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Abstract
This paper contains certain properties of set-magic graphs and obtained the set-magic number of certain classes of
graphs. All spanning super graphs of a set-magic graph always set-magic and all cycles and Hamiltonian graphs

are set-magic. Also set-magic number of any cycle of size 2" is always greater than n.
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1. Introduction

Graph Labeling is an active area of Graph Theory. Labeling of graphs, is an assignment of finite subset of the set
of integers to the vertices or edges, or both, subject to certain conditions. Graph labelings were first introduced in
the late 1960 by A. Rosa [5]. It was Acharya [1] who departed from the trend and instead of a finite subset of set of
integers, associated an arbitrary non-empty set to the graphs, there by laying the foundations for the set-valuations
of graph.

The notion of set-magic graphs was introduced by Sedlacek [4] in 1976 and later some important results of
set-magic graphs were in [1] and [2]. This paper contains certain properties of set-magic graphs and obtained
the set-magic number of certain classes of graphs. Acharya found certain bound for the set-magic number of any
set-magic graph. The class of complete bipartite graphs K>, for n > 2 which are set-magic as well as the equality
holds for the bound of their set-magic number.

Not all sub graphs and super graphs of set-magic graphs need not be set-magic. But all spanning super graphs
of a set-magic graph is always set-magic. All cycles and Hamiltonian graphs are set-magic. Vijayakumar found in
[2] that the set-magic number of any set-magic graph cannot exceed its size. Here the set-magic number of any
cycle cannot succeed one less than its size. Also set-magic number of any cycle of size 2" is always greater than n.

2. Preliminaries

In this section we include certain definitions and known results needed for the subsequent development of the study.
For a nonempty set X, the set of all subsets of X is denoted by 2X. We always denote a graph under consideration
by G and its vertex and edge sets by V and E respectively. By G’ € G we mean G’ is a subgraph of G while
G’ C G we mean G’ is a proper subgraph of G. The empty graph of order n is denoted by N,,. The order and size
of a graph G is denoted by o(G) and s(G) respectively. When we say two graphs are different we mean they are
non-isomorphic. The basic notations and definitions in graph theory are assumed to be familiar to the reader.
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Definition 2.1 [1] Let G = (V, E) be a given graph and X be a nonempty set. Then a mapping f : V — 2% or
f:E—=2% or f:VUE — 2% is called a set-assignment or set-valuation of the vertices or edges or both.

Theorem 2.2 [1] Every graph has a set-valuation.

Let G be a graph. For any vertex v of G, we denote its neighborhood by N (v) and its degree by d(v). To specify
notationally that an edge e of G is incident with v, we write e ~ v. If an end-vertex of an edge e is of degree 1,
then e is called a pendant edge of G.

Definition 2.3 [1] A graph G = (V, E) is said to be set-magic if its edges can be assigned distinct subsets of a set
X such that for every vertex at u of G, union of the subsets assigned to the edges incident at u is X. A graph is
said to be set-magic if it admits a set-magic labeling.

If G is a set-magic graph, then the least number that can be the cardinality of a set by which G has a set-magic
labeling is called the set-magic number of G and denoted by u(G). It is trivial that u(K>) = 0. A set-magic labeling
of G with respect to a set of cardinality u(G) be called optimal.

Theorem 2.4 [1] Let G be a graph without isolated vertices. Then G is set-magic if and only if it has at most one
pendant edge.

Theorem 2.5 [2] No tree other than K is set-magic.
Theorem 2.6 [2] If a graph G = (V| E) is set-magic, then u(G) < |E|.

Theorem 2.7 [1] Let G = (V, E) be a set-magic graph, then [log, |E|] < u(G).

3. More on set-magic graphs

Remark 1
There are set-magic graphs with equality as well as strict inequality hold in theorem 2.7.

{b:c}

{a,b}

Figure 1: Optimal Set-magic labeling of G.
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Figure 2: Optimal Set-magic labeling of H.

In the above graph G, u(G) = 3 = [log, |E|| and in the graph H, u(H) =3 > 2 = [log, |E|].
Theorem 3.1 For n > 2, the complete bipartite graph K ,, is set-magic and p(Ks ) = [logy | E|].

ProofLet V = {uy,us,v1,...,0n}; d(u1) = d(uz) = n and consider a set X = {z1,...,2m}; m = [logy |2n]|].
Let A1, As, ..., Aom are distinct subsets of X so that Agm-1,; = X — A; for i € {1,2...,2m~ 1}, Without loss of
generality we may assume that Ay = X, Ay = {1} and A3 = {z2}. For i € {1,2,...,n}, assign the subsets A;
to the edges (u1,v;) and the subsets Agm-14; to the edges (u2,v;) in that order we get a set-valuation f on Ko ,,.
Clearly all the edge labels are distinct. Also f(v;) = f(u1,v;) U f(ug,v;) = A;UAgm-1y; = A, U(X —4;) =X
for 1 < i <mn, flur) = flur,v1) U flug,va) U... f(ur,v,) = AAUAU...UA, = XUAU...A, = X and
fu2) = flug,v1)Uf(uz, v2)U. .. f(uz,v,) = Agm-141UAgm-19U. .. Agm-1,, = QU(X —{z1 HU(X —{z2})U... = X
so that all the vertex labels are same as X. Hence f is a set-magic labeling with X as the ground set. Thus K5 ,
is set-magic and by theorem 2.7 we have m = [log, |E|] < p(Ka,) < |X| = m.
Remark 2
K, with n =1 is not set magic by theorem 2.4.
Remark 3
In the complete bipartite graph K ,, with n = 2, then K o = C,. By theorem 2.7, 2 = [log, |E|] < u(C4). Suppose
u(Cy) = 2. Let f be a set-magic labeling of Cy = (v1, v2, v3,v4,v1) With ground set X = {a,b}. Since all the edge
labels are distinct and |E| = 2/¥! we have () must be an edge label. Without loss of generality we may assume that
f(v1,v2) = (0. But we can assign X to only one edge so that either f(v;) # X or f(vs) # X, a contradiction. Thus
we get u(Cy) > 2 = [logy |E|]. Thus the theorem 3.1 on Ky, fails if n = 2. Also from figure 2, u(Cy) < 3 and
hence we have u(Cy) = 3.
Remark 4
Every set-valuation of a graph G is a set-valuation of all of its subgraphs. But every set-magic labeling of a graph
need not be a set-magic labeling of all of its subgraphs. The set-magic number of the complete graph Kj is 2. But
K5 U Ny is not a set-magic subgraph of K3 and K3 is a set-magic subgraph of K3 with set-magic number 1.

Now we strongly feel that a relation between set-magic number of a graph and its subgraph is given in the
following two conjectures.
Conjecture 1
Let G be a set-magic graph. Then every set-magic labeling of G is also a set-magic labeling of all of its set-magic
subgraphs.
Conjecture 2
If G is a set-magic graph and G’ is a subgraph of G which is also set-magic, then u(G’) < u(G).

Theorem 3.2 All disconnected graphs with at least one isolated vertex is not set-magic.

ProofLet f be any set-valuation of the disconnected graph G with ground set X. Let {v} be an isolated vertex
of G. Since there is no edge incident with v so that f must not be a set-magic labeling of G. Hence G is not a
set-magic graph.

Remark 5

There are disconnected graphs which are set-magic. The graph C5 U K» is set-magic with ground set X = {a,b, ¢}
is given below:

Remark 6
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X = {a,b.c}

Figure 3: Set-magic Labeling of C3 U Ko.

Not all super graphs of a set-magic graph need not be set-magic. By remark 4, K3 is set-magic. But K3 U K;- a
super graph of K3 which is not set-magic by theorem 3.2.
But in the case of spanning super graphs,

Theorem 3.3 If G is a set-magic graph, then all of its spanning super graphs are set-magic.

Proof. Let f be a set-magic labeling of G = (V, E) with ground set X. Let G’ = (V, E’) be a spanning super graph
of G. Then we have two possibilities.
Case-1 If |E’| < 21X|) then we can define a set-valuation g on G’ as follows: g(e) = f(e) for all e € E. Now we can
assign the remaining unused distinct subsets of X to the unassigned edges we get all edge labels are distinct. Also
9(V) = Uempiecr g(€) = (Uempiecr f(€)) U (Uemniecr—rg(€e)) = X; e ~ v denote the set of all edges incident with v.
Clearly g is a set-magic labeling of G’ with ground set X and hence G’ is set-magic.
Case-2 Suppose that |E’| > 2/XI. Let Y be a nonempty set such that X C Y and |Y| = [log, |E’|]. Define a
set-valuation h on G’ as follows: h(e) = f(e) U (Y — X) for all e € E. Now we can assign the remaining unused
distinct subsets of Y to the unassigned edges we get all edge labels are distinct. Also h(v) = Uewpiecrrh(e) =
(Uemmieerf(e) U (Y — X)) U (Uemviecrr—gh(e)) = X U (Y — X) U (Uenvieer—gh(e)) =Y. Clearly h is a set-magic
labeling of G’ with ground set Y and hence G’ is set-magic.

Thus in both cases, G'- every spanning super graph of a set-magic graph G is set-magic.

Theorem 3.4 ;(Can) > n for all n > 2.

Proof. By theorem 2.7, n = [logy |E|] < u(Can). Suppose p(Con) = n. Let f be a set-magic labeling of
Con = (v1,02,...,v9n,v1) with ground set X = {x1,...,2,}. Since all the edge labels are distinct and |F| = 21X
we have () must be an edge label. Without loss of generality we may assume that f(vi,v2) = (). But we can assign
X to only one edge so that either f(v1) # X or f(v2) # X, a contradiction. Thus we get p(Can) > n = [log, | E|].

Theorem 3.5 All cycles are set-magic and u(C,) <n — 1.

Proof. Let C), = (v1,v2,...,05,v1) and X = {z1,...,2,_1}. Assign X — {a1}, X — {a=2}, ..., X —{zp_1} and X
to the edges (vi,v2), (v2,v3), ..., (Un—1,v,) and (vy,v1) in that order we get a set-magic labeling of C,, and hence
w(Cp) <mn—1.

Remark 7

There are cycles with equality as well as inequality holds in theorem 3.5. In Figure 2, we have an optimal set-magic
labeling of C4 such that u(Cy) =3 =4 — 1. Now consider the cycle Cs,
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Figure 4: Optimal set-magic labeling of Cs.

An optimal set-magic labeling of Cys with ground set X = {a,b, c} is given in Figure 4 and by theorem 2.7 we
have, 3 = [log, |E|] < u(Cs) < 3. Clearly u(C5) = 3 < 5 — 1, strict ineqality hold in theorem 3.5.

Theorem 3.6 If G = (V, E) be a hamiltonian graph of order n, then G is set-magic. If u(C,,) = m and [log, |E|] =
k; k > m, then u(G) = k.

Proof. Since G is a spanning super graph of C,, and by theorem 3.5 and theorem 3.3 we have G is set-magic. Let
f be an optimal set-magic labeling of C,, with ground set X = {z ..., 2.}

Case-1 If k = m. Then we can extend f as a set-magic labeling of G as follows: Since |E| < 2/%!, we can assign the
remaining subsets of X to the edges of E — E(C,,) in a one to one manner we get all the edge labels of G under f
are distinct. Also f is a set-magic labeling of C,, so that f(v) = X for all v € V(C},) and hence f(v) = X for all
v € V. Thus f is a set-magic labeling of G. By theorem 2.7 we have, m = [log, |E|] < u(G) < m.

Case-2 If K > m. Then we can find a set-magic labeling g of G with ground set Y = X U {&y41,... 2%} as
follows: g(e) = f(e) U {Zmi1,... 21} for all e € E(C,). Since |E| < 2/Y! we can assign the remaining subsets
of Y to the edges of E — E(C},) in a one to one manner we get all the edge labels of G under g are distinct.
Also g(v) = erv;eGEg(e) = (erv;eEE(Cn,)g(e)) U (UeNU;EEE—E(Cn)g(e)) = (erv;eEE(Cn)f(e) U {merlv .- xk}) U
(Uenvieer-E(C,)9(€) = (X U{Zmi1, - 2}) U (UenvieeB-E(0,)9(€)) = Y U (Uenuieer-E(0,)9(€)) = Y for all
v € V. Thus g is a set-magic labeling of G. By theorem 2.7 we have, k = [log, |E|] < u(G) < k.
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