rlkz)

lim o =0 (185)

—0 “

Where
n2, i =0;
5=11 " (186)
21 —
n
Such that the functional inequality with
IDf (x,y.z)|<é(x,y,z) (187)
Forall x,y,z eW . Ifthere exist L =L (i) such that the function for all y eW , such that the function
1 y
y >0d(y)=5¢|0,~5,0 (188)
2 n2

Has the properties

=585 y)=Lo(y) —56(ry)=L(y)
i i

For all y eW . Then there exists a unique additive function A:‘W —B and a unique quadratic function Q W —B
satisfying the functional equation (11) and

L1
1-L

[T ()-AW)-QUY)|<7—[o(y)+5(-y)] (189)

Holds forall y eW .
Corollary 16.4: Let f :W — B be a mapping and there exists a real numbers A and s such that,
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2’1
S S S
|Df (x,y,z)|< z{HXH +ly P +]z | } s %12 (190)
SiviSis 1S 3s 35 3s 12
M Py Pz £+ 1y oz =), 5222

For all x,y,z €W . There exists a unique additive mapping AW —B and a unique quadratic mapping Q W —B
such that,

Al 1 1
2 ‘nz—l‘ ‘n4—1

Ay Pl 1 1
f(y)-Aly)-Q(y)|= + (191)
H H 2 ‘nZ 25‘ 2n‘n4—n25‘

-n

3s
Ayl® 1 1
2 ‘n _nﬁs‘ 2n‘n4—n65

Forall y eW .

Theorem 16.5: Let j =+1. Let f : X —Y be a mapping for which there exists functions ¢,¢: X 3 —[0,0) , satisfying
the conditions (177), (178) and

(p(nijX’nZij’nijZj

¢(n2ijln2kj y,nzka)
m

éo - 6Kj Converges in R and kli—)oo ] BKj =0 (192)
. (p(n2ij,n2kjy,n2kaj ¢(n2ij,n2kjy,n2ka)

kEO n8kJ Converges in R and I(Ii_r)noO ] 8Kj =0 (193)

Such that the functional inequality

|Df (x,y,z)|<p(x,y,2) (194)

And

If (xyz)—f (x)yz —xf (y)z —xyf 2)|<o(x.,y.z) (195)

For all x,y,z eX . There exists a unique additive derivation mapping A :X —Y and a unique quadratic derivation
mapping Q : X —Y satisfying the functional equation (11) and

#0.n%y,0), gon?y 0)
ankzl_j n2K] n2K]

If () -AW)-Q()<3
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12 [#002y.0, p0n?y,0
ant il a™ nK]

2

+

Forall y eX . The mapping A(y) and Q(y) are respectively in (181) forall y €Y .
Corollary 16.6: Let f : X —Y be a mapping and there exists a real numbers 4 and s such that

A
S S S).
Iof oy 2)[<{a{lx P +ly P +z ) s

+*
Siv Sty 18 3s 3s 3s|. 12
M Py Pl P+ ey P4z # - s#3.2

35

(196)

(197)

For all x,y,zeX . There exists a unique additive derivation A:X —Y and a unique quadratic derivation

Q:X —Y such that

A 1 N 1
2 ‘nz—l‘ ‘n4—1

S
AyF| 1 1
2 2 Zs‘ 2n‘n4—nzs‘

If (y)=A(y)-Q(y)|<

n

3s
Ayl 1 1
2 ‘n2_n65‘ 2n‘n4—n65

-n

Forall y eX .

Theorem 16.7: Let j e{-11} and y:X 3 —[0,00) be a function satisfying the conditions

y/(n3ij,n3kjy,n3ka) V/(n3ij’n3kjy’n3kaj

o0
Convergesto R lim =0
kéo nSKJ g k >0 n3|(j
. z//(nsij,ng’kjy,ngkaj w(n3ij,n3kjy,n3kaj
Convergesto R lim =0
o - 6Kj 9 KDt 6K

Forall x,y,z eX . Let f :X Y be a function satisfying the inequality

|Df (x.y.z)|<w(x,y.z)

(198)

(199)

(200)

(201)

For all x,y,z eX . Then there exists a unique additive mapping A:X —Y and a unique quadratic mapping

Q : X —Y which satisfies the functional equation (11) and
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3Kj 3Kj

11 1 2 |w(0,0n"z) w(0,0,n"z)
f2)-AZ)-Q@) |3 —= X - + .
H 1= n®, Lil 3 3]

2

3Kj 2kj

4n k:]i n Xl n oKXl
2
Forall z eX . The mapping A(z) and Q(z) are defined by
fa(n3kaj fq(n3kaj

A(z)= lim Q(z)=Ilim (203)

koo 3K koo 6K

Respectively forall z e X .
Corollary 16.8: Let 4 and s be a nonnegative real numbers. Let a function f : X —Y satisfying the inequality

A
S S s
| Df (x,y,z) < /I(HXH |y " +|z ]| ); s #1,2; (204)
S S, 1S 33 3s 351). 12,
Ax Py Pl oy P4z P 5235

For all x,y,z eX . Then there exists a unique additive mapping A:X —Y and a unique quadratic mapping
Q:X —Y such that

A 1 1

2
2 ‘n3—1‘ n6—1

S
Az | 1 N 1
2 ‘n?’— s‘ Zn‘nﬁ—n35‘

3s
Az ]
2 ‘n3

If @2)-A@)-Q(z)|< , (205)

1
+
6s ‘ 2n‘n6—n95

n3
1
n

Forall zeX .

Theorem 16.9: Let f ‘W — B be a mapping for which there exists a function y W 3 —[0,%0) with the conditions

l//(K-kX,K'-ky,K-kZ)

lim v 2r Joo (206)
And

. ¢Kikx1’(ikyl’(ikz

nm¥:o (207)
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3 =0

n
TR (208)
3

Such that the functional inequality with
[Df (x,y.,2)[<w(x,y,2) (209)

Forall x,y,z eW . Ifthere exist L =L (i) such that the function for all y €W , such that the function

z —>§(z)—y/[0 0, 3J (210)
Has the properties

1 1
?5(1% z)=Lé@), Fg(zci z)=Lé()
i
For all z €W . Then there exists a unique additive function A:‘W — B and a unique quadratic function Q W — B

satisfying the functional equation (11) and

1-i
If @)-A@)-Q@)|<{ | [6@)+é(-2)] (211)

Holds forall z eW .
Corollary 16.10: Let f ‘W — B be a mapping and there exists a real numbers 4 and s such that,

ﬂ!
IDf Gy ) [<4a{lx P +ly I +z ], s %12 (212)

S S S 35 3s 35 12
M PIy Pl P ofx = 1y B oz B}, 5222

For all x,y,z eW . There exists a unique additive mapping A‘-W — B and a unique quadratic mapping Q W —B
such that,

/1 1 1

‘31‘ -1

/1HZ P 1

3 5 (213)

If @)-A@)-Q(2)|<

n ‘n —n33‘

zuzu |
‘n3 5 2n‘6 9s

Forall z ewW .
Theorem 16.11: Let j=+1. Let f :X —Y be a mapping for which there exists functions y,y:X 3—)[0,00) "
satisfying the conditions (199), (200) and
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. y(n3ij,n3kjy,n3ka) y(n3ij,n3kjy,n3kaj

converges in Rand lim =0 214
o - 9Kj . s ki @14
. y(nSij,n3kjy,n3ka y n3ij,n3kjy,n3ka)

convergesin Rand lim =0 215
o 2] g (m, 12k] (215)

Such that the functional inequality

|Df (x,y,2)|<w(x,y,z) (216)
And
If (xyz)—f (x)yz —xf (y)z —xyf z)|<y(X,y.z) (217)

For all x,y,z eX . There exists a unique additive derivation mapping A : X —Y and a unique quadratic derivation
mapping Q : X —Y satisfying the functional equation (11) and

3Kj 3Kj
1l 1 2 [w©,0n>z) w©,0n>72)
f2)-AZ)-Q@)|=<3|—= X . + .
H 1= n®, Lil 3 3]
2
1 2 V/(0,0,n?’ij) t//(O,O,nijZ)
6 6k + 6K (218)
4n~ -] n°K n°K
2

Forall z eX . The mapping A(z) and Q(z) are defined in (198) respectively forall z e X .
Corollary 16.12: Let f : X —Y be a mapping and there exists a real numbers 4 and s such that

A
S S S
D .y 2)[<qa{lx P +ly [P+ 5 #1,2 (219)
S S S 3s 3s 3s]. 12
AHix P11z P +{x P+l B+ P 5232

For all x,y,zeX . There exists a unique additive derivation A:X —Y and a unique quadratic derivation
Q:X —Y such that

~

A1 1
2 n3—1‘ n6—1‘,

Alz P 1 1

+ 1
2 ‘nS_n3S‘ 2n‘n6—n3s‘

If 2)-A@)-Q@)|< (220)

A 1
2 ‘n3—n65‘ 2n‘n6—n95

Forall zeX .
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