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Abstract

In this paper, the authors obtain the general solution and generalized Ulam - Hyers stability of a 2 - variable AQCQ
functional equation

g(m+2y,u+2v) +g($ - 2y7u_ 21}) = 4[g(x+y,u+v) +g(l‘ -y u— U)] - 69(1‘711/)
+9(2y, 2v) + g(—2y, —2v) — 4g(y,v) — 49(~y, —v)

using Hyers direct method. Counter examples for non stability is also discussed.

Keywords: Additive functional equations, quadratic functional equations, cubic functional equations, quartic functional equations,
Mized type functional equations, Ulam - Hyers stability, Ulam - Hyers - Rassias stability, Ulam - Gavruta - Rasstas stability, Ulam -
JRassias stability.

1. Introduction

The study of stability problems for functional equations is related to a question of Ulam [23] concerning the stability
of group homomorphisms and affirmatively answered for Banach spaces by Hyers [12]. It was further generalized
and excellent results obtained by number of authors [2, 7, 18, 21, 19].

Over the last seven decades, the above problem was tackled by numerous authors and its solutions via various
forms of functional equations like additive, quadratic, cubic, quartic, mixed type functional equations which involves
only these types of functional equations were discussed. We refer the interested readers for more information on
such problems to the monographs [1, 6, 8, 9, 11, 13, 14, 15, 22, 24, 25, 26]

The general solution and the generalized Hyers-Ulam-Rassias stability of the generalized mixed type of functional
equation

flatay) +fle—ay)=a®[fe+y)+ f@-y]+2(1-a®)f(z)

(o~ ?)
[ (2y) + f (=2y) —4f (y) — 4f (—v)].

+ 12

for fixed integers a with a # 0, £1 having solution additive, quadratic, cubic and quartic was discussed by K.
Ravi et. al., [20]. Its generalized Ulam-Hyers stability in multi-Banach spaces and non-Archimedean normed spaces
via fixed point approach was respectively investigated by T.Z. Xu et. al [24, 26].
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Recently, M. Arunkumar et al., [3] first time introduced and investigated the solution and generalized Ulam-Hyers
stability of a 2 - variable AC - mixed type functional equation

fQRr+y, 22+ w) - f2r -y, 22 —w) =4[f(z +y, 2 +w) = f(z -y, 2 —w)] = 6 (y,w) (1)

having solutions

f(x,y) = ax + by (2)
and
f(z,y) = az® + ba’y + cxy® + dy® (3)

in Banach space via direct and fixed point approach.
Very recently, Choonkil Park and Jung Rye Lee [17] proved the Hyers - Ulam stability of the following additive
- quadratic - cubic - quartic functional equation

flz+2y) + flz—2y) =4f(z+y) +4f(x —y) —6f(z) + f(2y) + f(—2y) — 4f(y) —4f(~y) (4)

in paranormed spaces.
In this paper, the authors obtain the general solution and generalized Ulam - Hyers stability of a 2 - variable
AQCQ functional equation

g(x+2y7u+2v)+g($_2y7u_2v) =4[g(x+y,u+v)+g(x—y7u—v)]—GQ(x,u)

+9(2y, 2v) + g(—2y, —2v) — 4g(y,v) — 49(~y, —v) (5)
having solutions
9(z,y) = az + by, (6)
g9(x,y) = ax® + bry + cy®, (7)
g(z,y) = az® + bay + cay® + dy®, (8)
glz,y) = azt 4+ by + cx?y?® + dzy® + ey?. (9)

In Section 2, we present the general solution of the functional equation (5). The generalized Ulam-Hyers stability
using Hyers direct method for odd, even and mixed cases are respectively discussed in Sections 3, 4, and 5. In
Sections 6 and 7, counter examples for non stability for odd and even case are respectively given.

2. General solution

In this section, we present the solution of the functional equation (5). Through out this section let G and H be
real vector spaces.

Lemma 2.1 If g: G2 — H be an odd mapping satisfying (5) and let a : G*> — H be a mapping given by

a(u,u) = g(2u,2u) — 8g(u,u) (10)
for all w € G then

a(2u, 2u) = 2a(u,u) (11)
for all w € G such that a is additive.

Proof. Using oddness of g in (5), we arrive

9(x +2y,u +2v) + g(z — 2y,u — 2v) = 4[g(z + y,u +v) + g(z — y,u —v)] — 6g(z,u) (12)
for all z,y,u,v € G. Letting (x,y,u,v) by (0,0,0,0) in (12), we get

9(070) =0. (13)
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Replacing (z,y, z,w) by (u,u,u,u) in (3.2), we arrive

9(3u, 3u) = 49(2u, 2u) — 5g(u, u)

for all u € G. Again replacing (z,y, u,v) by (2u, u,2u,u) in (12) and using (13), (14), we have
g(4u, du) = 49(3u, 3u) — 69(2u, 2u) + 4g(u, u)

for all uw € G. Using (14) in (15), we get

g(4u, 4u) = 10g(2u, 2u) — 16g(u, u)

for all u € G. From (10), we establish

a(2u, 2u) — 2a(u,u) = g(4u, 4u) — 10g(2u, 2u) + 16g(u, u)

for all u € G. Using (16) in (17), we desired our result.

Lemma 2.2 If g: G2 — H be an even mapping satisfying (5) and let ¢ : G*> — H be a mapping given by
c(u,u) = g(2u, 2u) — 2g(u,u)

for all w € G then

c(2u, 2u) = 8c(u, u)

for all w € G such that c is cubic.

Proof. It follows from (19) that

c(2u, 2u) — 8c(u,u) = g(4u, 4u) — 10g(2u, 2u) + 16g(u, u)

for all x € U. Using (16) in (20), we desired our result.

Lemma 2.3 If g: G2 — H be an even mapping satisfying (5) and let o : G* — H be a mapping given by
g2 (u,u) = g(2u,2u) — 16g(u, u)

for all w € G then

q2(2u, 2u) = 4qo(u, u)

for all w € G such that qo is quadratic.

Proof.
Using evenness of g in (5), we arrive

9(z + 2y, u+ 2v) + g(z — 2y, u — 20)
= 4[g(:z:+y,u—|—v) +g($ —y,u—v)] _69(:6’“) +29(2y,27j) —8g(y,v)

for all ,y,u,v € G. Letting (x,y,u,v) by (0,0,0,0) in (23), we get
9(0,0) = 0.

Replacing (x,y, z,w) by (u,u,u,u) in (23), we arrive

9(3u, 3u) = 69(2u, 2u) — 15g(u, u)

for all uw € G. Again replacing (z,y, u,v) by (2u,u,2u,u) in (23) and using (24), (25), we have
g(4u, 4u) = 49(3u, 3u) — 49(2u, 2u) — 4g(u, u)

for all u € G. Using (25) in (26), we get

g(4u, du) = 20g(2u, 2u) — 64g(u,u)

for all w € G. From (21), we establish

q2(2u, 2u) — 4qa(u, u) = g(4u, 4u) — 20g(2u, 2u) + 64g(u, u)

for all w € G. Using (27) in (28), we desired our result.

67

(16)

(17)

(20)

(27)

(28)
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Lemma 2.4 If g: G2 — H be an even mapping satisfying (5) and let q4 : G*> — H be a mapping given by
qa(u,u) = g(2u, 2u) — 4(u,u) (29)
for all w € G then

q4(2u, 2u) = 16q4(u, u) (30)
for all w € G such that q4 is quartic.

Proof. Tt follows from (30) that

qa(2u, 2u) — 4q4(u, u) = g(4u, 4u) — 20g(2u, 2u) + 64g(u, u) (31)
for all x € U. Using (27) in (31), we desired our result.

Remark 2.5 If g: G?> — H be a mapping satisfying (5) and let a,q2,c,q4 : G — H be a mapping defined in (10),
(18), (21) and (29) then

(u,0) = 15 (aa(,0) — aa(as ) (32)
and

1
g(u,0) = g e, ) — afu, ) (33)
forallu e G.

Lemma 2.6 If g: G2 — H be a mapping satisfying (5) and let f : G — H be a mapping given by

f(u) = g(u,u) (34)
for allu € G, then f is (4) for all z,y,u,v € G.

Proof. From (5) and (34), we get

flz+2y) + flz —2y)

(x4 2y, 2+ 2y) + g(x — 2y, x — 2y)

l9(z +y,z+y) +9(z —y,z —y)] — 6g9(z,z) + 9(2y, 2y) + 9(—2y, —2y) — 49(y,y) — 49(-y, —y)
[flx+y)+ flz—y)]—6f(x) + f(2y) + f(—2y) — 4f(y) — 4f(~y)

for all z,y € G.
Hereafter, through out this paper, let we consider G be a normed space and H be a Banach space. Define a
mapping Dg : G2 — H by

9
4
4

Dg(x,y,u,v) = g(x+2y,u+21}) +g(m7 Qy,uf 21}) 74[g(x+y,u+v) +g(.’£ 7y,U7’U)]
+ Gg(x, U) - g(2ya 21}) - g(_Zya _21}) + 4g(ya U) + 49(_y7 _U)

for all z,y,u,v € G.

3. Stability results: Odd case

In this section, we investigate the generalized Ulam-Hyers stability of the functional equation (5) for odd case.

Theorem 3.1 Let j = +1. Let Dg : G> — H be an odd mapping for which there exist a function o : G* — [0, 00)
with the condition

lim Tja(2"]x, 2™y, 2™, 2™ p) =0 (35)

n— oo
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such that the functional inequality
1Dg(x, y,u, )| < e, y,u,v) (36)

for all z,y,u,v € G. Then there exists a unique 2-variable additive mapping A(u,u) : G* — H satisfying the
functional equation (5) and

00 kju
lo(2u,2u) — 8g(u,u) — Aw,u)| < = 3 T2 (37)

for all v € G, where (2% u) and A(u,u) are defined by

B(2Fu) = 4 a(28u, 28w, 2K, 28y 4 (2D gy, 2RIy 2RIy okiy,) (38)
1 . . . .

Au,u) = lim %(9(2(""'1”% 2+ Dy — 8g (2w, 2™ u)) (39)

forallu e G.

Proof. Assume j = 1. Letting (z,y, u,v) by (u,u,u,u) in (36) and using oddness of g, we obtain

llg(3u, 3u) — 4g(2u, 2u) + 5g(u, u)|| < au,u,u,u) (40)
for all u € G. Replacing (z,y, z,w) by (2u, u, 2u,u) in (36), we get

llg(du, 4u) — 49(3u, 3u) + 69(2u, 2u) — 4g(u, u)|| < a(2u, u, 2u, u) (41)
for all u € G. Now, from (40) and (41), we have

llg(4u, 4u) — 10g(2u, 2u) + 16g(u, u)||
< 4|lg(3u,3u) — 49(2u, 2u) + 5g(u, u)|| + ||g(4u, 4u) — 4g(3u, 3u) + 6g(2u, 2u) — 4g(u, u)||
<Ada(u,u,u,u) + a(2u, u, 2u, u) (42)

for all u € G. From (42), we arrive

lg(du, 4u) — 10g(2u, 24) + 169(u, u)] < B(u) (13)
where
B(u) = da(u, u, u, u) + o(2u, u, 2u, u) (44)

for all u € G. Tt is easy to see from (43) that

lg(4u, 4u) — 8g(2u, 2u) — 2(g(2u, 2u) — 8g(u, u))|| < B(u) (45)
for all u € G. Using (10) in (45), we obtain

la(2u, 2u) = 2a(u, w)|| < B(u) (46)
for all u € G. From (46), we arrive

a(2u, 2u)
2

for all w € G. Now replacing u by 2u and dividing by 2 in (47), we get

a(2?u,2%u)  a(2u,2u) ’ < B(2u)

22 2

> (48)
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for all u € G. From (47) and (48), we obtain

22y, 22 2u, 2 224,22 2u, 2
a( 1;,2 w) ~ a(u, ) a( u2, w) ~ a(u, )| + a( 122 u)  af 1; w)
1 B(2u)
<= 4
<3 o+ 252 (49)
for all u € GG. Proceeding further and using induction on a positive integer n , we get
n—1
a(2™u, 2"u) 1 B(2%u)
_ < Z 50
o —alw)| <3305 (50)

1 & B(2¢u)
<35>,

for all w € G. In order to prove the convergence of the sequence

{ a(zn;,lznu) }

replacing u by 2™u and dividing by 2" in (50), for any m,n > 0 , we deduce

a(2m My, 27 My a(2mu, 2™ ) 1 |la(2™-2™u,2™ - 2™u) m em
2(n+m) B om 9 on - CL(2 u, 2 u)
< 1 B(2k+mu)
-9 2k+m
k=0
—0 as m — o0
. a(2"u,2™u) ) . . . .
for all u € G. This shows that the sequence ST is Cauchy sequence. Since H is complete, there exists
a mapping A(u,u) : G2 — H such that
2, 2™
A(u,u) = lim (2", 2") vV uedG.
n—o0o on

Letting n — oo in (50) and using (10), we see that (37) holds for all u € G. To show that A satisfies (5), replacing
(:z:,y,u v) by (2"z, 2"y, 2"™u, 2™v) and dividing by 2" in (36), we obtain

on Dg(2"z, 2"y, 2™u, 2™v) H < —a(2 x, 2"y, 2" u, 2" v)
for all z,y,u,v € G. Letting n — oo in the above inequality and using the definition of A(u,u), we see that
DA(z,y,u,v) = 0.

Hence A satisfies (5) for all z,y,u,v € G. To prove A is unique 2-variable additive function satisfying (5), we let
B(u,u) be another 2-variable additive mapping satisfying (5) and (37), then

1 n ¥
1
g U[AQR" 1, 2"u) = g(27 T, 27 ) + 89 (2", 2" |
+llo(2 27 ) — 89(2%,2%w) — B 2"
B 2k+n
= Z 2(k+n)
— O as n — oo

for all u € G. Hence A is unique.

For j = —1, we can prove a similar stability result. This completes the proof of the theorem.

The following Corollary is an immediate consequence of Theorem 3.1 concerning the Ulam-Hyers, Ulam-Hyers-
Rassias, Ulam-Gavruta-Rassias and Ulam-JRassias stabilities of (5).
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Corollary 3.2 Let Dg: G — H be a mapping and there exits real numbers p and s such that

1Dg(, y, u, )|

(@) p
<3 @) pAll=ll® + [lyll* + [lull* + |0}, s<1l or s>l (51)
=) G p llPlylllull*lll, \ \ \ \ s<g or s>y

@) p{llzlPllyllllull*[lol* + {ll=l* + llyl* + llel** + [loll**}}, s <3 or s>

for all z,y,u,v € G, then there exists a unique 2- variable additive function A(u,u): G*> — H such that

D Bar el
. 18 + 2574 pl|u||?
(i) T
lg(2u,2u) — 8g(u,w) = Alww)]| < oo At 20)plull (52)
|2 — 245
) 22+22s+24s+1 s
(iv) (|2_245| pllull*

forallu € G.

Theorem 3.3 Let j = +1. Let Dg : G> — H be an odd mapping for which there exist a function o : G* — [0, 00)
with the condition

1 ni - - -
T Joe QNI Ny, 9N —
nlgrgo = a2, 2™y, 2™y, 2™ ) =0 (53)
such that the functional inequality

1Dg(x,y,u,v)|| < alz,y,u,v) (54)

for all z,y,u,v € G. Then there exists a unique 2-variable cubic mapping C(u,u) : G* — H satisfying the functional
equation (5) and

[eS) kju
lo(2u,2) ~ 29(u,) ~ Cluw) < £ 3 P2 (55)

for all u € G, where B(2%u) and C(u,u) are defined by

B(2Fu) = 4a(2Mu, 28w, 289y, 28T ) + (2K D3q okiqy, 2(k+1)7y, 2kiq,) (56)
C(u,u) = 1i_>m @(Q(Q(M'l”u, 2 D3y) — 2g(2™ w4, 2™ u)) (57)
forallu e G.

Proof. It is easy to see from (43) that

lg(4u, 4u) — 29(2u, 2u) — 8(g(2u, 2u) — 2g(u, u))|| < B(u) (58)
for all u € G. Using (18) in (58), we obtain

le(2u, 2u) — 8c(u, u)|| < B(u) (59)

for all w € G. The rest of proof is similar tracing to that of Theorem 3.1.
The following Corollary is an immediate consequence of Theorem 3.3 concerning the Ulam-Hyers, Ulam-Hyers-
Rassias, Ulam-Gavruta-Rassias and Ulam-JRassias stabilities of (5).



72 International Journal of Advanced Mathematical Sciences

Corollary 3.4 Let Dg: G? — H be a mapping and there exits real numbers p and s such that

1Dg(z, y, u, v)]|
@
< G p{llull® + Iyl + [l + |vf[*}, s<3 or s>3 (60)
= Gia)op [ull*lyl[*]ull*[]v]] \ \ \ \ s<y or s>g
(@) p{Ill Pyl o]l + {Hull* + [lyl* + [ull* + [Jo][*} } 1 o0or s>
for all z,y,u,v € G, then there exists a unique 2- variable cubic function C(u,u) : G* — H such that
. 5p
(l) 7 7 s+1 s
B2
llg(2u, 2u) — 2g(u,u) — C(u,u)| < (A 229)p| |l (61)
(#4i) ST YT
] 22 + 225 + 245+1 s
(iv) <|8—245|> PHUH4

forallu € G.

Theorem 3.5 Let j = +1. Let Dg: G*> — H be a mapping for which there exist a function o : G* — [0, 00) with
the condition given in (35) and (53) respectively, such that the functional inequality

1Dg(2,y,u,v)|| < e, y, u,v) (62)

for all x,y,u,v € G. Then there exists a unique 2-variable additive mapping A(u,u) : G* — H and a unique
2-variable cubic mapping C(u,u) : G* — H satisfying the functional equation (5) and

1 1 (2kiu) (2%7u)
ot ) — A, ) — O] < ¢ Z o+ Z s (63

for all u € G, where B(2%u), A(u,u) and C(u,u) are respectively defined in (38), (39) and (57) for allu € G.

Proof. By Theorems 3.1 and 3.3, there exists a unique 2-variable additive function A;(u,u) : G — H and a unique
2-variable cubic function Ci(u,u) : G2 — H such that

1 & ki
llg(2u, 2u) — 8g(u, u) — A1 (u,u)| < 3 Z B(zij) (64)
k=151
and
1 2ki
19(2u, 2u) — 2g(u, u) — C1(u, u)| < 3 Z B(Sij) (65)
b=t

for all u € G. Now from (64) and (65), one can see that
1 1
Hg(mu) + fAl(u, u) — EC’l(u, w)

H{ 9(2u, 2u) 8g(u,u) n Ay (u,u) } n {g(Qu,Zu) 29(u,u) Cl(u,u)}H

6 6 6 6 6

\ /\

8 ~ {lg(2u,2u) — Sg(u,u) — As(u, )] + [lg(2u,20) — 29(u,w) — Cau, 0)]}

o0

1 52Jx 1 B(2%iz)
6 QZ kj g; ]kj

for all w € U. Thus we obtain (65) by defining A(u,u) = %A1 (u,u) and C(u,u) = $C1(u,u), where 3(2"u),
A(u,u) and C(u,u) are respectively defined in (38), (39) and (57) for all u € G.

The following corollary is the immediate consequence of Theorem 3.5, using Corollaries 3.2 and 3.4 concerning
the Ulam-Hyers, Ulam-Hyers-Rassias, Ulam-Gavruta-Rassias and Ulam-JRassias stabilities of (5).

IA
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Corollary 3.6 Let Dg: G2 — H be a mapping and there exits real numbers p and s such that

|Dg(x,y, u,v)]|

@ p |
<) @) pdll=ll® + [yl + [l + loll} 5#11?; (66)
=) @) p |l [yl |l o], \ \ \ \ 57’5??

@) p{llzlFyllElull= ol + {llz]|* + [lyll* + [lull* +[ol**}}, s # 5,35

for all x,y,u,v € G, then there exists a unique 2-variable additive mapping A(u,u) : G* — H and a unique
2-variable cubic mapping C(u,u) : G*> — H such that

lg(u, w) — A(u, u) — Clu, )|
(i) %’" 1+%

. (18 + 25+1) 1 1 s
(i) o (=g + o) Al

< s 67
T e 4 L) ol o
6 \[2—25] " 825
, (22 + 225 + 2%+ 1 1 s
(iv) 5 2= 2] + 5= 2] pllull
forallu € G.

4. Stability results: Even case

In this section, we present the generalized Ulam-Hyers stability of the functional equation (5) for even case.

Theorem 4.1 Let j = +1. Let Dg : G> — H be an even mapping for which there exist a function o : G* — [0, 00)
with the condition

1 . . . .
lim Ea@"]x, 2™y, 2™, 2™ y) =0 (68)

n—oo

such that the functional inequality

1Dg(x, y, u, )| < ez, y,u,v) (69)
for all z,y,u,v € G. Then there exists a unique 2-variable quadratic mapping Q2(u,u) : G* — H satisfying the

functional equation (5) and

1 > 2’%
llg(2u, 2u) — 16g(u, u) — Q2 (u, u) Z Z (70)

for all u € G, where B(2"u) and Q(u,u) are defined by

B(2FIu) = 4 a(2Mu, 24, 2K, 2R w) 4 (2 DTy, 2RIy 21Ty ki) (71)

1 . . . )
Qa(u,u) = lim — (g2 D7y, 20+ Diy) — 16¢(27u, 2 u)) (72)

n—oo 41J
forallu e G.
Proof. Assume j = 1. Letting (z,y, u,v) by (u,u,u,u) in (69) and using evenness of g, we obtain
llg(3u, 3u) — 69(2u, 2u) + 15g(u, u)|| < a(u,u,u,u) (73)
for all u € G. Replacing (z,y, z,w) by (2u, u, 2u,u) in (69), we get

llg(du, 4u) — 4g(3u, 3u) + 4g(2u, 2u) + 4g(u, u)|| < a(2u, u, 2u, u) (74)
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for all u € G. Now, from (73) and (74), we have

< Ado(u, u, u,u) + a(2u, u, 2u, u) (75)

for all u € G. From (75), we arrive

lg(4u, 4u) — 20g(2u, 2u) 4 64g(u, u)|| < B(u) (76)
where
B(u) = da(u, u, u, u) + o(2u, u, 2u, u) (77)

for all u € G. It is easy to see from (76) that

lg(4u, 4u) — 169(2u, 2u) — 4(g(2u, 2u) — 16g(u, w))|| < B(u) (78)
for all w € G. Using (21) in (78), we obtain

lg2(2u, 2u) — 4g2(u, u)|| < B(u) (79)

for all u € G. The rest of the proof is similar lines to that of Theorem 3.1.
The following Corollary is an immediate consequence of Theorem 4.1 concerning the Ulam-Hyers, Ulam-Hyers-
Rassias, Ulam-Gavruta-Rassias and Ulam-JRassias stabilities of (5).

Corollary 4.2 Let Dg: G2 — H be a mapping and there exits real numbers p and s such that

1Dg(@,y, u, )|
@) p
< G p{llll® + Iyl + [l + lof[*}, s<2 or s> (80)
= @) p Iyl (el [l \ \ \ \ s<z or S>3
(@) p{llll*llyll*fall*|[][* + {[lz][** + lly[1** + [Jal[** +[o][*}}, s<g or s>3;
for all x,y,u,v € G, then there exists a unique 2- variable quadratic function Qq2(u,u) : G> — H such that
5
R
(i) (18 + 25 1) p||ul|°
|4 — 29 ’
Hg(2u, 2u) — 8¢g(u,u) — Qa(u,u)| < (i) 4+ 225)p|\u||4s (81)
|4 — 2%|
] 22 + 225 + 24s+1 s
(iv) <|4_24§,| pllull

forallu € G.

Theorem 4.3 Let j = 1. Let Dg: G> — H be an even mapping for which there exist a function o : G* — [0, 00)
with the condition

1
lim —a(2mx My 2"y, 2" y) = 0 (82)

n—oo 16MJ

such that the functional inequality
1Dg(z,y,u,v)|| < al,y,u,v) (83)

for all z,y,u,v € G. Then there exists a unique 2-variable quartic mapping Q4(u,u) : G* — H satisfying the
functional equation (5) and

B(2 ki)
16%J

lg(2u, 2u) — 4g(u, u) — Qa(u,u)| < 16 Z (84)
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for all u € G, where B(2"u) and Q4(u,u) are defined by

B(2%u) = 4a (2w, 2% u, 25w, 299 u) + (2 F DI qy, 285y 2 F DIy 9Riy) (85)
Qa(u,u) = nll)rr;o Toni (g(20F DIy, 200+ 1iy) — 4g(2MTu, 2™ ) (86)
forallu e G.

Proof. It is easy to see from (76) that

lg(du, 4u) — dg(2u, 2u) — 16(g(2u, 2u) — dg(u, u))]| < B(u) (87)
for all u € G. Using (18) in (87), we obtain

194(2u, 2u) — 1644 (u, u)|| < B(u) (83)

for all u € G. The rest of proof is similar tracing to that of Theorem 3.1.
The following Corollary is an immediate consequence of Theorem 4.3 concerning the Ulam-Hyers, Ulam-Hyers-
Rassias, Ulam-Gavruta-Rassias and Ulam-JRassias stabilities of (5).

Corollary 4.4 Let Dg: G?> — H be a mapping and there exits real numbers p and s such that

I1Dg(z,y,u,v)|
@) p
< G p{llll® + Iyl + [l + lof[*}, s<4 or s>4; (89)
=) G p [Pyl []o]|*, \ \ \ \ s<1l or s>1;
(@) p{llzlPllyl NPl + {Hlull* + [lyll* + llull* + [0l }}, s<1 or s>1;
for all x,y,u,v € G, then there exists a unique 2- variable quartic function Q4(u,u) : G> — H such that
)
OIS
aiy UB+2 Dl
16— 2]
l9(2u, 2u) = 4eg(u,u) = Qalu, W) < 9 (44 225)pJu||** (90)
@) g gm)
] 29 + 228 + 245-{—1 s
i) (B ) el

forallu € G.

Theorem 4.5 Let j = +1. Let Dg: G*> — H be a mapping for which there exist a function a : G* — [0, 00) with
the condition given in (68) and (82) respectively, such that the functional inequality

1Dg(x,y,u,v)|| < alz,y,u,v) (91)

for all x,y,u,v € G. Then there exists a unique 2-variable quadratic mapping Qo(u,u) : G> — H and a unique
2-variable quartic mapping Q4(u,u) : G* — H satisfying the functional equation (5) and

(28 w) (24 u)
() — Qoo ) ~ Qu(u,w)]| < Z iahal Z e (92)

for all u € G, where B(2Mu), Qo(u,u) and Q4(u,u) are respectively defined in (71), (72) and (86) for all u € G.

Proof. By Theorems 4.1 and 4.3, there exists a unique 2-variable quadratic function Qs, (u,u) : G* — H and a
unique 2-variable quartic function Qu, (u,u) : G — H such that

[e%} ij
l9(2u, 2u) — 16g(u, u) — Qa, (u, u)| gi > B(ikj ) (93)

1
k= 2
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and

lg(2u, 2u) — 49(u, u) = Qu, (w, w)|| < 7 (94)

for all u € G. Now from (93) and (94), one can see that

ngu) 5@ ) — 5@, (1,0)

_ 2u 2’U, 169(U,U> + Q21 (uau) + g(2ua 2“) _ 4g(uvu) _ Q41 (’U/7’U,)
B 12 12 12 12 12

< 3 {1lg(2u, 2u) — 16g(u, u) — Q2, (u, u)|| + [lg(2u, 2u) — 4g(u, u) — Qa, (u, )|}
S sen 1 f: 5(2"ia)

—12 )4 et 4k3 6 <« 16k

for all uw € U. Thus we obtain (94) by defining Q2 (u,u) = I—;le (u,u) and Q4(u,u) =
Q2(u,u) and Q4(u,u) are respectively defined in (71), (72) and (86) for all u € G.

The following corollary is the immediate consequence of Theorem 4.5, using Corollaries 4.2 and 4.4 concerning
the the Ulam-Hyers, Ulam-Hyers-Rassias, Ulam-Gavruta-Rassias and Ulam-JRassias stabilities of (5).

15Qu, (u,u), where B(2%u),

Corollary 4.6 Let Dg: G?> — H be a mapping and there exits real numbers p and s such that

|Dg(x,y, u,v)]

@ p
<) @) pdll=ll* + [lyll* + [l + loll} 5#21,4; (95)
=) @) p |l [yl |l ], \ \ \ \ s#?l;

@) p{llzlFyllull* ol + {Ilz** + [[yl[* + [Jul[* +ol[**}}, s # 3,15

for all x,y,u,v € G, then there exists a unique 2-variable quadratic mapping Q2 (u,u)
2-variable quartic mapping Q4(u,u) : G*> — H such that

: G? — H and a unique

lg(u, u) — Q2(u, u) — Q4(u, w)|
. 5p 1
0 555)
.. (18 + 2S+1) 1 1 R
e (4 +2%) 1 N 1 |
b 12 \J4—2%] " J16— 2% ) 11"
) (22 + 225 + 24s+1) 1 s
(iv) - g+ g ) Al
forallu € G.
5. Stability results: Mixed case
Theorem 5.1 Let j = +1. Let Dg: G®> — H be a mapping for which there exist a function o : G* — [0, 00) with
the condition given in (35), (53), (68) and (82) respectively, such that the functional inequality
1Dg(z, y, u,v)|| < a(z,y,u,v) (97)

for all x,y,u,v € G. Then there exists a unique 2-variable additive mapping A(u,u) : G* — H, a unique 2-variable

quadratic mapping Qa(u,u) : G*> — H, a unique 2-variable cubic mapping C(u,u) : G*

— H and a unique 2-variable
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quartic mapping Q4(u,u) : G* — Hsatisfying the functional equation (5) and
Hg(uvu) - A(u7u) - QQ(U’U) - C(uvu) - Q4(U7U)H
L1 & 8Y) | B 1S (8RN | A=)
Sw{z Z( ok ol T3 Z_ g7 T gh
k J

1= _1-J
=72 k==

U1 & s B 1 & (B B-2)
+ﬂ 4 Z< 4k3j T q4ki )+16 Z < 16k7 + 16kJ >} (98)

_1-J _1-J
k== k==

for all v € G, where B(28u), A(u,u), C(u,u), Q2(u,u) and Q4(u,u) are respectively defined in (38), (39), (57),
(72) and (86) for allu € G.

g(u, u) — g(—u, —u)
2

Proof. Let g,(u,u) =
u € G. Hence

for all w € G. Then ¢,(0,0) = 0 and go(—u, —u) = —go(u,u) for all

1
HDQO(.’L', Y, u, U)H < 5 {Oé(l‘, Y, u, U) + O[(—l', —Y, ~u, _U)} (99)

for all x,y,u,v € G. By Theorem 3.5, there exists a unique 2-variable additive function A(u,u) : G* — H and a
unique 2-variable cubic function C(u,u) : G2 — H such that

g0 (u, u) — A(u,u) — C(u, u)|
1 |1 & /B(2%w)  B(—2ku 1 o= /B(2Fu)  p(—2F4y
= 12 {2 Zj ( (2’€j ) + ( okj )> + 8 21:_ ( (Skj ) + ( ]kj )>} (100)

— v
k== k==5*

for all u € G. Also, let ge(u,u) =
for all u € GG. Hence

9(u, ) —|—g(—u, ) for all u € G. Then ¢.(0,0) = 0 and ge(—u, —u) = ge(u, u)

1
HDge(l', Y, u, U)” S 5 {Q(ZIJ, Y, u, U) + a(—l', -Y,—u, _U)} (101)

for all z,y,u,v € G. By Theorem 4.5, there exists a unique 2-variable quadratic mapping Q2 (u,u) : G2 — H and
a unique 2-variable quartic mapping Q4 (u,u) : G — H such that

ng(uau) - QQ(uv u) - Q4(u>u)”

L)1 (8@ B0 LS (82N | (=24
< Yyl o i
RS k_zl—j ( 4ki 4k * 16 4 16kJ 16kJ (102)
for all u € G. Define
g(u,u) = go(u,u) + ge(u,u) (103

for all u € G. Now from (103), (102) and (100)

lg(u, u) = Alu, u) = Q2(u, u) — Cu, u) — Qalu, )|

Hgo ) +ge(u7u) - A( U, ) QQ( ) - C(uv u) - Q4(u7u)”

g0 (u, w) = A(u, u) = Clu, u)|| + [|ge(u, u) = Q2(u, u) — Qa(u, )|
(

(u,

(u,
_L )L s (@Y B2 1 Qs (B | B(=2M)
iz, (e o) e 2 (R )

k=14

11 & [/B2Mu)  B(— 2’% 1 & [B(2Mu) 5(—2’%)
+24{4k2 ( TR ) 6kz7< 1657 1657 )} (104)

IN

|
—_
S
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for all u € G, where 8(2%u), A(u,u), C(u,u), Q2(u,u) and Q4(u,u) are respectively defined in (38), (39), (57),
(72) and (86) for all u € G.

The following corollary is the immediate consequence of Theorem 5.1, using Corollaries 3.6 and 4.6 concerning
the Ulam-Hyers, Ulam-Hyers-Rassias, Ulam-Gavruta-Rassias and Ulam-JRassias stabilities of (5).

Corollary 5.2 Let Dg: G?> — H be a mapping and there exits real numbers p and s such that

|Dg(a,y.u.v)]
@) p
i) p{llall* +1lol1* + llull* +11e]|} 41,234
<Y AL L 105
=\ G plelPlp el sz (105)
) o {llal Pl ol + (el + flgl* + Il + flofl#}} . s L E 40

for all z,y,u,v € G, then there exists a unique 2-variable additive mapping A(u,u) : G*> — H, a unique 2-variable
quadratic mapping Q2 (u,u) : G* — H, a unique 2-variable cubic mapping C(u,u) : G* — H and a unique 2-variable
quartic mapping Q4(u,u) : G*> — H such that

lg(u, u) = Au, u) — Q2(u, u) — C(u, u) — Qu(u, u)|

L 5p 11 1
14 =

(@) 6<+7+2-3+2~15>’

(i) (18 + 25+1) LS S S | ]

2 ”
< 6 2—2s] T8 =20 2d—2s 2620 ) I (106
i) (4 + 225) P S S ull

v 6 2—2%] TR — 2% 24 —2%] " 216 — 2% ) 1"

(224 2% 4201 1 1 1 N

(w) 6 |2_24s| + |8_24s| + 2|4_24s| + 2|16—245| P||UH

forallu € G.

6. Counter examples for non stable cases: Odd case

Now the author provide an example to illustrate that the functional equation (5) is not stable for s = 1 in condition
(i) of Corollary 3.2.

Example 6.1 Let o : R* — R be a function defined by

o(u) = { pu, if |ul <1

u,  otherwise

where i > 0 is a constant, and define a function g : R> — R by

o0 2"7/
g(u,u) = Z a(2nu) forall weR.

n=0

Then g satisfies the functional inequality

[Dg(,y,u,v)| <52 p(|z] + [y| + [u] + |v]) (107)
for all x,y,u,v € R. Then there do not ezist a additive mapping A : R> — R and a constant § > 0 such that
lg(2u, 2u) — 8¢g(u, u) — A(u,u)| < |ul forall weR. (108)

Proof. Now

o [a2m)] g
|g($’$>|SZW:ZTn:2”'

n=0 n=0

Therefore we see that g is bounded. We are going to prove that g satisfies (107).
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1
If r =y =wu=v=0 then (107) is trivial. If |z| + |y| + |u| + |v] > 3 then the left hand side of (107) is less than

1
52u. Now suppose that 0 < |z| + |y| + |u] + |v]| < 3 Then there exists a positive integer k such that

1 1
oF <zl + |yl + ful + o] < oF T (109)

1 1 1
so that 2F~ 1z < ok oh=ly <« 2 ok ly < =

1
> 5’ 2k—1y < 3 and consequently

257 (y,0), 257 (g, —0), 2571 (29, 20), 28 (=29, —20), 28 (2, w), 28 (e 4 g, u o),
25—y, u—v), 28 Nz + 2y, u+ 20), 28" Y& — 2y, u — 20) € (—1,1).
Therefore for each n =0,1,...,k — 1, we have

2n(y7 U)a 2n(_y’ _U)7 2n(2y’ 2U)a 2n(_2y’ _ZU)a 2n(x7 U,), QR(I =+ Yy, u + U)a
2"z —y,u—0),2"(x 4+ 2y, u + 20), 2" (x — 2y, u — 2v) € (—1,1).

and

a2z + 2y, u+ 2v)) + a(2™(z — 2y, u — 2v)) — 4a(2™(z + y,u + v))
—4a(2™(x —y,u —v)) + 6(2"(z,u)) — @(2"(2y,20)) — (2" (—2y, —2v))
+4a(2"(y,v)) + 4a(2"(-y, —v)) = 0

for n=10,1,...,k — 1. From the definition of f and (109), we obtain that
‘g(a?+2y,u4r2v) +9(r —2y,u—2v) —4g(z +y,u+v) + g(z - y,u—0)]
+6g(x,u) — g(2y, 2v) — g(=2y, —2v) +4g(y,v) + 4g9(~-y, —v)
< i 2%‘04(2”@ +2y,u+ 2v)) + a(2™(z — 2y, u — 2v)) — 4a(2"(x + y,u +v))
n=0

—4a(2"(x — y,u = v)) = 6a(2"(z,u)) — (2" (29, 20)) — (2" (~2y, ~20))
+4a(2"(y,v)) + 4a(2" (~y, —v))|

—a(2"(z + 2y, u + 2v)) + (2" (z — 2y, u — 2v)) — 4 (2" (z + y,u + v))

2
—4a(2"(z — y,u—v)) — 6a(2"(z,u)) — a(2"(2y, 20)) — a(2"(~2y, ~20))
+4a(2"(y, v)) + 4a(2"(~y, ~v))|

ok

o0
1 2
<37 5260 =26 px oo =52 p(fal Iyl + Jul + o).
n=k

1
Thus g satisfies (107) for all z,y,u,v € R with 0 < |z| + |y| + |u] + |v] < 3

We claim that the additive functional equation (5) is not stable for s = 1 in condition (ii) Corollary 3.2. Suppose
on the contrary that there exist a additive mapping A : R> — R and a constant § > 0 satisfying (108). Since g is
bounded and continuous for all ©w € R, A is bounded on any open interval containing the origin and continuous at
the origin. In view of Theorem 3.1, A must have the form A(u,u) = cu for any v in R. Thus we obtain that

lg(2u, 2u) — 8g(u, u) — A(u,w)| < (8 + |c|) |ul. (110)

But we can choose a positive integer m with mu > § + |c|.
Ifue (0,2%1) , then 2"u € (0,1) for all n =0,1,...,m — 1 . For this u, we get

(20, 2) ~ 8g(uw) = 3“5 S A s (54 e

n=0 n=0
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which contradicts (110). Therefore the additive functional equation (5) is not stable in sense of Ulam, Hyers and
Rassias if s = 1, assumed in the inequality condition (i) of (51).

A counter example to illustrate the non stability in condition (ii7) of Corollary 3.2 is given in the following
example.

1
Example 6.2 Let s be such that 0 < s < 1 Then there is a function g : R*> — R and a constant X > 0 satisfying

1-3s

|Dg(x,y,u,v)| < Aaz|? |y|% |ul® |v] = (111)

for all x,y,u,v € R and

2u,2u) — —A
o 19020:20) = 8g(,0) — Afw)] _ (12)
u#0 |u|

for every additive mapping A(u,u) : R*> — R.
Proof. If we take

 (wu)Inu, ul if u#0,
9(“’“){ 0, if u=0.
Then from the relation (112), it follows that
sup |g(2u’ 2“) — 89(“) U) — A(u7 u)| > sup |g(2na 2”) — 89(’”, n) — A(TL, TL)|
u£0 |ul neEN |n|
n#0

. [n(2,2)In|2n,2n| — 8n(1,1)In|n,n| —n A(1,1)]
neN |n|
n#0

= sup [(2,2)In]2n,2n| —8(1,1)In|n,n| — A(1,1)] = cc.
neN
n#0

We have to prove (111) is true.
Case (i): If x,y,u,v > 0in (111) then,

9(x + 2y, u +2v) + g(v — 2y,u — 2v) — 4[g(z + y,u +v) + g(z — y,u — v)]

+6g(x,u) — g2y, 2v) — g(=2y, —=2v) + 4g(y, v) + 49(=y, —v)
=[(z+2y,u+ 2v) In|z + 2y, u + 20| + (z — 2y, u — 2v) In |z — 2y, u — 20|
—Ax+y,u+v)In|z+y,u+v|+ (z —y,u—v)In|z — y,u —v|] + 6(z,u) In|z,ul
— (2y,2v) In|2y, 20| — (—2y, —2v) In| — 2y, —2v|
+4[(y, v) Infy, o] + (=y, —v) In| =y, =]

Set x = v1,y = vo,u = v3,v = vy it follows that
g(z +2y,u+2v) + g(z — 2y,u — 2v) — 4[g(z + y,u +v) + g(z — y,u — v)]

+ 6g(z,u) — 9(2y,2v) — g(—2y, —2v) + 4g(y, v) + 4g(—y, —v)
= |(v1 + 2v2, v3 + 2v4) In |v1 + 202, v3 + 2v4| + (V1 — 202, v3 — 2v4) In |v1 — 209, V5 — 204]
— 4[(v1 + va,v3 + v4) In|v1 + vo,v3 + V4| + (V1 — Vo, v3 — v4) In U1 — Vo, V3 — V4]
+ 6(v1,v3) In |vg, v3] — (202, 204) In [202, 204| — (—2v2, —2v4) In| — 209, —2v4]
+4[(v2, v4) In|va, vg] + (—v2, —v4) In | — va, —v4]]| .

= |g(v1 + 2v2,v3 4 2v4) + g(v1 — 2v2,v3 — 2v4) — 4[g(v1 + v2,v3 + v4) + g(v1 — V2, V3 — v4)]

+6g(v1,v3) — g(2v2, 2v4) — g(—2v2, —2v4) + 4g(v2, v4) + 4g(—va, —v4)

s s s 1-3s
< AJvr]3 [ve|® [vs]® Jug| 3

= Nal [yl [ul® || 5.
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For the cases (i) x,y,u,v <0, (ii) z,z > 0,u,v <0, (iv) z,z > 0,u,v < 0and (v) =y =u=v =0, the
proof is similar tracing to that of Case ().

1
Now we will provide an example to illustrate that the functional equation (5) is not stable for s = - in condition

(iv) of Corollary 3.2.
Example 6.3 Let a: R — R be a function defined by

1
el < L

W
a(u) = 1 )
1 otherwise

where i > 0 is a constant, and define a function g : R> — R by

o0 2’ﬂ
= Z a(Qnu) for all weR.
n=0
Then g satisfies the functional inequality
N S
Dy, w,w)] < 130 (|l Jol¥ ul* o} + (o] + o] + ful + fol}) (113)

for all x,y,u,v € R. Then there do not exist a additive mapping A : R> — R and a constant § > 0 such that
l9(2u, 2u) — 8g(u,u) — A(u,u)| < d|ul forall weR. (114)

Proof. Now

st < S 57 okt

\2" A ’
Therefore we see that ¢ is bounded. We are going to prove that g satisfies (113).
If x =y =wu=v=0 then (113) is trivial.
1

If |gc\i |y|i |u|% |v|% + {lz| + |y| + |u| + |v|} > 3 then the left hand side of (113) is less than 13u. The rest of the
proof is similar tracing to that of Example 6.1.

Now the author provide an example to illustrate that the functional equation (5) is not stable for s = 3 in
condition (i¢) of Corollary 3.4.

Example 6.4 Let o : R* — R be a function defined by

a(u) = { pud, if jul <1

L4 otherwise

where i > 0 is a constant, and define a function g : R> — R by

g(u,u) = f: a(2") forall weR.

Then g satisfies the functional inequality

52 x 83

Dyl ,,0)| < =

p (2 + 1y + Jul® + [o]?) (115)
for all x,y,u,v € R. Then there do not exist a cubic mapping C : R> — R and a constant § > 0 such that

lg(2u, 2u) — 2g(u,u) — C(u,u)| < &|ul? forall weR. (116)
Proof. Now

la(2"u)| = p 8
“'<Z A L
n=0

Therefore we see that g is bounded. We are going to prove that g satisfies (115).
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1
If 2 =y =wu=wv=0then (115) is trivial. If || + |y| + |u| + |v] > 3 then the left hand side of (115) is less than

52 X 8

the non stability in condition (ii%) of Corollary 3.4 is given in the following example.

. The rest of the proof is similar tracing to that of Example 6.1.

A counter example to illustrate

3
Example 6.5 Let s be such that 0 < s < 1 Then there is a function g : R2 = R and a constant X\ > 0 satisfying

IDg(z, y,u,v)| < A% |yl |ulf o] 7
for all z,y,u,v € R and

|9(2u, 2u) — 2g(u, u) — C(u, u)|
|3

sup = 400

u#0 |u
for every cubic mapping C(u,u) : R> — R.

Proof. If we take

3 n .
g(wu):{ (u{)?u) e i;fuu:#()q

The rest of the proof is similar tracing to that of Example 6.2.

(117)

(118)

3
Now we will provide an example to illustrate that the functional equation (5) is not stable for s = 1 in condition

(iv) of Corollary 3.4.

Example 6.6 Let a: R — R be a function defined by

3

3 .
< —
pus, if Jul 1

a(u) = 3
Z'u, otherwise

where > 0 is a constant, and define a function g : R> — R by
n

glu,u) = i a(gnu) for all

n=0

Then g satisfies the functional inequality

156 x 821

|Dg(z,y,u,v)| < -

for all z,y,u,v € R. Then there do not exist a cubic mapping C : R> — R and a constant § > 0 such that

l9(2u, 2u) — 2g(u, u) — C(u,u)| < &ul? for all weR.
Proof. Now
L a2 =1
|g(u7u)|fzwz o X
n=0 |2 ‘ n=0 8

Therefore we see that g is bounded. We are going to prove that g satisfies (113).

If =y =wu=v=0 then (113) is trivial.

: : : 1 156
If \mﬁ |y|% |u\% |v|% + {Jz® + [y + [u)® + [0} > 3 then the left hand side of (113) is less than

of the proof is similar tracing to that of Example 6.1.

3p

u € R.

3 3 3 3 :
(lal¥ o1 Jul® fol¥ + (ol + [y + [l + o]}

6p

7

(119)

(120)

. The rest
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7. Counter examples for non stable cases: Even case

Now the author provide an example to illustrate that the functional equation (5) is not stable for s = 2 in condition
(i) of Corollary 4.2.

Example 7.1 Let a: R* — R be a function defined by

2 .
 oput, if ful <1
o(u) = { i, otherwise

where > 0 is a constant, and define a function g : R> — R by

2 a(2™u)
yu) = I €R.
g(u,u) HZ:;) I forall u
Then g satisfies the functional inequality
26 x 4
|Dg(2,y,u,v)| < p (2 + Jy? + Jul® + [o]?) (121)

for all x,y,u,v € R. Then there do not exist a quadratic mapping Q2 : R> — R and a constant § > 0 such that
lg(2u, 2u) — 16g(u, u) — Q2 (u, u)| < &|ul? forall weR. (122)

Proof. Now
= @) S op A
|9(U7U)| SZWZZEzgﬂ-
n=0

Therefore we see that ¢ is bounded. We are going to prove that g satisfies (121).
1
If 2 =y =wu=wv=0then (121) is trivial. If ||+ |y| + |u| + |v] > 1 then the left hand side of (121) is less than
26 x 4

. The rest of the proof is similar tracing to that of Example 6.1. A counter example to illustrate

the non stability in condition (7ii) of Corollary 4.2 is given in the following example.
1
Example 7.2 Let s be such that 0 < s < 3 Then there is a function g : R2 = R and a constant \ > 0 satisfying

|Dg(,y,u,v)| < Nal? |yl? |ul? o] =" (123)
for all z,y,u,v € R and

2u,2u) — 16 —
sup |g( Uu, u) g(?,;’ u) QQ(U7U)|
u#0 |U|

= +00 (124)

for every quadratic mapping Q2(u,u) : R?> — R.
Proof. If we take

2 .
g (u,u) = { (u(a)’“) In fu, ul i}fuu:?éo?v

The rest of the proof is similar tracing to that of Example 6.2.
1
Now we will provide an example to illustrate that the functional equation (5) is not stable for s = 3 in condition
(iv) of Corollary 4.2.

Example 7.3 Let a: R — R be a function defined by

) 1
< —
/"Lu Y Zf |u| 2

, otherwise
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where 1 > 0 is a constant, and define a function g : R* — R by

2. a(2mu)
yu) = i €R.
g(u,u) nz:% m for all wu
Then g satisfies the functional inequality
26 x 4p 11 11
[Dg(a,y,u,0)] < === (Il [yl? Jul? ol + {Jal? + |yl + [uf? + v} (125)

for all x,y,u,v € R. Then there do not exist a quadratic mapping Q2 : R?> — R and a constant § > 0 such that
lg(2u, 2u) — 16g(u, u) — Q2 (u, u)| < d|ul for all weR. (126)
Proof. Now
o [a@M)| o~ 1 g 4p
< = —_ _— = —,
) < 35 - 55 s

Therefore we see that g is bounded. We are going to prove that g satisfies (113).
If =y =u=v=0 then (113) is trivial.
1
If 2|7 |y|= |ul? |v|2 + {1z + [y> + |ul® + [v*} > 1 then the left hand side of (113) is less than
rest of the proof is similar tracing to that of Example 6.1.

Now the author provide an example to illustrate that the functional equation (5) is not stable for s = 4 in
condition (ii) of Corollary 4.4.

Example 7.4 Let o : R* — R be a function defined by

4 .
 oput, if |ul <1
o(u) = { Ly otherwise

26 % 4p

where 1 > 0 is a constant, and define a function g : R* — R by

oo

g(u,u) = nz_;) a(126’;u) forall weR.
Then g satisfies the functional inequality
1Dl ,0)] < 2L (o gl el + o) (127)
for all x,y,u,v € R. Then there do not exist a quartic mapping Q4 : R2 — R and a constant § > 0 such that
l9(2u, 2u) — 4g(u, u) — Qa(u,u)| < 8lul* for all weR. (128)
Proof. Now

2 ea2M)] = 16
< —_— _— .
lg(u, )] < 167] 6n = 15 M
n=0 n=0

Therefore we see that g is bounded. We are going to prove that g satisfies (127).
1
If £ =y =wu=wv=0then (127) is trivial. If ||+ |y| + |u| + |v| > T then the left hand side of (127) is less than
26 x 16

15
the non stability in condition (ii%) of Corollary 4.4 is given in the following example.

w. The rest of the proof is similar tracing to that of Example 6.1. A counter example to illustrate

Example 7.5 Let s be such that 0 < s < 1. Then there is a function g : R?> — R and a constant A > 0 satisfying
[Dg(z,y,u,v)| < Alz|* [y[* Jul® [o]' 7> (129)
for all x,y,u,v € R and

|g(2u7 2“) — 4g(ua 'I.L) — Q4(’U47 u)‘
|4

sup = +00 (130)

u#0 lu

for every quartic mapping Q. (u,u) : R*> — R.
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Proof. If we take

41 -
g(u7u) _ { (u(’)jﬁ) n |u, ul i}fuu:#of)v

The rest of the proof is similar tracing to that of Example 6.2.
Now we will provide an example to illustrate that the functional equation (5) is not stable for s = 1 in condition
(iv) of Corollary 4.4.

Example 7.6 Let a: R — R be a function defined by

4 .
ot iflul <1

o(u) = { i, otherwise

where i > 0 is a constant, and define a function g : R> — R by
o0
2"7/
g(u,u) = nz:% a(lGnu) for all u € R.
Then g satisfies the functional inequality
26 x 16u L1, 11

[Dg(a,y,u ) < === (lef* [yl fult fol? +{le] + [yl + [ul + o]} (131)

for all x,y,u,v € R. Then there do not exist a quartic mapping Q4 : R2 — R and a constant § > 0 such that
lg(2u, 2u) — 4g(u, u) — Q4(u,u)| < dlul forall uweR. (132)

Proof. Now
L a(2u)] o= 1 164
< —_— = _— = —.
|g(u7 u)| - 7;:0: |16n| = 16"” 15

Therefore we see that ¢ is bounded. We are going to prove that g satisfies (113).
If =y =u=v=0 then (113) is trivial.

1 26 x 16
If 2] |y 7 ul® 0|7 + {|z| + |y| + u] + o]} > 1 then the left hand side of (131) is less than % The rest of

the proof is similar tracing to that of Example 6.1.
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